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Generalized Parton Distributions
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x parton’s ”average” longitudinal momentum fraction

ξ = −∆+

P+
longitudinal momentum transfer (skewness)

∆2 = t momentum transfer

GPDs: F a(x, ξ, t;µ), a ∈ {q, g} µ. . . factorization scale

vector (Ha, Ea) and axial-vector GPDs (H̃a, Ẽa)

transversity GPDs (Ha
T , EaT , H̃a

T , ẼaT )
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Handbag factorization

γ(∗)N → γN

γ(∗)N →MN ′

DEEPLY VIRTUAL WIDE ANGLE

Q2 >>, −t << −t, −u, s >>

DVCS (Compton scattering) WACS

[Collins, Freund ’99] [Radyushkin ’98]

[Diehl, Feldman, Kroll, Jakob ’98]

DVMP (meson production) WAMP

[Collins, Frankfurt, Strikman ’97] [Huang, Kroll ’00]

factorization
H⊗GPD
GPDs at small (−t)

arguments for factorization
H(1/x⊗GPD(ξ = 0))

GPDs at large (−t)
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DVMP status

DV (VL) P:

tw-2 predictions (γ∗LN → VLN) can describe the data
tw-3 calculations γ∗TN → VL,TN [Anikin, Teryaev ’02], [Goloskokov, Kroll ’13]

DV (PS) P:

tw-2 predictions γ∗LN → πN bellow the data [HERMES ’09] [JLab

’12,’16, ’20] [COMPAS ’19] ⇒ importance of γ∗TN → πN
⇒ tw-3 calculations with transversity (chiral-odd) GPDs (Hq

T ...)
[Goloskokov, Kroll ’10] (2-body, i.e., WW approximation), [Ahmad, Goldstein

Liuti ’09, Goldstein, Hernandez, Liuti ’13]

WA (PS) P:

tw-2 results [Huang, Kroll ’00] bellow the data
[SLAC ’76], [JLab ’05, ’18] for photoproduction (Q2 = 0)
tw-3 2-body π photoproduction vanishes [Huang, Jakob, Kroll, P-K ’03]

⇒ tw-3 (2- and 3-body) prediction to π0 photoproduction [Kroll, P-K

’18] fitted to CLAS data [CLAS ’18]; photoproduction of η, η′

mesons [Kroll, P-K. ’22] [preliminary GlueX ’20]

⇒ tw-3 prediction for π±, π0 photo- and electroproduction
(Q2 < −t) [Kroll, P-K. ’21]; extension to DVMP is straightforward
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DVMP (D)DVCS

γ∗q → (qq̄)q, γ∗g → (qq̄)g γ∗q → γ(∗)q, γ∗g → γ(∗)g

M

p p

M

p p p p

NLO DV PS+ prod.: [Belitsky and Müller ’01]

NLO DV VL prod.: [Ivanov et al ’04,]

NLO DV VL (corr.), PS, (S, PVL) prod.: [Duplančić, Müller, P-K. ’17]

pp
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GPDs from DVCS and DVMP

DVCS: Compton form factors (known up to NNLO)

aC(ξ, t,Q2) =

∫
dx Ca(x, ξ,Q2/µ2) F a(x, ξ, t, µ2)

a=q,g or NS,S(Σ,g)

DVMP: transition form factors (known up to NLO)

aT (ξ, t,Q2) =

∫
dx

∫
dy T a(x, ξ, y,Q2/µ2) F a(x, ξ, t, µ2) φ(y, µ2)

”Curse of the dimensionality”
When the dimensionality increases, the volume of the space

increases so fast that the available data become sparse.

complete deconvolution is impossible
different modelling venues (momentum fractions space,
conformal momentum space) and softwares (PARTONS [...

Moutarde, Sznajder et al. ’18], GeParD [Kumerički 2006-, ’22])
8
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DVMP
Transition form factors

aT (ξ, t,Q2) =

∫
dx

∫
du T a(x, ξ, u, µϕ, µF ) F a(x, ξ, t, µϕ) φ(u, µF )

a = q, g or NS,S(Σ, g)

hard-scattering amplitude (known up to NLO)

T a(x, ξ, u, µϕ, µF ) =
αs(µR)

4π
T a(1)(x, ξ, u)

+
α2
s(µR)

(4π)2
T a(2)(x, ξ, u, µR, µϕ, µF ) + · · ·

distribution amplitude (DA) evolution, similary GPD (F a) evolution
(known up to NNLO)

φ(x;µF , µ0) = φ(0)(u, µF , µ0) +
αs(µF )

4π
φ(1)(u, µF , µ0)

+
α2
s(µF )

(4π)2
φ(2)(u, µF , µ0) + · · ·

→ evolution simpler to implement in conformal momentum
representation [Müller ’98]9
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From x space to conformal momentum space

aT (ξ, t,Q2) =

∫
dx

∫
du T a(x, ξ, y, µ2)) F a(x, ξ, t, µ2) φ(u, µ2)

F...GPDs,a=q,g or NS,S(Σ,g)

conformal moments (analogous to Mellin moments in DIS xn → C
3/2
n (x), C

5/2
n (x))

[Müller, Lautenschläger, P-K., Schäfer 2014] [Duplančić, Müller, P-K. 2017]

aT (ξ, t,Q2) =
1

2i

∫ c+i∞

c−i∞
dj

[
i±
{

tan

cot

}(
πj

2

)]
ξ−j−1

×
[
Tjk(Q2/µ2)

k
⊗ φM,k(µ

2)

]
F a
j (ξ, t, µ2)

all channels calculated to NLO :

Hq
(+)

M , Eq
(+)

M , Hg
M , E

g
M 1−−L =VL Hq

(−)

M , Eq
(−)

M 0++=S

H̃q
(−)

M , Ẽq
(−)

M 0−+=PS H̃q
(+)

M , Ẽq
(+)

M , H̃g
M , Ẽ

g
M 1+−

L =PVL
(x-space, conformal mom. space, imaginary parts for disp. relations)
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NLO predictions

[Müller, Lautenschlager, P-K., Schäfer ’14], [Duplančić, Müller, P-K., ’17]

large NLO corrections and model dependence

results sensitive to the choice of DA

LO evolution important

NLO calculations should include NLO evolution

evolution effects can be called moderate, except for H/E at
small ξ

NLO global DIS+DVCS+DVMP fits needed

11
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NLO for DV VL production

D. Müller et al. / Nuclear Physics B 884 (2014) 438–546 523

Fig. 6. Relative NLO corrections to the imaginary part of the flavor singlet TFF FS
V (solid) broken down to the gluon

(dashed), pure singlet quark (dash-dotted) and ‘non-singlet’ quark (dotted) at t = 0 GeV2 (left panel) and t = −0.5 GeV2

(right panel) at the initial scale Q2
0 = 4 GeV2.

Our discussion of the imaginary part for the flavor singlet TFF, evaluated from the minimalist
GPD model, is visualized in Fig. 6 for t = 0 (left panel) and t = −0.5 GeV2 (right panel). Here
we display the relative NLO corrections, evaluated analogously to (5.38b), that arise from the
gluonic NLO coefficients (dashed curves), the pure singlet quark (short dash-dotted curves), the
remaining quark part (dotted curves), and the net contribution (solid curves). Clearly, the large-xB

asymptotic arises from the valence content, compare with Fig. 4, where the contributions from the
‘non-singlet’ hard scattering amplitude dominate the net result. As stated, in the valence region
the non-singlet contribution is moderately positive and the pure singlet is negative, while it turns
out that in our model the gluonic one yields a rather sizeable positive correction. In the small-xB

region the gluons dominate in our model and their contributions are essentially governed by the
j = 0 pole. These large corrections increase further with growing −t since the ‘pomeron’ pole
at j = 0.247 + 0.15t gets slightly softer. Note that the shape of the curves in the small-xB region
is governed by the functional forms as it arises from the j = 0 pole contributions, e.g., shown in
(5.50), and R-ratios (5.41c). For our model the quark content vanishes in the xB → 0 limit while
the gluon ones is as sizable as −144% [−233%] for t = −0 [t = −0.5 GeV2].

• Model dependency

Finally, let us also demonstrate in Fig. 7 for the modulus (left panel) and the phase change (right
panel), defined as in (5.27), that the NLO corrections in the flavor singlet sector are rather model-
dependent. We display again the minimalist model (solid curves) and the nnl-SO(3) PW model as
specified in Table 7 (dashed curves) with the narrow DA (5.28) for t = −0 GeV2 (thick curves)
and t = −0.5 GeV2 (thin curves). For the minimalist model the corrections to the modulus are
smaller than 100% and they become negative in the small xB region. As we have discussed
the reduction of relative NLO corrections to the modulus in the large-xB region is a naturally
consequence of analyticity, i.e., the validity of the DR. Compared to Fig. 6, the relative NLO
corrections to the modulus in the small-xB region are looking rather mild (solid curves). Note
that this is caused by the negative size of the NLO contribution, dominated by the j = 0 pole,
which overcompensates the positive LO contribution and induces a phase difference of π in
the small-xB asymptotic. Entirely different features appear for our nnl-SO(3) PW model. Here
the size of NLO corrections is for t = 0 positive in the small-xB region and gets for a softer
‘pomeron’ behavior at t = −0.5 GeV2 negative, where the phase difference slightly increases.

[Müller, Lautenschlager, P-K., Schäfer ’14]

big ln(1/ξ) terms for ξ <<, i.e, j = 0 pole,
in gluon evolution and gluon coefficient function

12
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NLO for DV PS/PV production
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Figure 2: Relative NLO 
orre
tions (36) to the imaginary part of the TFF (21) versus x

B

for the k = 0

(solid), k = 2 (dashed), k = 4 (dotted) partial waves arising from the quark-quark 
hannel (left panel) and

quark-gluon 
hannel (right panel). The pure singlet quark 
ontribution for k = 0 is shown as dash-dotted

line in the left panel.

employ the Mellin-Barnes integral representation in phenomenology. We found that the NLO


orre
tions to the pure singlet quark part are small while the quark-gluon 
hannel might imply

moderate 
orre
tions. The main 
orre
tions are large and arise from the quark-quark 
hannel.
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Global NLO fits (DIS+DVCS+DVVLP)

small-x global fits to HERA collider data

LO: [Meskauskas, Müller ’11] (χ2/nd.o.f ≈ 2)
NLO: [Lautenschlager, Müller, Schäfer ’13] (normalization of experimental

DVMP datasets treated as fitting parameters)
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Figure 2: Total cross section vs. Q2 (left) and W (middle) as well as differential one vs. −t (right) of

DVρ0P (top) and DVφP (bottom) measurements from H1 [36] and ZEUS [34, 35]. Curves arise from a

simultaneous GPD estimate at NLO, where numbers next to them are the Q2 values in units of GeV2.

parameters besides the cut-off masses are significantly different from the prior distribution. The

Regge intercepts for the sea and gluon GPD are similar to the values obtained in [10], especially

the gluon does not become soft and we are in agreement to deep inelastic scattering. We recall

that the normalization of the gluon GPD is not strictly fixed by NG = 1 −N sea −Nval rather we

allow for a slight variation by employing a corresponding prior. We find only a slight deviation

of the additional parameters from their l-PW values while more flexible DAs, e.g., taking the first

three conformal PWs into account, allow us to equate the additional parameters again to the l-PW

values. Note that a good LO description can not be reached in this way.

The pdfs for the normalization parameters Ndata are shown in Fig. 4. As the reader realizes,

the normalization NDVMP of DVρ0P and DVφP from the ZEUS experiment is slightly higher than

for the H1 measurements. This difference is not biased by our assumptions, whereas the low mean

value of the DVφP normalization could be compensated by the shape of the DAs for ρ0 and φ

mesons and/or a different sea quark flavor decomposition.

8
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Global NLO fits (DIS+DVCS+DVVLP)

small-x global fits to HERA collider data

LO: [Meskauskas, Müller ’11] (χ2/nd.o.f ≈ 2)

NLO: [Lautenschlager, Müller, Schäfer ’13] (normalization of experimental

DVMP datasets treated as fitting parameters)
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Global NLO fits (DIS+DVCS+DVVLP)

hard scattering amplitude corrected [Duplančić, Müller, P-K. ’17]

new NLO fit using GEPARD software: χ2/nd.o.f = 254.3/231
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[preliminary K. Kumerički at Transversity 2022]15
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Global NLO fits (DIS+DVCS+DVVLP)

hard scattering amplitude corrected [Duplančić, Müller, P-K. ’17]

new NLO fit using GEPARD software: χ2/nd.o.f = 254.3/231
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Helicity amplitudes M for WAMP

MP
0+,µ+ =

e0

2

∑
λ

[
HP0λ,µλ

(
RPV (t) + 2λRPA(t)

)
→ twist-2

−2λ

√
−t

2m
HP0−λ,µλ S̄PT (t)

]
→ twist-3

MP
0−,µ+ =

e0

2

∑
λ

[√−t
2m
HP0λ,µλRPT (t) → twist-2

−2λ
t

2m2
HP0−λ,µλ SPS (t)

]
+ e0HP0−,µ+ S

P
T (t) → twist-3

µ photon helicity, λ . . . quark helicities, P ∈ {π±, π0, η8, η1, η, η′},

RaV (t) =

∫
dx

x
Ha(x, ξ = 0, t) . . . form factors

a ∈ {u, d} ⇒ Rπ
±
V = RuV −RdV , Rπ

0

V = 1√
2

(
euRuV − edRdV

)
Rη8
V ≈

1√
2
Rη1
V ≈

1√
6

(
euR

u
V + edR

d
V

)
(H, H̃,E)→ (RV , RA, RT )

(HT , H̃T , ĒT )→ (ST , SS , S̄T ) transversity GPDs
16
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Subprocess amplitudes

HP0λ,µλ . . . non-flip subprocess amplitudes (twist-2)

GPD

p N

t w 2

and
GPD

p N

+ +

tw2

for η1

HP0−λ,µλ . . . flip subprocess amplitudes (twist-3)

GPD

p N

T

t w 3

GPD

p N

+

+

−

−
T

tw3

(µπ = 2 GeV)

distribution amplitudes (DAs):
twist-2 (qq̄) : φP
2-body (qq̄) twist-3 φPp, φPσ 3-body (qq̄g) twist-3 φ3P

→ connected by equations of motion (EOMs)17
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Subprocess amplitudes: twist-3

General structure:

HP,tw3 = HP,tw3,qq̄ +HP,tw3,qq̄g

=
(
HP,φPp +HP,φEOMP2

)
+
(
HP,qq̄g,CF︸ ︷︷ ︸+HP,qq̄g,CG

)
= HP,φPp + HP,φ3P ,CF +HP,φ3P ,CG

2- and 3-body contributions necessary for gauge invariance

photoproduction (Q→ 0): HP,φPp = 0 [Kroll, P-K ’18]

DVMP (t̂→ 0):

end-point singularities in HP,φPp
∫ 1

0

dτ

τ̄
φPp(τ)

⇒ modified hard-scattering picture (with k⊥)

complete twist-3 contribution [Kroll, P-K ’21]

work in progress in modified and collinear picture
18
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Photoproduction (π)

[Kroll, P-K ’21]
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exp data:
full circles [SLAC ’76]
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triangles [JLab, Hall A ’05]

twist-2 prediction well below the data [Huang, Kroll ’00]
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Spin effects - photoproduction

[Kroll, P-K ’21]: π±
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[Kroll, P-K ’22]: η, η′
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Intro DVMP at NLO WAMP at twist-3 Summary

Summary

WA (PS) P:
meson’s twist-3 contributions dominate for πs and η
different combinations of form factors ⇒possibility of
extraction ⇒ large −t behaviour of transversity GPDs (F qT )

DV (PS) M
twist-3 dominates
complete (2- and 3-body) analysis underway
twist-2 NLO contributions available and should be tested

DV (VL) P
twist-2 contributions can describe the data
NLO tw2 contributions available for implementation; included
in GeParD ⇒ global DIS+DVCS+DVMP fits performed

Experimental goals
clear L/T separation (eg., for DVπP JLab, Hall C)
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pQCD prediction

M(Q2) =M(0)(Q2)+
αs(µR)

4π
M(1)(Q2)+

α2
s(µR)

(4π)2
M(2)(Q2, µR)+· · ·

Q2. . . characteristic large scale of the process

µR. . . renormalization scale

finite order prediction!, renormalization scale and scheme
dependence ⇒ theoretical uncertainty

higher-order corrections (M(2)(Q2, µR), . . . ) are important:
stabilizing effect reducing the dependence of the predictions
on the scales and schemes
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Discussing the finite order perturbative results

assessment of the theoretical uncertainty

optimal choice of the renormalization scale and scheme
↓

analysis of the size of the higher-order corrections
and of the expansion parameter αs(µR)

Popular renormalization scale settings:

characteristic scale of the process: µR = Q2

FAC (fastest apparent convergence) [Grunberg 1980]: M(2)(Q2, µR) = 0

PMS (principle of minimum sensitivity) [Stevenson 1981]:
dMfinite order(Q

2, µR)

dµR
= 0

BLM scheme [Brodsky, Lepage, Mackenzie 1983]: M(2,β0)(Q2, µR) = 0
with M(2)(Q2, µR) = β0M(2,β0)(Q2, µR) +M(2,rest)(Q2)

→ vacuum polarization effects from the β function resummed into αs(µR)

23



App.1 App.2 App.3

elementary hard-scattering amplitudes for twist-2 collinear
approximation (t=0):

DVCS (γ∗q → γ(∗)q)
⇔ meson transition form factor (γ∗γ(∗) → (qq̄))

DVMP (γ∗q → (qq̄)q)
⇔ meson electromagnetic form factor, i.e., meson-to-meson ff
(γ∗(qq̄)→ (qq̄))

bookkeeping of momentum fractions

ξ + x

2ξ
= u (

ξ − x
2ξ

= 1− u)

but u real so care with iε in propagators, or a posteriori
analytical continuation of energy, i.e., ξ and not u:

u→ ξ − iε+ x

2(ξ − iε)
=
ξ + x

2ξ
+ iεsignx
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M JPC DA GPDs

S, VL (qiq̄j) 0++ , 1−− (λ = 0) φasym, φsym (H,E)

S (gg) 0++ φsym (Hg, Eg)

PS, PVL (qiq̄j) 0−+, 1+− (λ = 0) φsym, φasym (H̃, Ẽ)

PS (gg) 0−+ φasym (H̃g, Ẽg)

VT (qiq̄j) 1−− (λ = ±1) φsym (HT , ET )

PVT (qiq̄j) 1+− (λ = ±1) φasym (H̃T , ẼT )

T (gg) 2++ φasym (HTg, ETg)

(qiq̄j): P = (−1)l+1, C = (−1)l+s (i = j)

(gg): P = (−1)l, C = 1calculated at LO [...,Baier, Grozin’82, ’85]

γ∗γ(∗) → PS(S, T ) ⇒ DVCS
γ∗LM

± →M±,
γ∗LS(VL)→ VL(S), γ∗LPVL(PS)→ PS(PVL) ⇒ DVMP
γγ →M± M±,
γγ → PS(S) PS(S), γγ → S(PS) PS(S),
γγ → V (PV ) V (PV ), γγ → V (PV ) PV (V ),
γγ → T (PS) PS(T ), γγ → T (S) S(T ) ⇒ γp→ γMN

and few at higher order:25
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Selected exclusive processes

Deeply virtual
Compton scattering

(DVCS)

γ∗p→ γp

factorization: [Collins, Freund ’99]

Deeply virtual
production of

mesons (DVMP)

γ∗p→Mp

factorization:

[Collins, Frankfurt, Strikman ’97]

Deeply virtual
production of

photon-meson pair

γp→ γMp

factorization: [Qiu, Yu ’22]

(of crossed process)
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App.1 App.2 App.3

(D)DVCS Meson transition form factor

γ∗q → γ(∗)q, γ∗g → γ(∗)g γ∗γ(∗) → (qq̄), γ∗γ(∗) → (gg)

p p pp M M

NLO: [Ji, Belitsky et al, Mankiewicz et al, ’97]

[Pire, Szymanowski, Wagner ’11]

β0 proportional NNLO: [Belitsky, Schäfer ’98]

NNLO from conf. sym: [Müller ’05, Kumerički, Müller, P-K. ’07]

NLO: [..., Kroll, P-K ’02] [Kroll, P-K ’19]

β0 proportional NNLO: [Melić, Nižić, Passek ’01]

NNLO from conf. sym: [Melić, Müller, Passek ’02]
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DVMP Meson em form factor

γ∗q → (qq̄)q, γ∗g → (qq̄)g γ∗(qq̄)→ (qq̄)

M

p p

M

p p

M

M

NLO DV PS+ prod.: [Belitsky and Müller ’01]

NLO DV VL prod.: [Ivanov et al ’04,]

NLO DV VL (corr.), PS, (S, PVL) prod.: [Duplančić, Müller, P-K. ’17]

NLO: [..., Melić et al ’99]
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App.1 App.2 App.3

Photon-meson photoproduction Meson pair production

γ∗q → γq(qq̄) γ∗γ → (qq̄)(qq̄)

M

p p
M

M

LO V mesons: [Boussarie, Pire, Szymanowsky, Wallon ’16]

LO PS mesons: [Duplančić, P-K, Pire, Szymanowski, Wallon ’18]

NLO: [Nižić ’87, Duplančić, Nižić ’06]
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About ”⊗”: DVCS

factorization formula for singlet DVCS CFFs:

SH(ξ, t,Q2) =

∫
dx C(x, ξ,Q2/µ2, αs(µ)) H(x, ξ, t, µ2)

. . . in terms of conformal moments
(analogous to Mellin moments in DIS: xn → C

3/2
n (x), C

5/2
n (x)):

= 2

∞∑
j=0

ξ−j−1Cj(Q2/µ2, αs(µ)) Hj(ξ = η, t, µ2)

Hq
j (η, . . .) =

Γ(3/2)Γ(j+1)

2j+1Γ(j+3/2)

∫ 1

−1
dx ηj−1C

3/2
j (x/η)Hq(x, η, . . .)

. . .
Ha
j even polynomials in η with maximal power ηj+1

series summed using Mellin-Barnes integral over complex j:

=
1

2i

∫ c+i∞

c−i∞
dj

[
i+ tan

(
πj

2

)]
ξ−j−1Cj(Q2/µ2, αs(µ)) Hj(ξ, t, µ

2)

[Müller 2006, Kumerički, Müller, P-K., Schäfer 2006, 2007]
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Modelling conformal moments

Hj(η, t) =

(
N ′ΣFΣ(t) B

(
1 + j − αΣ(0), 8

)
N ′GFG(t) B

(
1 + j − αG(0), 6

) )︸ ︷︷ ︸
Leading partial wave

+

(
sΣ

sG

)subleading par-
tial waves, η-
dependence!



Leading wave – simplest case:
(at NLO data can be fitted with leading wave only)

Regge-inspired ansatz

αa(t)=αa(0)+0.15t Fa(t) =
j + 1− α(0)

j + 1− α(t)

(
1− t

Ma
0

2

)−pa
for t = 0 corresponds to x-space PDFs of the form

Σ(x) = N ′Σ x
−αΣ(0) (1−x)7 ; G(x) = N ′G x

−αG(0) (1−x)5

fit parameters: NΣ, αΣ(0), αG(0) (DIS) and MΣ
0 (DVCS)

(MG
0 =

√
0.7 GeV from J/Ψ prod.)
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Experimental status

DVCS DVMP

[from Kumericki et al. 2015]

in the last decade: vector meson
(ρ, J/Ψ, φ) production at H1 and
ZEUS (HERA, DESY), COMPASS
(CERN),
pseudoscalar mesons (π, η) at
CLAS (JLab) . . .

→ new results from JLab@12 (2018)

COMPASS@LHC

EIC (Electron Ion Collider at Brokhaven, 2030)
LHeC proposed
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Global NLO fits

hard scattering amplitude corrected [Duplančić, Müller, P-K. ’17]

new NLO fit using GEPARD software: χ2/nd.o.f = 254.3/231
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Global NLO fits

hard scattering amplitude corrected [Duplančić, Müller, P-K. ’17]

new NLO fit using GEPARD software: χ2/nd.o.f = 254.3/231
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Parton probability density

Fourier transform of GPD for η = 0 can be interpreted as
probability density depending on x and transversal distance b
[Burkardt ’00, ’02]

H(x,~b) =

∫
d2~∆

(2π)2
e−i

~b·~∆H(x, η = 0,∆2 = −~∆2)
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Three-dimensional image of a proton

Quarks: Gluons:
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Subprocess amplitudes H
qq̄ → π projector [Beneke, Feldmann ’00]

(τq′ + k⊥) + (τ̄ q′ − k⊥) = q′

Pπ2 ∼ fπ
{
γ5 q/

′φπ(τ, µF )

+µπ(µF )
[
γ5 φπp(τ, µF )

− i
6
γ5 σµν

q′µnν

q′ · n φ′πσ(τ, µF )

+
i

6
γ5 σµν q

′µφπσ(τ, µF )
∂

∂k⊥ν

]}
k⊥→0

qq̄g → π projector [Kroll, P-K ’18]

τaq′ + τbq
′ + τgq′ = q′

Pπ3 ∼ f3π(µF )
i

g
γ5 σµνq

′µgνρ⊥
φ3π(τa, τb, τg , µF )

τg

µπ = m2
π/(mu +md) ∼= 2 GeV, f3π ∼ µπ

distribution amplitudes (DAs):
twist-2 (qq̄) : φπ
2-body (qq̄) twist-3 φπp, φπσ 3-body (qq̄g) twist-3 φ3π

→ connected by equations of motion (EOMs)
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DAs and EOMs

τφπp(τ) +
τ

6
φ′πσ(τ)− 1

3
φπσ(τ) = φEOMπ2 (τ̄)

τ̄φπp(τ)− τ̄

6
φ′πσ(τ)− 1

3
φπσ(τ) = φEOMπ2 (τ)

φEOMπ2 (τ) = 2
f3π

fπµπ

∫ τ̄

0

dτg
τg

φ3π(τ, τ̄ − τg, τg)

EOMs and symmetry properties
⇒ the subprocess amplitudes in terms of two twist-3 DAs
and 2- and 3-body contributions combined

combined EOMs → first order differential equation ⇒ from known
form of φ3π [Braun, Filyanov ’90] one determines φπp (and φπσ)

Note: qq̄g projector and EOMs were derived using light-cone gauge for constituent gluon
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Subprocess amplitudes: twist-2

Transverse photon polarization (µ = ±1) T

Hπ,tw2
0λ, µλ ∼ fπ CF αs(µR)

√
−t̂

ŝ+Q2

∫ 1

0
dτ φπ(τ)

[
(2λµ+ 1)

(
(ŝτ +Q2)(ŝ+Q2)− ûQ2τ̄

ŝτ̄(Q2τ̄ − t̂τ)
ea

+
(ŝτ −Q2)(ŝ+Q2)− ûQ2τ̄

ûτ(Q2τ − t̂τ̄)
eb

)
+ (2λµ− 1)

(
û ea

(Q2τ̄ − t̂τ)
+

ŝτ̄ eb

τ(Q2τ − t̂τ̄)

)]
Longitudinal photon polarization L

Hπ,tw2
0λ, 0λ ∼ fπ CF αs(µR)λ

Q
√
−ûŝ

ŝ+Q2

∫ 1

0
dτ φπ(τ)

(
û ea

ŝ(Q2τ̄ − t̂τ)
− (t̂+ τû) eb

τû(Q2τ − t̂τ̄)

)

→ photoproduction (Q→ 0): Hπ,tw2
L

∣∣∣
Q→0

= 0

Hπ,tw2
T

∣∣∣
Q→0

∼ fπ CF αs(µR)
1√
−t̂

∫ 1

0

dτ

τ
φπ(τ) ((1 + 2λµ) ŝ− (1− 2λµ) û)

( ea
ŝ

+
eb

û

)
→ DVMP (t̂→ 0): Hπ,tw2

T

∣∣∣
t̂→0

= 0

Hπ,tw2
L

∣∣∣
t̂→0

: ŝ = − ξ − x
2ξ

Q2 , û = − ξ + x

2ξ
Q2 ⇒ well known LO result for DVMP
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Subprocess amplitudes: twist-3

General structure:

HP,tw3 = HP,tw3,qq̄ +HP,tw3,qq̄g

=
(
HP,φπp +HP,φEOMπ2

)
+
(
HP,qq̄g,CF︸ ︷︷ ︸+HP,qq̄g,CG

)
= HP,φπp + HP,φ3π ,CF +HP,φ3π ,CG

2-body twist-3 ∼ CF ; 3-body CF and CG proportional parts

CG part is separately gauge invariant

the sum of 2- and 3-body CF parts is gauge invariant
(QED and QCD)

no end-point singularities for t̂ 6= 0 !
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Subprocess amplitudes: twist-3 at Q << or t̂ <<

General structure:

HP,tw3 = HP,tw3,qq̄ +HP,tw3,qq̄g

=
(
HP,φπp +HP,φEOMπ2

)
+
(
HP,qq̄g,CF︸ ︷︷ ︸+HP,qq̄g,CG

)
= HP,φπp + HP,φ3π ,CF +HP,φ3π ,CG

HP,tw3
L ∼ Q

√
−t→ 0 both for Q→ 0 and t̂→ 0

photoproduction (Q→ 0):

HP,φπp = 0 [Kroll, P-K ’18]

DVMP (t̂→ 0):

end-point singularities in HP,φπp [Goloskokov, Kroll ’10]

HP,φEOMπ2 = 0
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Subprocess amplitudes: twist-3 at Q→ 0, t→ 0

photoproduction

HP,tw3
0−λ, µλ|Q2→0 ∼ (2λ− µ) f3π αS(µR)

√
−ûŝ

∫ 1

0
dτ

∫ τ̄

0

dτg

τg
φ3π(τ, τ̄ − τg , τg)

×
[
CF

(
1

τ̄2
− 1

τ̄(τ̄ − τg)

)( ea
ŝ2

+
eb

û2

)
+

−CG
2

ττg

t̂

ŝû

( ea
ŝ

+
eb

û

)]
DVMP

HP,φπp0−λ,µλ|t̂→0 ∼ (2λ+ µ) fπµπCFαS(µR)

√
− û
ŝ

[ ea
ŝ

+
ŝ

û

eb

û

] ∫ 1

0

dτ

τ̄
φπp(τ)

HP,CF ,φ3π
0−λ,µλ |t̂→0 ∼ −(2λ+ µ) f3π CFαS(µR)

√
− û
ŝ

(
ea

ŝ
+
ŝ

û

eb

û

)
×
∫ 1

0

dτ

τ̄2

∫ τ̄

0

dτg

τg(τ̄ − τg)
φ3π(τ, τ̄ − τg , τg)

HP,qqg,CG0−λ,µλ |t̂→0 ∼ (2λ+ µ) f3π CGαS(µR)
Q2

√
−ŝû

( ea
ŝ

+
eb

û

)
×
∫ 1

0

dτ

τ̄

∫ τ̄

0

dτg

τg(τ̄ − τg)
φ3π(τ, τ̄ − τg , τg)
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Subprocess amplitudes Hη8,η1 → Hη,η′

Novel features:

1

c)

|gg〉 states contribute to twist-2

Hπ,tw2 ⇒ Hη8,tw2,Hη1,q,tw2 (φπ , fπ)→ (φη8 , fη8 ) ,
(
φqη1 , fη1

)

Hη1 = Hη1q,tw2 +Hη1g,tw2 φqη1 and φgη1 mix under evolution

Hπ,tw3 ⇒ HP,tw3 (φ3π , fπ , f3π)→ (φ3P , fP , f3P )

2 flavour-mixing:
simplest: flavour-mixing embedded in the decay constants

f8
η = f8 cos θ8 f1

η = −f1 sin θ1

f8
η′ = f8 sin θ8 f1

η′ = f1 cos θ1

[review Feldmann ’00]
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Pion distribution amplitudes

Twist-2 DA: φπ(τ, µF ) = 6τ τ̄
[
1 + a2(µF ) C

3/2
2 (2τ − 1)

]
Twist-3 DAs:

φ3π(τa, τb, τg, µF ) = 360τaτbτ
2
g

[
1 + ω1,0(µF )

1

2
(7τg − 3)

+ ω2,0(µF ) (2− 4τaτb − 8τg + 8τ2
g )

+ ω1,1(µF ) (3τaτb − 2τg + 3τ2
g )
]

[Braun, Filyanov ’90]

using EOMs [Kroll, P-K ’18]:

φπp(τ, µF ) = 1 +
1

7

f3π(µF )

fπµπ(µF )

(
7ω1,0(µF )− 2ω2,0(µF )− ω1,1(µF )

)
×
(

10C
1/2
2 (2τ − 1)− 3C

1/2
4 (2τ − 1)

)
, φπσ(τ) = . . .

Parameters:
a2(µ0) = 0.1364± 0.0213 at µ0 = 2 GeV [Braun et al ’15] (lattice)
ω10(µ0) = −2.55 , ω10(µ0) = 0.0 and f3π(µ0) = 0.004 GeV2 . [Ball ’99]

ω20(µ0) = 8.0 [Kroll, P-K ’18] fit to π0 photoproduction data [CLAS ’17]

Evolution of the decay constants and DA parameters taken into account.
Choice of scales: µR

2 = µF
2 = t̂û/ŝ43
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η, η′ distribution amplitudes

Twist-2 DA:

φ8(τ, µF ) = 6τ τ̄
[
1 + a8

2(µF ) C
3/2
2 (2τ − 1)

]
φ1,q(τ, µF ) = 6τ τ̄

[
1 + a1

2(µF ) C
3/2
2 (2τ − 1)

]
φ1,g(τ, µF ) = 30τ2τ̄2

[
1 + ag2(µF ) C

5/2
1 (2τ − 1)

]
Twist-3 DAs:

assumption

φ38(τa, τb, τg, µF ) = φ31(τa, τb, τg, µF ) ≈ φ3π(τa, τb, τg, µF )

Parameters:

a8
2(µ0) = −0.039, a1

2(µ0) = −0.057, ag2(µ0) = 0.038 [Kroll, KPK ’13],
and other choices tested

f38(µ0) = 0.86f3π(µ0) ⇐ [Ball ’99; Braun, Filyanov ’90]

f31(µ0) = 0.86f3π(µ0) ⇐ η exp: [GlueX preliminary ’20]

mixing parameters from [Feldmann, Kroll, Stech ’98]
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Form factors and GPDs

Ri . . . 1/x moment of ξ = 0 GPD (Ki)

RV (← H), RT (← E) from nucleon form factor analysis [Diehl, Kroll ’13]

RA(← H̃) form factor analysis and WACS KLL asymmetry [Kroll ’17]

ST (← HT ), S̄T (← ĒT ) low −t from DVMP analysis [Goloskokov, Kroll ’11]

SS(← H̃T ) ∼= S̄T /2 (ĒT = 2H̃T + ET )

GPD parameterization [Diehl, Feldmann, Jakob, Kroll ’04, Diehl, Kroll ’13]

Ka
i = kai (x) exp [tfai (x)] , fai (x) =

(
Bai − α′ia lnx

)
(1− x)3 +Aai x(1− x)2

strong x− t correlation

power behaviour for large (−t)
choice for transversity GPDs A = 0.5 GeV−2
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Photoproduction (π)

[Kroll, P-K ’21]
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theoretical predictions with
parameters from [Kroll, P-K ’18]

(fit of π0 twist-3 prediction to
[CLAS ’17] data)

solid curves: complete twist-3
dotted curves: twist-2
dashed curves: ω20 = 10.3
µR = µF = 1 GeV

exp data:
full circles [SLAC ’76]
open circles [CLAS ’17]
triangles [JLab, Hall A ’05]

twist-2 prediction well beyond the data [Huang, Kroll ’00]

scaling: s−7 (s−8) twist-2 (twist-3) → effective s−9 → too strong
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Electroproduction (π)

[Kroll, P-K ’21]
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information on SS (H̃T ) from σTT (suppressed for DVMP)
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Spin effects - photoproduction

[Kroll, P-K ’21]
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Spin effects - electroproduction

[Kroll, P-K ’21]
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Spin effects - photoproduction

[Kroll, P-K ’21]
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[Kroll, P-K ’18]
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