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Introduction

Rotation and Polarization

Barnett Effect

Figure: Mechanical rotation of an unmagnetized
metallic object induces magnetization, an
effective magnetic field emerges.
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Einstein-de Haas
Effect

Figure: Application of magnetic field
on an unmagnetized metallic object
induces magnetization, body start
rotating (mechanical angular
momentum emerges)
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Introduction

Case of Heavy ion collision experiment

o Global angular momentum J ~ 10*% (RHIC Au-Au 200 GeV, b=2.5
fm)[arXiv:0711.1253v3 [nucl-th] 18 Feb 2008].

e One can think of a Fluid with the highest vorticity.

e Emerging particle are expected to be globally polarized with their spins on
average pointing along the system angular momentum.

before collision after collision

Figure: Geometry of a non-central heavy ion collision
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Introduction

Global A-polarization in RHIC experiment

Evidence of the fluid with highest vorticity:

The average polarization Py (where H = A or A) from 20 — 50% central Au+Au
collisions [Nature 548 (2017) 62-65, arXiv:1701.06657 (nucl-ex)]
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Figure: The average polarization versus collision energy
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Introduction

e Present phenomenological prescription used to describe the data make use of
the fact that thermal vorticity is equal to spin polarization tensor.

e In this work using the equilibrium distributions functions for particles of spin 1/2
as an input to the Wigner function and its semi-classical expansion we will show
how a kinetic approach can lead us to the fact that the thermal vorticity and spin
polarization tensor are constant. However, no such conclusion can be drawn
whether they are equal or not.

o | will also discuss the procedure to construct the hydrodynamic framework that
can deal with the spin physics.
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Equilibrium Wigner functions

Equilibrium Wigner Functions

We start with the equilibrium Wigner functions [de-Groot 1980]

Witk = 5 3 [ dPoik = P ()T (P)f (x.p),

r,s=1

2
Wealx, k) = 2 > / dP 5 (k + p)v*(p)7'(P)fs (X, P)-

r,s=1
We take % (x, p) and f5 (x, p) [F. Becattini et al. Annals Phys. 338 (2013) 32]

F060D) = 5 BP)X Us(p),  fs (60) = — 5 B(R)X Wi(p).

m is the (anti)particle mass, while u,(p) and v(p) are Dirac bispinors.

X5 = exp[£6(X) — Bu(OP' IME,  ME = exp [AJ

éw,w(x)z“"} .

o BH(x) = u(x)/T(x) and &(x) = p(x)/ T(x), with 11(x) being the chemical potential.
e The quantity w,.(x) is the spin polarization tensor, while X** = (i/4)[v*,~"].
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Equilibrium Wigner functions

Equilibrium Wigner functions

Spin polarization tensor w,,,, satisfies the two conditions [W. Florkowski et al. 2017]

. . 1
Ww"” >0, wud =0, where & = -euasw™

2

sinh(¢)
2¢

M*E = cosh(¢) +

W T
( is defined by the expression

C—g—l 1w wHV
L

Q plays a role of the spin chemical potential.
The equilibrium Wigner functions

< in

W (X, k) = 4im / dPe=P* sk — p) [2m(m+p) cosh(¢) + 2 2*‘4(4) oy (B + M (B + m)} 7
< in

Wea(x, k) = j—m / aPe 7P 6@ (k + p) [2m(m — P)cosh(¢) — > zhéo wuw (P — mE* (p — m)] :

The total Wigner function
Weq (X, k) = WE (X, k) + We (x, k).
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Spinor decomposition of the equilibrium Wigner function

Spinor decomposition of the equilibrium Wigner function

The Wigner functions Wj;(x, k), being four-by-four matrices satisfying the relations
WE (x, k) = %oWZE (x, k)40, can always be expanded in terms of the 16 independent
generators of the Clifford algebra

1

Walx.k) = ¢

[Foi(x, k) + ivsPE(x, k) + 7" VE . (X, k)
+’757HAeiq,,u(X7 k) + zszé}(:q,y.u(x7 k)] .

The coefficient functions in the equilibrium Wigner function expansion can be obtained
by the following traces:

FER = [WE oK) = 2meosh(0) /dP e~ BPEE 4k 7 1),
PLOGK) = =it [ WExR)] =0,
VE LR = [ WEE 9] = £ 200m() [aPem P PEE s p)p,
+ 5y, sinh(¢) —B-pt& 5(4) ~ v
Ao = e [P Wi )] = T [ape 53 (k F p) B b,
st e mvyp,E sinh(¢) —Bpte o(4) a, 2
G k) = 2ur [WE e ] = =02 fape 5k F ) [(ppwrva — Prwpa) P* +mwu .
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Spinor decomposition of the equilibrium Wigner function

Leading-order terms of the coefficient functions in the spin-polarization tensor,

Foq(x,k) = 2m /dP e P PEE sk £ p),
Pealt, k) = 0,
VE k) = x2 [aPe PP SOk x p)p,,
Ail-u(xv kK = - / ape™ P 5(4)(k FP)Ouv p”,
S:f{,,”,(K k) = ilm/dP e PPEE 6(4)(k Fp) {(puw,,u — Prwpa) p“+m2w#,,}.

Coefficient functions in equilibrium Wigner function expansion satisfies
ki VE L (x, k) — mFE(x, k) =0,
Ky F&(x, k) — mVE, .(x, k) =0,
Pea(x,k) =0,
Kkt AL L(x k) =0,
K VL (X, k) — K V&, (x, k) = 0,
K SE (K =0,
KB 82 (X K) + mAS u(x, k) =0,
cuvap kK AZL (X, K) + mSE, 1 (x, k) = 0.
Note that such constraint are also fulfilled by the total Wigner function given by the sum
of the particle and antiparticle contributions.
Also note that the above relationship holds for any form of 8,(x), £(x) and w. (x).
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Semi-classical expansion

Semi-classical expansion

W(x, k) = jz [F(x, k) + ivsP (X, k) + vV (X, K) + vy Au(X, k) + XS0 (X, K)] -

The Wigner function satisfies the equation of the form

ih
(K" — m)W(x, k) = 0; K' =K'+ 5 0"
The real parts: The imaginary parts:
k*V, — mF =0, hOMV, =0,
LorA, +mP =0, k" A, =0,
k F — 3078, —mv, =0, BOuF + K Sup =0,
—50,P+ kPS5 +mA, =0, k,P+ 20°8,5 =0,
30V — 0. V) — euvapk® AP —mS,, =0, (ku Vo — ko V) + %%,mai)“A‘* =0.
F=FO pp7gM L 12F® . p=pO L pp()  g2p@

V=V +1v0 4+ 2v@ o A, = AD 4 rAD + 72AP
Suv =S+ RS+ RSE + -
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Semi-classical expansion

Zeroth and first order real parts

Zeroth order real part:
key® — mFO = o,
PO =0,
k, FO — my® = o,

B &) 0) —
KOSDL + mAD = o,
elu/a[ika-Ag) +ms® =o,

pv

First order real part:

key®) — mFM = o,

18#A(0) + mp(‘) =0,

k, F — LovsO) — mvg) :o,
—10,Pw) +kﬂ3 )+ mAlD =

3 (a,bvu - auvff)) — gk A(ﬁ) - ms{) =o.
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Zeroth order imaginary part:
Kk AQ = o,
k“S(O) =0,

Pt

k VO — ke, VO = 0.

First order imaginary part:
Ay (0
v =0,
k/‘AEJ) =0,

P 0 v (1
30, FO + k7s() =0,
kPN + 1678 =0,

B

k V) — ke, VH Yeuvas 0" Al = 0.
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Semi-classical expansion

Kinetic equations for coefficient functions
By solving the coupled equations for zeroth and first order one get the following

equations for the coefficient functions
k“auf(o)(x, k) =0.
k"0, A (X, k) =0, Kk, Ag)(x, k) =0.
To get the equation for the first order coefficient functions one has to go beyond first
order (upto second order) if one does so one can easily show,
k“au]-'m(x, k) = 07

K0, A%y (x, k) = 0, K, Al (x, k) = 0.

One can define explicitly the two cases:
CASE 2:

CASE 1:
FO = Foq, FO=F, FY=o,
PO =, PO =0, PM =y,
VO = Vg . VO = Veq ., VO =0,
AD = Acq . AD =0, A=A,
SO = Seq,pr- SO =0, SU) =Scquv
May 25, 2018
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Semi-classical expansion Exact Solutions

Extended global equilibrium

In the CASE 1 we find:
k0, Feq(Xx, k) =0,

k"0, Aey(x,k) =0, k, Ady(x,k)=0.
These equations will be exactly fulfilled if the 3, field satisfies
0B (X) + 0,B,(x) =0 (Killing equation)

while the parameter £ and w,,,, are constant (this also means ¢ is constant).
Solution to the Killing equaton

Bu(x) = ﬂz + wﬁyx'“7 52=constt, w?“, = —% (8.8, — 0uBu) = ., =constt

o |t does not constrain that the spin polarization tensor is equal to thermal vorticity.
In the CASE 2 we find:

kMBHFEQ(Xv k) = 07

K10 ALy(x,K) = 0, K, Aly(x,K) =0,

which leads to the same constraints on ., £, and w,..,, as in the CASE 1.
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Formulation of hydrodynamics with spin Charge current

Charge current
We use the definition of the charge current introduced in Ref. [de-Groot:1980] to obtain

Neg (x /d kv Weq(x, k) /d k Voo (x, k) /d kk* Feq(x, k)

N2, = 4 cosh(¢) sinh(g)/ LD o oo
o (2m)3Ep
This agrees with [W. Florkowski et. al. 2017]. Doing the integral over the momentum
one finds that the charge current is proportional to the flow vector,
N, = nu®,
where
n =4 cosh(¢) sinh(&) Ny (T)
Here nw)(T) = ((u- p))o is the number density of spin-0, neutral Boltzmann particles,

3
<...>OE/(2‘;ﬁ(...)e*ﬁ'P.

We note that the form of NZ,(x) holds generally for CASE 1, the result for CASE 2 is
obtained by taking the limit ¢ — 0, hence, by replacing cosh(¢) with unity.

OaNey(x) =
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Energy-momentum tensor

The energy—momentum tensor defined in Ref.[de-Groot:1980] has the form
T (x) = / AU K W (%, k) / AU KK K Fog (3, k).

From above equation one can easily obtain

ny v A—Bp
Te (X) = 4 cosh(() cosh( 5)/ 27 3E pip e P
This agrees again with that given in [W. Florkowski et al. 2017].
T (x) = (e + P)u"u” — Pg"”.
The energy density and pressure are given by the expressions
€ =4 cosh(() cosh(§) gy(T), P =4 cosh(¢) cosh(&) Py (T),

where, £(0)(T) = ((u- p)*)o and Pio)(T) = —(1/3){[p- p — (u- P)?])o-

Similarly to the case of the charge current, the form of 7% (x) holds in general for
CASE 1, while the result for CASE 2 is obtained by the limit cosh(¢) — 1.

The energy-momentum tensor should be conserved,

Ba T (x) =
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Formulation of hydrodynamics with spin Spin tenor

1. Canonical form

SN (x) = % /d“ktr [{UWM} Weq (X, k)] - W”/a/“kAm(x k)

Sk = 75'"}1(0 cosh(€) / dP &P (WP +wpt + wMp”)

_ w A pv ;L v voAp
4( (u Wt u + U w ) ,
where we have introduced the spin density w defined by the expression
w = 4sinh(() cosh(£)no)(T).

Limit S'”hc — 1 will give canonical spin tensor for the CASE 2.
Total angular momentum

P (x) = LP (x) + 8P (x) = x* TH (x) — X" TH* 4 8% (x).
Conservation of energy momentum and total angular momentum implies
DT (x) =0, IV (x)=0,= SV (x) = T (x) — T"*(x) = 0.
We expect
SHhY (x) = 0.
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Formulation of hydrodynamics with spin Spin tenor

Case of global equilibrium with rigid rotation

In this case, the flow four-vector u* can be taken in the form

L =r u'=-2Qnvy, *=2Qvx, ’=0,

v =1/4/1—4Q2r? is the Lorentz gamma factor and r = y/x2 + y? is distance from
the center of the vortex in the transverse plane.

One can check that such a hydrodynamic configuration leads to the conserved charge
current and conserved energy-momentum tensor.
if,

T=Toy, p=poy,= Q0
where, To, o and Qo are constants.
In this case all components of the spin polarization tensor w*” vanish, except for
w12 = —w21 = 2Qo/T0
The canonical spin tensor Sc*a;ﬁ”(x) is not conserved,

w(r)

nSxY(r) = -0, [Wuo(r)] W £ 0,
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Formulation of hydrodynamics with spin Spin tenor

2. Phenomenological form

A phenomenological form of the spin tensor has been used [W. Florkowski et al. 2017],
v 1 —B- — v
S (x) = E/a/Pe FP R Mr[(XT — X7)EM].

Carrying out the trace calculation we get
Sl))\};uu(x) _ smh(C)EOSh(g) /dP efﬁ-p p>\ w,uu _ %UAWWJ,

which agrees with the expression used in Ref. [Becattini 2009].
One can easily check that in global equilibrium unlike canonical the phenomenological
spin tensor satisfies the conservation law,

NSy (x) =0

ph

Which is consistent with the conservation laws of charge current and energy
momentum tensor and with the concept of the global equilibrium.
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3. de Groot - van Leeuwen - van Weert formulation

The spin tensor introduced by de Groot, van Leeuwen, and van Weert has the form

v 1 v 2. v 17
Seitw =2 /d4ktr K{O“ ,YA} + 51 (v“‘k I — Ptk ])) Weq(x, k)] :

Performing the traces, and then carrying out the integration over k we get

Séfv'(; _ smh(%)'gzsh(g)/dpe—ﬁp Mt 4 2p% plhe) )
W\ ., 2sinh(¢)cosh(€) .0
47<U w + m—ZCSGﬁLW

where

SG’f\Z, Avtucuw”, + B (AM o, + A, 4 UQA)\[“UJD]Q>

1 2 m2
BZ*B (6(0)+P(o)), A:B |:36( (3+ﬁ)P :| —3B + TP(()). (1)

Limit =250 S'”h — 1 will give the GLW spin tensor for the CASE 2.
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Conservation laws

Conservation laws

One can get the conservation law for charge and energy-momentum by taking zeroth
and first moments of the kinetic equations,

K0, Foq(X, k) = 0
or,
K", Fuq(x, k) = 0.

The main difference between the two is that the moment of later does not involves the
vorticity therefore will lead to perfect fluid description. Spin dynamics gets decoupled in
this case.

In any case, the conservation laws for charge, energy, and momentum are not sufficient
to determine the dynamics of spin and they should be supplemented by information
coming from the equations for the axial coefficients of the equilibrium Wigner function.

K Do Al (X, k) = 0,

K00 AL (X, k) = 0.
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Conservation laws

Conservation laws

Considering the first kinetic equation for the axial coefficient function, we can obtain the
conservation laws for spin tensor in the way as follows,

K0 /dP e’ w [5(4)(k —p)e + W (k + p)e‘f] S p’ =0
LA { /dP e ’” S'"h(o [62k — p)et + 69 (k + p)e¢] p* ww} o,

If we multiply above equation by k"e*7*" and then take the moment of above equation.
We will get the conservation of GLW spin tensor.

This suggest that GLW spin tensor, in fact, a more natural choice.

Limit =™} — 1 will give conservation of GLW spin tensor for the second kinetic
equation for the axial coefficient function (CASE 2).
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Summary

Summary

We have discussed about the Wigner function (constructed from the local
equilibrium phase space distribution functions for spin-1/2) and it's spinor
decomposition.

We have analyzed in more detail the case where the Wigner function satisfy
kinetic equation with a vanishing collision term.

We have found, in contrast to many earlier claims found in the literature, Wigner
function approach does not imply a direct relation between the thermal vorticity
and spin polarization, except for the fact that the two should be constant in global
equilibrium.

We have also outlined procedures to formulate hydrodynamics with spin from the
kinetic equations derived from Wigner function.

We have found that it would be useful to construct the hydrodynamics with spin
with the help of the spin tensors derived by de Groot, van Leeuwen, and van
Weert.

Future Plan: Our next task is to incorporate electromagnetic fields and collision term
in the present framework.
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Summary

THANK YOU
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Summary

Back up slides

Global thermodynamic equilibrium (Zubarev, Becattini)
) = o0 [~ [ 5,00 (708,00 = 33 (6)en() — G0N ) |
Here d®%,, is an element of a space-like, three-dimensional hypersurface ¥,,. We can
take it as, d°%,, = (dV,0,0,0). A
The operators T+ (x), J**?(x) and N*(x) are the energy-momentum, angular

momentum and charge operators respectively.
In global thermodynamic equilibrium the operator p(t) should be independent of time.

o (7 0000) = 500000 — 0" )
= P00 (0b30) = 5977 () (Duseas(3)) = 0,E() = .

For asymmetric energy momentum tensor, b, = bY, was = w4, & = &°.
For symmetric energy momentum tensor, b, = b2 + 5w3,,x", Wap = wgﬁ, e=2¢.
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Summary

Global and local thermodynamic equilibrium (Zubarev, Becattini)

JHoP (x) = 1P (x) + 8% (x).

Using above equation, we can write two cases discussed above can be expressed by a
single form of the density operator

pra = exp [— / dszu(x)(r“”(xmu(x) 0 (x )wga—ﬁoﬂ/“>]~

For asymmetric energy-momentum tensor B, (x) = b5 + w3, x7.
B,.(x) is a Killing vector, w,, = wl, .
For symmetric energy-momentum tensor 5, (x) = bY, + (dwd., + wd, )x".
B,.(x) is again a Killing vector, w,., # wl, .
1. global equilibrium — 3, field is a Killing vector, w,, = w,, = constt, in
addition ¢ = constt.
2. extended global equilibrium — 3, field is a Killing vector, w,, = constt,
wy = constt but @, # wy. , in addition £ = constt.
3. local equilibrium — 3, field is not a Killing vector but we still have
wur (X) = @ (X), £ = £(X),
4. extended local equilibrium — g, field is not a Killing vector and

Wy (X) # @ (X), € = E(X).
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