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Introduction

Organizational matters

• 3x45 minutes for two topics
• split into two lectures
• today: ep scattering
• next week: forward physics

Motivation for interest in ep scattering

• proton is a composite particle
• probing proton structure with a small probe
• photon resolution ∼ 1 / virtuality
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Types of ep scattering

Elastic ep scattering Inelastic ep scattering

• 4 particles in the process:
16 4-momentum components

• 3 DoF: boost of the reference frame
• 2 DoF: orientation of the ref. frame
• 4 constraints from fixed masses
• 4 constraints from (E, p⃗) conserv.
• 3 remaining DoF, for example:

• centre-of-mass energy
• azimuthal scattering angle – trivial
distribution (when no polarization)

• polar scattering angle

• Proton breaks up into state X
• MX > Mp (because of baryon
number conservation)

• Inclusive analysis – state X only
described by its invariant mass, the
exact composition is not taken into
account

• Then, one more DoF than in the
elastic ep scattering

• Considering composition of the X
state not covered in this lecture 3



Elastic and inelastic scattering
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Contents

Elastic scattering

Inelastic scattering
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Electron–muon scattering
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Electron–muon scattering
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Scattering cross sections

Rutherford scattering
dσ
dΩ =

α2

4EK sin
4 Θ/2

• Low energy approximation (EK ≪ me)
• EK – electron kinetic energy
• Θ – scattering angle in the lab frame

Mott scattering
dσ
dΩ =

α2

4E sin4 Θ/2
cos2 Θ

2

• High energy approximation (me ≈ 0)
• E – electron energy (at high energy, equivalent to EK)
• cos2 Θ/2 factor is related to the electron helicity

In both formulae:

• proton is treated as a point-like spin-half particle
• proton recoil is neglected
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Proton recoil

Mott formula
dσ
dΩ =

α2

4E sin4 Θ/2
cos2 Θ

2

Taking into account proton recoil

dσ
dΩ =

α2

4E1 sin
4 Θ/2︸ ︷︷ ︸

Mott

E3

E1

cos2 Θ

2︸ ︷︷ ︸
Mott

+ 2τ sin2 Θ

2

 , τ = −q2/4M2

• E3

E1
factor related to recoil

• 2τ sin2 Θ

2 term corresponds to spin–spin interaction
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Form factors

For an extended charge distribution:(
dσ
dΩ

)
Mott
→

(
dσ
dΩ

)
Mott
|F(⃗q)|2

• q⃗ – momentum of the virtual photon, related to electron: q2 = −4p2 sin2 Θ/2
• F(⃗q) – form factor, Fourier transform of the charge distribution

F(⃗q) =
∫

ρ(⃗r) exp(i⃗q · r⃗)d3⃗r

• ρ(⃗r) – charge distribution (normalised to unity:
∫
ρ(⃗r)d3⃗r = 1)
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Proton recoil and proton structure

Point-like proton
dσ
dΩ =

α2

4E2
1 sin

4 Θ/2
E3

E1

(
cos2 Θ

2 + 2τ sin2 Θ

2

)
, τ = −q2/4M2

Finite-size proton

• In Feynman diagram calculation, proton vertex:

γµ → F1(q2)γµ +
κ

2MF2(q2)iσµνqν , σµν =
i
2 [γ

µ, γν ]

• Rosenbluth formula
dσ
dΩ =

α2

4E2
1 sin

4 Θ/2
E3

E1

(
G2

E + τG2
M

1 + τ
cos2 Θ

2 − 2τG2
M sin2 Θ

2

)
GE = F1 +

κq2

4M2 F2 GM = F1 + κF2

• GE and GM can be interpreted as Fourier transform of charge and magnetic
moment distributions only for very small scattering angles

• GE(0) = 1, GM(0) = 2.79
• Only one (relevant) DoF describing the final state: Θ, E3 and q2 are dependent
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Experimental result

• Proton well described by a dipole
form factor

GE =
1

(1 + q2/0.71 GeV2)2

GM = 2.79GE

• Corresponds to exponential charge
distribution

ρ(⃗r) = ρ0e−r/a

with a = 0.24 fm
• This corresponds to proton radius

⟨r⟩ = 0.8 fm
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Elastic scattering

Inelastic scattering
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Kinematics

• Photon virtuality

Q2 = −q2

• Bjorken x

x =
Q2

2p2 · q
• Invariant mass of X:

W = MX

• Electron energy loss
ν =

p2 · q
mp

ν = E1 − E3 (in the proton rest frame)
• Inelasticity

y =
p2 · q
p2 · p1

y =
ν

E1
(in the proton rest frame)
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Structure functions

• Elastic scattering

dσ
dΩ =

α2

4E2
1 sin

4 Θ/2
E3

E1

(
G2

E + τG2
M

1 + τ
cos2 Θ

2 − 2τG2
M sin2 Θ

2

)
GE and GM are functions of q2

• Inelastic scattering

dσ
dE3dΩ =

α2

4E2
1 sin

4 Θ/2
E3

E1

(
W2(ν, q2) cos2 Θ

2 − 2W1(ν, q2) sin2 Θ

2

)
• Equivalent formulation in the limit of high Q2:

dσ
dQ2dx =

4πα2

Q4

[
1− y

x F2(x,Q2) + y2F1(x,Q2)

]
• At high Q2, inelastic scattering dominates
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Experimental measurements at SLAC

Bjorken scaling Callan-Gross relation 16



Quark–Parton Model

Electron–quark scattering:

• quark momentum before scattering: pquark
• quark momentum after scattering: p′

quark = pquark + q
• negligible quark mass and no breaking up: p2

quark = p′2
quark = m2

quark ≈ 0

(pquark + q)2 = 0 → Q2 = 2 pquark · q

x =
Q2

2 p2 · q
→ pquark = xp2

• x is the fraction of proton momentum carried by the quark
(in a frame where the proton is very fast)
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Parton Distribution Functions

• electron–quark scattering (neglecting masses):
dσeq

dQ2 =
2πα2e2

q

Q4

[
1 + (1− y)2

]
• q(x) – probability density of scattering off a given quark flavour, then

dσep

dQ2dx = q(x)dσeq

dQ2

• Comparing with
dσeq

dQ2dx =
4πα2

Q4

[
1− y

x F2(x,Q2) + y2F1(x,Q2)

]
• Structure function in terms of parton distributions

F1(x,Q2) =
1
2
∑

q
e2

qq(x)

F2(x,Q2) = 2xF1(x,Q2)

For example, including only u and d quarks:∑
q

e2
qq(x) = 4

9
[
u(x) + ū(x)

]
+

1
9
[
d(x) + d̄(x)

]
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Parton Distribution Functions
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Valence quarks, see quarks, gluons

Valence and see quarks

• proton = uud← valence quarks
• see quarks – quantum fluctuations
eg. g→ qq̄

• u(x) = uv(x) + us(x), ū(x) = us(x)
• d(x) = dv(x) + ds(x), d̄(x) = ds(x)
• similar masses of u and d: us(x) = ds(x)

Momentum fraction

• q(x) – quark density
• xq(x) – momentum density
•
∫

xq(x)dx = fq – proton momentum fraction carried by q
• F2 =

∑
q xe2

qq(x)→
∫

F2(Q2, x)dx = 4
9 fu + 1

9 fd

• neutron: u↔ d→
∫

Fneutron
2 (Q2, x)dx = 4

9 fd + 1
9 fu

• fu ≈ 0.36, fd ≈ 0.018
• ∼50% of proton momentum carried by neutral partons (gluons)
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DGLAP – evolution of PDFs

• DGLAP = Dokshitzer, Gribov, Lipatov,
Altarelli, Parisi

• Ambiguity in splitting between
proton structure and quark–electron
process

• But F2 is well defined and
measurable

• Renormalization group equations

• Simplified case (Pqq(z) – splitting function):

dq(x,Q2)

d logQ2 =
αs

2π

∫ 1

x
q(x,Q2)Pqq

(
x
y

)
1
y dy

• In reality, also gluons are involved:

d
d logQ2

(
q
g

)
=

(
Pqq Pgq

Pqg Pgg

)
⊗

(
q
g

)
• DGLAP→ evolution of PDFs in Q2 predicted by QCD
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HERA Accelerator at DESY
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F2 measurement at HERA
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Global PDF fits

• Assume functional form of the x dependence of PDFs at a fixed Q0

• A simplistic example: u(x,Q2
0 = 1 GeV2) = A · xB · (1− x)C

• Evolve PDFs to the needed Q2 using DGLAP
• Compute the observable and compare with the experimental measurement
• Build a global χ2 function, find parameters (A, B, C, …) minimising the χ2
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Proton–proton collisions
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Outlook

Related topics, not covered in this lecture

• NLO, NNLO
• higher twist effects
• BFKL
• saturation
• Other QCD factorisations
• More general parton distributions: GPD, TMD, …
• Spin-dependent proton structure
• Nuclear PDFs
• Multi-parton structure
• PDFs from lattice
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