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Outline	  

Ø mT	  scaling	  of	  Rinv	  in	  LHC	  experiments	  
	  
Ø  βT	  scaling	  of	  Rinv	  seen	  in	  LHC	  pp	  collisions	  
	  
Ø  Toy	  MC	  model	  to	  mock-‐up	  βT	  scaling	  
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Transverse-‐mass	  (mT)	  scaling	  in	  1-‐D	  idenIcal	  
two-‐parIcle	  femtoscopy	  	  
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FIG. 8. (Color online) Rinv parameters vs mT for the three cen-
tralities considered for π±π±, K±K±, K0

SK0
S, pp, and pp. Statistical

(thin lines) and systematic (boxes) uncertainties are shown.

mT scaling of Rinv can be explained as a consequence of470

the increase of the Lorentz factor with decreasing particle471

mass. In a hydrodynamic model [50], scaling is observed472

for the three-dimensional radii measured in the longitudinally473

comoving system (LCMS). The transformation from LCMS to474

PRF involves a boost along the outward direction only, where475

the boost value is proportional to the transverse velocity of the476

pair and inversely proportional to the particle mass (for similar477

mT). Thus, a smaller mass leads to an increase in the boosted478

Rout and, subsequently, Rinv in the PRF. Indeed, we observe479

such an effect in the data, as pion radii are systematically480

higher than kaon radii at the same mT.481

A comparison of a hydrodynamic flow+kinetics model,482

HKM [14], with the measured Rinv and λ parameters for 0–5%483

centrality is shown in Fig. 9. The HKM values in Fig. 9 are484

specifically from K±K±, but the predictions for K0
SK0

S and485

K±K± are consistent with each other. For Rinv, the charged486

kaon data show very good agreement with the predictions.487

The experimental data for the neutral kaons are again slightly488

higher than for the charged kaons, but this difference is still489

within systematic uncertainties. For λ, both sets of kaon data490

match the decreasing trend with increasing kT exhibited by the491

HKM points, but the model slightly overpredicts the data. It is492

shown in Ref. [14] that the most important resonances for KK493

pairs, K*(890) and φ(1020), do not significantly influence the λ 494

parameter (due to their low contribution), and the discrepancy 495

between the model and experimental data can be explained 496

by the lower experimental kaon purity and deviations of 497

the experimental correlation function shape from a Gaussian 498

distribution. For protons, the HKM prediction is compatible 499

with the data. HKM calculations for one-dimensional pion 500

radii are currently not available, but three-dimensional radii 501

were reasonably reproduced by this model [51]. 502

V. SUMMARY 503

Results from femtoscopic studies of π±π±, K±K±, 504

K0
SK0

S, pp, and pp correlations from Pb-Pb collisions at 505√
sNN = 2.76 TeV with ALICE at the LHC have been 506

presented. The femtoscopic radii and λ parameters were 507

extracted from one-dimensional correlation functions in terms 508

of the invariant momentum difference. It was found that 509

the emission source sizes of kaons and protons measured 510

in these collisions exhibit transverse mass scaling within 511

uncertainties, which is consistent with hydrodynamic model 512

predictions assuming collective flow. The deviation from the 513

scaling for the pions can be explained as a consequence of the 514

increase of the Lorentz factor with decreasing particle mass 515

during the transformation from LCMS to PRF systems [50]. 516

The extracted λ parameters are found to be less than unity, 517

as is expected due to long-lived resonances and non-Gaussian 518

correlation functions. The predictions of the hydrokinetic 519

model (HKM) for the one-dimensional femtoscopic radii for 520

charged and neutral kaons and protons coincide well with the 521

observations. 522
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FIG. 9. (Color online) Comparison of the HKM model (see text) with measured kaon λ (a) and Rinv (b) parameters for 0–5% centrality.
Statistical (thin lines) and systematic (boxes) uncertainties are shown.
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A	  good	  example	  of	  approximate	  mT	  scaling	  of	  Rinv	  	  
in	  LHC	  2.76	  TeV/N	  Pb-‐Pb	  collisions	  

ALICE	  collaboraIon,	  	  
Phys.	  Rev.	  C	  92,	  054908	  (2015)	  

àgenerally	  considered	  to	  be	  a	  signature	  of	  collecIve	  flow	  resulIng	  	  
from	  early-‐stage	  hydrodynamic	  flow	  and/or	  final-‐state	  resca^ering	  of	  	  
the	  many	  parIcles	  produced	  in	  the	  heavy-‐ion	  collision,	  e.g.	  	  
HKM	  (V.	  Shapoval,	  PBM,	  A.	  Karpenko,	  Y.	  Sinyukov,	  Nucl.	  Phys.	  A	  929,	  1	  (2014))	  
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FIG. 7. (Color online) (a) One-dimensional femtoscopic radius
Rinv for pions, kaons, and protons calculated in the PRF for selected
centralities. (b) Rinv for pions, kaons, and protons scaled with the
kinematic factor, for selected centralities (see text for details). Lines
represent power-law fits. (c) Averaged one-dimensional radius in
LCMS RLCMS for pions, kaons, and protons for selected centralities.
Lines represent power-law fits.

for this known effect and rescale the measured Rinv for pions,
kaons, and protons in such a way that they would be a good test
of the hydrodynamic scaling. This would be experimentally
much easier than performing a full three-dimensional analysis
for kaons and protons especially as a function of mT and we
have found that when the radii are divided by the following
scaling factor1

f =
√

(
√

γT + 2)/3, (18)

1For the discussion of the origin of the precise form of the factor,
please see the Appendix.

they fall back on a common curve (with the accuracy of
10%) for pions, kaons, and protons, which is shown in the
middle panel of Fig. 7. However, the power-law behavior
of the scaling, seen still for RLCMS, is not preserved for the
scaled Rinv. We have therefore given a new experimentalist’
recipe for the search of hydrodynamic collectivity scaling
of pions, kaons, and protons with the measurement of the
one-dimensional radius in PRF.

VI. SUMMARY

We have presented calculations of femtoscopic radii for
pions, kaons, and protons as functions of centrality and pair
mT. They were performed for the (3+1)D hydrodynamic
model coupled to the statistical hadronization, resonance
propagation, and decay code THERMINATOR 2. Hadronic
rescattering was not included in the model. The radii were
determined from the fits to the model correlation functions,
closely following the experimentalist recipe. We find that the
radii show two effective scalings, which are independent of
each other: a linear scaling in ⟨dNch/dη⟩1/3 and a power-
law-like scaling in mT pair. These scalings exist separately in
three dimensions in the LCMS frame. In the two transverse
directions the mT dependence is less steep (exponent −0.4)
than in the longitudinal direction (exponent −0.7), while the
⟨dNch/dη⟩1/3 scaling has similar slope in all directions. The
scaling has common parameters for pions, kaons, and protons
(with accuracy of 5–10%). Other hydrodynamic calculations,
which also included hadronic rescattering, found that such
scaling is violated. Therefore, an experimental verification of
the existence of such scaling can serve as a probe for the
importance of the hadronic rescattering phase.

We have also discussed similar scaling for one-dimensional
radii measured in PRF. We have shown that the existence of the
scaling for the three-dimensional radii in LCMS is mutually
exclusive with the scaling for the radii in PRF between different
particle types, due to trivial kinematic reasons. We propose
that a measured Rinv is divided by a simple kinematic factor to
recover the common effective mT scaling for pions, kaons, and
protons. In this way an experimentally simpler measurement
of the one-dimensional radii for the three particle types can
still be used as a probe for the hydrodynamic collectivity.
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APPENDIX

The form of the scaling factor for Rinv can be derived from
the following discussion. In the ideal case given by Eq. (17),
the size Rinv corresponding to the variance of the variable r
is known and equal to the other sizes. Let us consider what
will happen to the density distribution of r when we boost x
with some Lorentz factor γ (corresponding to the boost of out
from LCMS to PRF). It will certainly get broader, because x is
now a wider distribution. A straightforward hypothesis is that

064914-8

A.	  Kisiel,	  M.	  Galazyn	  and	  P.	  Bozek	  
Phys.	  Rev.	  C	  90,	  064914	  (2014)	  

((3+1)D	  hydro	  +	  Therminator	  model	  
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A	  good	  example	  of	  a	  lack	  of	  mT	  scaling	  of	  Rinv	  	  
in	  LHC	  7	  TeV	  pp	  collisions	  

ALICE	  collaboraIon,	  Phys.	  Rev.	  D	  87,	  052016	  (2013)	  	  

For	  each	  species,	  Rinv	  increases	  with	  mulIplicity,	  and	  decreases	  	  
with	  mT	  for	  high	  mulIplicity	  and	  increases	  with	  mT	  for	  low	  	  
mulIplicity,	  but	  no	  mT	  scaling	  between	  pions	  and	  kaons	  à	  No	  serious	  	  
model	  calculaJons	  exist	  in	  the	  literature	  describing	  these	  results	  
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Instead	  of	  Rinv	  vs.	  mT,	  plot	  the	  ALICE	  7	  TeV	  pp	  	  
results	  vs.	  βT	  =	  kT/mT	  to	  see	  how	  this	  looks	  

(T.H.,	  J.Phys.G	  45	  (2018))	  

There	  appears	  to	  be	  an	  approximate	  βT	  scaling	  
of	  Rinv	  seen	  in	  the	  ALICE	  7	  TeV	  pp	  results	  	   6	  



HI	  collisions	  à	  Rinv	  scales	  with	  transverse	  “energy”	  (mT)	  
à	  correlaIon	  length	  ~	  scales	  with	  local	  thermalizaIon	  volume	  
pp	  collisions	  à	  Rinv	  scales	  with	  transverse	  velocity	  (βT)	  
à	  correlaIon	  length	  ~	  scales	  with	  “free-‐streaming”	  of	  parIcles	  to	  hadronizaIon	  

à Not	  surprising	  that	  HI	  and	  pp	  collisions	  have	  different	  scaling	  
since	  they	  proceed	  in	  different	  ways	  
	  
HI	  collisions	  
Ø  ParIcle	  producIon	  via	  many	  soi	  parton-‐parton	  collisions	  
Ø  Hydrodynamic	  flow	  in	  early	  stage	  of	  collision	  
Ø  Final-‐state	  resca^ering	  of	  the	  many	  produced	  parIcles	  
thermalize	  the	  system	  
	  

pp	  collisions	  
Ø  ParIcle	  producIon	  via	  one	  or	  a	  few	  hard	  parton-‐parton	  	  
collisions,	  e.g.	  Lund	  String	  Model	  picture	  
Ø  RelaIvely	  few	  parIcles	  produced	  in	  the	  collision	  resulIng	  
in	  li^le	  chance	  of	  final-‐state	  resca^ering	  or	  thermalizaIon	   7	  



	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  In	  summary…….	  
	  
mT	  scaling	  is	  seen	  in	  many	  HI	  collision	  experiments	  and	  can	  	  
be	  explained	  by	  models	  
	  
βT	  scaling	  of	  Rinv	  for	  7	  TeV	  pp	  is	  an	  empirical	  observaIon	  	  
so	  far	  only	  seen	  in	  these	  data	  (but	  potenIally	  interesIng…..)	  
	  
=========================================	  
	  
à Construct	  a	  simple	  toy	  model	  to	  try	  to	  mock-‐up	  	  
βT	  scaling	  in	  the	  7	  TeV	  pp	  data	  
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A	  simple	  toy	  MC	  model	  to	  mock-‐up	  βT	  scaling	  
Requirements	  for	  model	  to	  agree	  with	  7	  TeV	  pp	  experiment:	  
Ø  βT	  scaling	  between	  pions	  and	  kaons	  
Ø  Increasing	  Rinv	  with	  increasing	  βT	  for	  Nch	  1-‐11	  
Ø  Increasing	  Rinv	  with	  increasing	  Nch	  
Ø  Decreasing	  Rinv	  with	  increasing	  βT	  for	  Nch	  12-‐22	  and	  Nch	  >	  22	  
	  
Main	  assumpJons	  of	  toy	  model:	  
Ø Quasi-‐parIcle	  iniIally	  created	  from	  pp	  collision	  
Ø Quasi-‐parIcle	  “free-‐streams”	  to	  the	  hadronizaIon	  point	  
Ø  HadronizaIon	  Ime	  obeys	  a	  Gaussian	  distribuIon	  in	  pp	  frame	  
Ø  ParIcle	  momenta	  follow	  experimental	  distribuIons	  
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A	  simple	  toy	  MC	  model	  to	  mock-‐up	  βT	  scaling	  

z 

rT 

Consider a space-time point of the ith particle of rest mass m0i at  
hadronization in the pp collision frame (xi, yi, zi, ti) with  
(pxi, pyi, pzi, Ei) àset from ALICE, CMS pT and η distributions 

i 
j 

p	   p	  
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A	  simple	  toy	  MC	  model	  to	  mock-‐up	  βT	  scaling	  
* Hadronization time distribution: 
 
* Quasi-particles “free-stream” to hadronization point: 
 
 
 
where, 
 
x0i and y0i are the initial transverse coordinates from a uniform 
distribution of radius 1 fm, and  φi is from a flat distribution between 
0 - 2π

The hadronization time width σi  is a free parameter to be 
adjusted to get the best agreement with the Rinv vs. βT 
measurements 

dn
dti

∝ exp −
ti
2

2σ t
2

#

$
%

&

'
(

xi = x0i + tiβTi cosφi yi = y0i + tiβTi sinφi zi = ti
pzi
Ei

βTi =
pTi
Ei
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A	  simple	  toy	  MC	  model	  to	  mock-‐up	  βT	  scaling	  
Quantum statistics and the Coulomb interaction are imposed 
pair-wise on a charged boson pair by weighting them at their  
hadronization phase-space points 
 
 
 
and G(qij

inv) is the Gamow factor 
 
The correlation function is the ratio of weighted to un-weighted pairs 
 
 
 
and fitted with the Bowler-Sinyukov equation to extract Rinv, 

Wij =G qijinv( ) 1+ cos rij •pij − tijEij( )"# $%     where Xij ≡ Xi − Xj qijinv = pij
2
− Eij

2

C qinv( ) =
N qinv( )
D qinv( )

Cfit qinv( ) = a 1−λ +λG qinv( ) 1+ exp −qinv
2 Rinv

2( )"
#

$
%{ }

12	  



Sample	  correlaIon	  funcIon	  from	  the	  model	  
With	  typical	  fit	  to	  extract	  Rinv	  

13	  
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The	  fits	  to	  the	  MC	  are	  not	  great,	  but	  adequate	  to	  
extract	  at	  least	  qualitaIve	  values	  for	  Rinv	  	  



Parameter       Nch   ππ   KchKch 
     1 – 11  0.6     1.0 

  σt (fm/c)    12 – 22  1.5     4.5 
     ±0.1       > 22  2.0     6.7 
 

Comparison	  of	  toy	  model	  with	  experiment	  

à	  The	  model	  can	  be	  forced	  to	  be	  close	  to	  the	  experiment	  
and	  to	  show	  approximate	  βT	  scaling	  with	  the	  appropriate	  
	  choices	  of	  σt	   14	  
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Ø σt	  increases	  with	  increasing	  
Nch	  range	  for	  both	  ππ	  and	  KK	  
Ø  σt	  is	  larger	  for	  KK	  than	  ππ



Summary	  and	  conclusions	  

Ø  Although	  Rinv	  does	  not	  show	  mT	  scaling	  in	  7	  TeV	  pp	  collisions	  for	  
ππ	  and	  KK,	  it	  does	  seem	  to	  show	  an	  approximate	  βT	  scaling	  instead	  
Ø  A	  simple	  toy	  model	  based	  on	  “free	  streaming”	  can	  be	  forced	  to	  	  
approximately	  mock-‐up	  this	  scaling	  seen	  in	  experiment	  by	  suitable	  	  
adjustments	  of	  the	  hadronizaIon	  Ime	  width	  parameter	  
Ø  It	  would	  be	  interesJng	  to	  see	  if	  other	  experimental	  pp	  collision	  	  
studies	  at	  different	  energies	  also	  see	  this	  βT	  scaling	  of	  Rinv	  
Ø  It	  would	  also	  be	  interesJng	  to	  see	  if	  serious	  models,	  e.g.	  EPOS,	  
HKM….,	  can	  describe	  this	  Rinv	  behavior	  seen	  in	  7	  TeV	  pp	  collisions	  
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