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Question from the previous lecture

Consider the exponential p.d.f.,

1
flz;T) = fe_w/T, z > 0.
T

Show that the corresponding cumulative distribution is given by
F(z;7)=1—e"%/"

Show that the conditional probability to find a value z < z¢ + 2’ given that
x > x¢ is equal to the (unconditional) probability to find = less than 2/, i.e.

Pz < zg + 2’|z > x9) = P(z < 2').

Solution to be sent to me before the next lecture
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Solution

1 We find the cumulative function by a simple
integration:

1
F(z;m) = / fefy/Tdy =
o T

fix; T) =1e™/"

F(Xo + Xx') = F(Xo)
-7 _

= Levlim =

o T

_ efw/T

0

Xo

Xo + X'

2 For the second part, we use the definition of the conditional probability:

P < !
P <5042 2 ) = PRS2 S0018)

_ F(zo — x') — F(zo)
1-— F(l‘o)

=1—e¢ /"= Pz <a)

1— e*(moJrI’)/T — 1+ e~ To/T
1—1+e %o/T

No matter where you start your observation the (properly normalised) remainder of the
exponent looks the same!
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N —
Statistical tests

elementary notions

Goal: make a statement about how well the observed data stand in agreement
with the assumed p.d.f., i.e. a hypothesis.

Hypothesis under test is called the null hypothesis, Hj.
Hypothesis which uniquely determines the f(x) is called simple
otherwise, when free parameters are involved, f(z;6) is called composite.

Statement on hypothesis validity often involves alternative hypotheses,
Hy, Hs....

For x = (21,22, ..., 2, ), the joint p.d.f. for a hypothesis H is given by the
conditional probability: f(x|H).

We define a test statistic ¢(x) (can be multi-dimensional) which, in turn, is
characterised by its p.d.f.'s: g(t|H).
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N —
Statistical tests

simple hypotheses

m acceptance region:

t < teut, 0.6 accept Ho reject Ho
itical on: > 1 o5 teut
m critical region: t > t., : g(t|Ha)
m error of the first kind: 0.4

9g(t|Ho)

1

1

1

1

1

o0 30.3 :

o= [ stta S :

teut 0.2 1

1

m error of the second kind: 01 i
et o0 : N ; ™

5:/ o(E| L ), .

—o0

® « is also known as significance level of the test.

m 1 — [ is called the power of the test.

m ¢ = 1 — « is the efficiency of the test.

m If Ny and N; denote total yields of the two hypotheses (signal/background)
purity is given as %
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|
Neyman-Pearson lemma

For a scalar ¢, the relationship between efficiency and purity is uniquely
determined.

However, if t = (¢1,ta, ..., t,) optimal choice of the multidimensional acceptance

region is not straightforward.

Likelihood ratio

The Neyman-Pearson lemma? states that the acceptance region giving
the highest power (highest purity) for a given efficiency is the region of
t-space such that:

9(t|Ho)
g(t|H1)

The ratio r is known as the likelihood ratio.

> c. (1)

?We shall leave it without a proof.

Pawel Briickman Statistics in Data Analysis March 25, 2026

6/36



Linear test statistic

Fisher discriminant t(X) _ Zn:aimi —alx (2)
i=1
We can express the mean and the variance for ¢ under a hypothesis (k = 0,1):
Buft) = [ to(t/He)dt = a7 By, G
Vilt] = /(t — Ey[t])g(t|Hy)dt = a’ Vi.[x] a. (4)

The coeficients a of the Fisher discriminant are obtained by maximising the
expression:
(Eolt] — Ex[t])”
J@) = —F———F—, 5
@ = b ©
which leads to:
a o (Volx] + Va[x]) ™ (Eo[x] — Ex[x)). (6)

The Fisher’s linear discriminant function is given by just the mean and
covariance of the data x, but without knowledge of the actual joint p.d.f.’s
(f(x[Ho) and f(x|H1)).
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Fisher discriminant
at work...

Eo[Xo] = Eo[X1] = 0.5,
Bi[Xo] = B1[X1] = —0.5,
oo =01 =1, Vo1 =—0.8

X1

u}
)
l
n
it
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Fisher discriminant
properties
m For 1-D case, the Fisher discriminant is trivially given by the x itself.
m For a special case when f(x|Hp) and f(x|H;) are both multi-dimensional
Gaussians with common covariance matrix (Vo =V = V).

t(x) = ao + (po — p1) V7 'x,

the likelihood ratio becomes a monotonic function of ¢:

r=exp[—5(x — po)T VT (x = po) + $(x — p1) TV (x = )] o< exp[(po — p1) TV IX]
roce’  (t=In(r) + const.)

This means that the Fisher discriminant is just as good as the likelihood ratio.

m Posterior probability of Hj takes a particularly simple form:
f(x|Hp) Py 1 1
P(Hplx) = 7 = 2

(x|Ho) Py + f(x|H\ )P, 1+ = T ltet

s(t)  (7)

s is a logistic sigmoid.

ao = — 3 Bo[x|TV ' Eolx] + § Ea[x]TV " Ealx] + In (72)
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Non-linear test statistics

artificial neural networks

If the distributions #Gaussian or covariances are SINGLE LAYER PERCEPTRON

different, Fisher discriminant is not optimal any
longer. Let us take:

n
t(x)=s (ao + Zaim) ) (8)

i=1

where s called the activation function is an

arbitrary monotonic function (e.g. the logistic

sigmoid). Such a test statistic is called a 0= = /.

single-layer perceptron. The vector of inputs

represents a set of nodes called the input layer ‘

while the test statistic ¢(x) is called the output

node (can be more than one if ¢ is a vector).
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Non-linear test statistics

artificial neural networks

An arbitrary number of hidden layers containing input Layer  Hidden Layers  Output Layer
any number of nodes can be combined into a
feed-forward network:

n
k1l k kpk
hi ™ (x)=s (wo + sz hs (X)> - (9)
i=1
The network is parameterised by the weights w’ attributed to each connection.
Optimization of weights is based on minimisation of an error function, such as:

A = Bo[(t — )] + Ey[(t — t1M)?, (10)

in analogy to sum of variances minimized for the Fisher discriminant. The
optimization is typically achieved by means of training.
A popular method is e.g. the error back-propagation.

Learn all about neural networks and other MVA methods from the lecture series
by Marcin Wolter.
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Goodness-of-fit

Goodness-of-fit is used to assess the compatibility with the model without
resorting to any alternative ones.

Recall tossing a coin. N trials results in ny heads and n; = N — ny, tails. Let us
take N = 20 and nj, = 17. How is this result compatible with the “fair coin”

hypothesis?
N! 1\™ 1\ N-n
P = () () Ei =0

The P-value is the probability, under the assumption of Hy, of obtaining a result
as compatible or less with Hy than the actually observed.

In our example this means sum of probabilities for n, = 0,1,2,3,17,18,19, 20
and yields P(ny|Hp) = 0.0026.

This is NOT the probability of Hy to be true! All we have assessed here is
P(np|Hp) which, in the frequentist approach, gives the fraction of times one
would obtain a result as compatible with Hj or less so if the identical experint
(20 tosses of a fair coin) was repeated many times.

Probability of Hy under the observation (P(Hg|ny)) requires the prior probability
for Hy - the probability that the coin is fair before having seen the outcome of the
experiment, as well as for the alternative hypotheses - recall the Bayes theorem.
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Significance of the signal

In a counting experiment, we expect v}, background events and v, signal ones.
The total number of events observed, n = ny, + ng, is therefore a Poisson variable
with mean v = v, 4+ v,. The probability to observe n events is:

Ws + )" (.t (11)

Jmivam) = s

In an experiment we observed nqps events. We can quantify the confidence of
observation of the signal (vs # 0) by computing likelihood of the outcome under
the background-only hypothesis:

Tobs —1 Nobs~1 n

P(n>nope) = S flmve=0m)=1— > flmre=0m)=1- > L. (12)

Nn=nghg n=0 n=0

E.g, if we expect v, = 0.5 background events and have observed nons = 5, the
P-value is 1.7 x 104

Note: this is NOT probability of vy = 0!

It is tempting to say “we observed 5 =+ /5 which is only two standard deviations
from the expected 0.5 background events”. This would lead us to a wrong
conclusion that we are compatible with the background-only at 5% level.
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Significance of the signal
set a @95% confidence level (CL)

In a counting experiment, we expect v}, background events and v, signal ones.
The total number of events observed, n = ny, + n,, is therefore a Poisson variable
with mean v = v, 4+ v5. The probability to observe n events is:

(VS + Vb)n e_(Vs+Vb)_

Fnsvam) = UL (13)
We expect v, = 0.5 background events and have observed nps = 5.
What statements can be made about the signal, then?
We can put an upper limit on the yield of the signal:
Nsignal < 10 @95% CL. P(n<5)=3Y2_, f(n;vs = 10,1 = 0.5) = 0.05
We can put a lower limit on the yield of the signal:
Nsignal > 1.5 ©95% CL. P(n>5) =3, f(njv, = 1.5, = 0.5) = 0.05

Note: We get all different results depending on the question asked!

In statistics it is essential (and sometimes difficult) to adequately formulate the
problem.
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N
Pearson’s 2 test
L e

\ —— Bkgpdf

[ histogram
100 events

Let us consider a continuous random variable x "
resulting from an experiment. How can we make .
a statement about compatibility with

background-only hypothesis? Or claim
observation of signal on top of the background? .

entries

00 25 50 75 100 125 150 175 200
x

Usual procedure is to histogram observed data n = (nq,...,ny) and construct the
Pearson’s x? statistic:

2 > (ni —v3)? 2 2
X :;T’ note: v; = (V) =0 (14)
i—
where v; is the expected number of entries under the assumed hypothesis
(model). If number of events in a bin is not too small the statistic will follow a x?
distribution for N DoF's. This holds regardless of the distribution of z. 2 test is
said to be distribution free.
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Pearson’s 2 test

The P-value is obtained from the integral of the x? distribution from the observed
value to infinity:

p= /:o f2 (2, Npop)de (15)

2

Note: Expectation value is NpoF, so X2/ND0F should be distributed around unity
(with mean 1). This quantity is often quoted as a measure of goodness-of-fit.
However, it has to be kept in mind that the resulting P-value depends on NpoF,
not only the ratio:

x> =15, Npor = 10 => P =0.13 while x* =150, Npor = 100 => P =9x10~*

If the normalisation is known, i.e. > n; = > v; in Eq. 14, the test statistic
follows x? distribution with Npop = N — 1. More generally, if m parameters of
the model are estimated from data, the x? statistic will obey Npor = N — m.

In our example: x? = 76.6, Npor = 19, which gives P—value = 7 x 107°.
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Pearson’s 2 test
validity of x? statistic (10 events)

2.00
175

1.50

Let us inspect the residual pull ((n; — v;3)/\/7:) o
dependence on the event number as well as
compare the actual statistic distribution from

Monte Carlo toy generation to the predicted x?

shape.
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0.00
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1 histogram
10 events

[l | I I
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Pearson’s 2 test
validity of x? statistic (30 events)

Let us inspect the residual pull ((n; — v;3)/\/7:)
dependence on the event number as well as
compare the actual statistic distribution from
Monte Carlo toy generation to the predicted x?
shape.

200000
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I
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% raw data

- Bkg p.d.f.
1 histogram
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Pearson’s 2 test
validity of x? statistic (100 events)

% raw data
- Bkg p.d.f.
1 histogram
100 events

Let us inspect the residual pull ((n; — v;3)/\/7:) ’
dependence on the event number as well as
compare the actual statistic distribution from
Monte Carlo toy generation to the predicted x?
Shape 00 25 50 75 1(3(.0 125 150 175 200

200000 u=0 —— chi?, N=19 p.d.f.
o=1
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Pearson’s 2 test
validity of x? statistic (1000 events)

Let us inspect the residual pull ((n; — v;3)/\/7:)
dependence on the event number as well as
compare the actual statistic distribution from
Monte Carlo toy generation to the predicted x?
shape.
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Finite data samples - parameter estimation

General concepts

A sample of n independent observations from the sample space = described by
the p.d.f. f(z) is described by the joint p.d.f. given by:

fsample = f($1)f(172)f(il?n) (16)

Let us consider n measurements of x whose p.d.f. is not known.
The central problem of statistics is to infer properties of f(x) based on finite
number of observations x1, ...x,.

m Often, the hypotesis for p.d.f. f(z;60) depends on unknown parameters
0= (61,..00).

m A function of x = (21, ...2,,) free of unkown parameters is called a statistic.

m Statistic used to estimate a property of p.d.f. is called an estimator.
An estimator for 6 will be denoted 6.
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Estimator

basic properties

m If for any € > 0: lim,,_, P(|§— 0] > €) = 0 the setimator is consistent.

m The procedure of estimating a parameter's value given the data x is called
parameter estimation / fitting.

m The estimator tz)\(x) is itself a random variable with p.d.f. g(g)\, 0)
m The p.d.f. of a statistic is called a sampling distribution.
m Expectation value of an estimator 0:

:/59(5 d9—/ /9 (21;0)...f (xy; 0)dzy...dx,,  (17)

m Bias of an estimator: b = [0( )] — 6.
Note: Bias does not depend on a specific sample but rather on f(x), the
estimator and sample size.
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Estimator

basic properties

® An estimator for which b = 0 independently on the sample size is said
unbiased.

m Note: A consistent estimator can be biased.
m For obvious reasons unbiased estimators are preferred.

m A useful measure of the quality of an estimator is mean squared error
(MSE):

~ -~ ~

MSE = E[(0 - 0)°] = E[(0 - E[0)*] + (E[0 - 0))° = V0] + >, (18)
Show the above. Recall, 0 is the true value (const.!)

which can be interpreted as the squared sum of statistical and systematic
errors (adding statistical and systematic uncertainties in quadrature).

Pawel Briickman Statistics in Data Analysis March 25, 2026 20/36



BESSS——.
Finate data sample - Estimators
Estimating the mean

m An estimator for the mean (1)

= — x;
Let us calculate:

(19)
@ =1

1 n
= ) = ()
n
=1
It is an unbiased estimator.

=] F = £ DA
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Estimators

variance and covariance
m The unbiased estimator for the variance (o2):

n

1 —
S2:n—1;(%—f)2= b (a2 - 7?)

Note: If the true mean  is known then:

m An estimator for the covariance:

n

n

Note: The sample variance %Z (x; — )2, is NOT unbiased (is factor 2=t
1)

smaller than £ 3™ | (z; — 1)?) but approaches it asymptotically.
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SN D) = ) (23)

Why?
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BN
When the p.d.f. is known...

Bayesian iterations...

We want to estimate parameters p0, pl of a straight line, y = p0 + plx, from the
measurements (z;,y;) where x; is assumed acurately known and y; bares a
Gaussian uncertainty with a known standard deviation o.

The true values are p0 = —0.2, pl=0.5, oc=0.1

A measurement provides a 2D p.d.f.: f(p0,pl) = G(p = p0 + plz; — y;,0)
Measurements are randomly chosen from the range (—1,1).

We start with a vague Gaussian prior: pOpyi = 0.0 £ 0.5, plys = 0.0 £0.5.
Posterior is a product of the prior and measuremnt 2D p.d.f.'s.

MEASUREMENT n° 0 f(p0,pl)  PRIOR/POSTERIOR f(p0, p1) FIT RESULT (z,y)

: o ‘
-0.25 -0.25

-0.50 -0.50 -7

-0.75 -0.75

-1.00 -1.00
00-0.75-0.50-0.25 0.00 025 050 075 100  -100-0.75-0.50-025 0.00 025 050 0.75 1.00  -1.00-0.75-0.50-0.25 0.00 025 0.50 0.75 100 o
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Bayessian fit
How to interpret what's on the plots...

The rightmost plots show the considered data points plus the probability contour to
find the fitted line in the (x,y) plane.

The leftmost plots show the 2D p.d.f. contours in the (p1,po) plane corresponding
to a single measurement. As y = po + pi1x we get: po =y — xp1. So ignoring the
error, a single (x,y) point corresponds to a straight line in the (p1,po) plane. When
the Gaussian uncertainty on the y measurement is taken into account, this
translates into a band with a Gaussian cross-section.

The middle plots show our current best knowledge about py and p; as the (p1,po)
contour after all previous measurements have been considered. First slide shows
just our assumed PRIOR (0.0 & 0.5 for both parameters). The following show how
our knowledge about the two parameters builds up POSTERIOR.

P ((po, pr)|measy.) oc P (meask|(po, 1)) P ((po,p1))
In order to add subsequent measurement, one simply multiplies the p.d.f. coming from
the measurement (left surface) by the current p.d.f. for the fitted line parameters
(middle surface). This is done point-by-point over the 2D surface. Finally, one needs to
take care of proper POSTERIOR normalisation.
NOTE: The black point in left and middle plots indicates the value of the true po and p;
parameters (—0.2,0.5). It is added there to guide your eye and show that the fit
converges to the actual parameters.
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BN
When the p.d.f. is known...

Bayesian iterations...

m We want to estimate parameters p0, pl of a straight line, y = p0 + plz, from the
measurements (z;,y;) where x; is assumed acurately known and y; bares a
Gaussian uncertainty with a known standard deviation o.

The true values are p0 = —0.2, pl =0.5, o =0.1

A measurement provides a 2D p.d.f.: f(p0,pl) = G(p = p0 + plz; — y;,0)

Measurements are randomly chosen from the range (—1,1).

We start with a vague Gaussian prior: pOpyi = 0.0 £ 0.5, plys = 0.0 £0.5.
m Posterior is a product of the prior and measuremnt 2D p.d.f.’s.

MEASUREMENT n° 1 f(p0,pl)  PRIOR/POSTERIOR f(p0,pl) FIT RESULT (z,y)

-025 -0.25 -0.25

-050 -0.50 -0.50

-075

-0.75 075 %

-1.00

-1.00 -1.00
~1.00 -0.75-0.50-0.25 0.00 025 050 075 100  -100-0.75-0.50-025 0.00 025 050 0.75 1.00  -1.00-0.75-0.50-0.25 0.00 025 0.50 075 100 o
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BN
When the p.d.f. is known...

Bayesian iterations...

m We want to estimate parameters p0, pl of a straight line, y = p0 + plz, from the
measurements (z;,y;) where x; is assumed acurately known and y; bares a
Gaussian uncertainty with a known standard deviation o.

The true values are p0 = —0.2, pl =0.5, o =0.1

A measurement provides a 2D p.d.f.: f(p0,pl) = G(p = p0 + plz; — y;,0)

Measurements are randomly chosen from the range (—1,1).

We start with a vague Gaussian prior: pOpyi = 0.0 £ 0.5, plys = 0.0 £0.5.
m Posterior is a product of the prior and measuremnt 2D p.d.f.’s.

MEASUREMENT n° 2 f(p0,pl)  PRIOR/POSTERIOR f(p0,pl) FIT RESULT (z,y)

s \ - -
-050

-0.50 -0.50

-075

-0.75 -0.75

-1

00 -1.00 -1.00
~1.00 -0.75-0.50-0.25 0.00 025 050 075 100  -100-0.75-0.50-0.25 0.00 025 050 0.75 1.00  -1.00-0.75-0.50-0.25 0.00 025 0.50 075 100 o
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BN
When the p.d.f. is known...

Bayesian iterations...

m We want to estimate parameters p0, pl of a straight line, y = p0 + plz, from the
measurements (z;,y;) where x; is assumed acurately known and y; bares a
Gaussian uncertainty with a known standard deviation o.

The true values are p0 = —0.2, pl =0.5, o =0.1

A measurement provides a 2D p.d.f.: f(p0,pl) = G(p = p0 + plz; — y;,0)

Measurements are randomly chosen from the range (—1,1).

We start with a vague Gaussian prior: pOpyi = 0.0 £ 0.5, plys = 0.0 £0.5.
m Posterior is a product of the prior and measuremnt 2D p.d.f.’s.

MEASUREMENT n° 3 f(p0,pl)  PRIOR/POSTERIOR f(p0,pl) FIT RESULT (z,y)

-025 -0.25 -0.25

-050 -0.50 -0.50

-075

-0.75 -0.75 %

-1.00

-1.00 -1.00
~1.00 -0.75-0.50-0.25 0.00 025 050 075 100  -100-0.75-0.50-0.25 0.00 025 050 0.75 1.00  -1.00-0.75-0.50-0.25 0.00 025 0.50 075 100 o
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When the p.d.f. is known...

Bayesian iterations...

m We want to estimate parameters p0, pl of a straight line, y = p0 + plz, from the
measurements (z;,y;) where x; is assumed acurately known and y; bares a
Gaussian uncertainty with a known standard deviation o.

The true values are p0 = —0.2, pl =0.5, o =0.1

A measurement provides a 2D p.d.f.: f(p0,pl) = G(p = p0 + plz; — y;,0)

Measurements are randomly chosen from the range (—1,1).

We start with a vague Gaussian prior: pOpyi = 0.0 £ 0.5, plys = 0.0 £0.5.
m Posterior is a product of the prior and measuremnt 2D p.d.f.’s.

MEASUREMENT n° 4 f(p0,pl)  PRIOR/POSTERIOR f(p0,pl) FIT RESULT (z,y)

o5 \ 025

-050

-0.25

-0.50 -0s504

-0.75 -0.75 —0rs{*

-1

00 -1.00 -1.00
~1.00 -0.75-0.50-0.25 0.00 025 050 075 100  -100-0.75-0.50-025 0.00 025 050 0.75 1.00  -1.00-0.75-0.50-0.25 0.00 025 0.50 075 100 o
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BN
When the p.d.f. is known...

Bayesian iterations...

m We want to estimate parameters p0, pl of a straight line, y = p0 + plz, from the
measurements (z;,y;) where x; is assumed acurately known and y; bares a
Gaussian uncertainty with a known standard deviation o.

The true values are p0 = —0.2, pl =0.5, o =0.1

A measurement provides a 2D p.d.f.: f(p0,pl) = G(p = p0 + plz; — y;,0)

Measurements are randomly chosen from the range (—1,1).

We start with a vague Gaussian prior: pOpyi = 0.0 £ 0.5, plys = 0.0 £0.5.
m Posterior is a product of the prior and measuremnt 2D p.d.f.’s.

MEASUREMENT n° 5 f(p0,pl)  PRIOR/POSTERIOR f(p0,pl) FIT RESULT (z,y)

-025 -0.25 -0.25

-050 -0.50 0504

-075

-0.75 -0.75

-1.00

-1.00 -1.00
~1.00 -0.75-0.50-0.25 0.00 025 050 075 100  -100-0.75-0.50-025 0.00 025 050 0.75 1.00  -1.00-0.75-0.50-0.25 0.00 025 0.50 075 100 o
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BN
When the p.d.f. is known...

Bayesian iterations...

m We want to estimate parameters p0, pl of a straight line, y = p0 + plz, from the
measurements (z;,y;) where x; is assumed acurately known and y; bares a
Gaussian uncertainty with a known standard deviation o.

The true values are p0 = —0.2, pl =0.5, o =0.1

A measurement provides a 2D p.d.f.: f(p0,pl) = G(p = p0 + plz; — y;,0)

Measurements are randomly chosen from the range (—1,1).

We start with a vague Gaussian prior: pOpyi = 0.0 £ 0.5, plys = 0.0 £0.5.
m Posterior is a product of the prior and measuremnt 2D p.d.f.’s.

MEASUREMENT n° 9 f(p0,pl)  PRIOR/POSTERIOR f(p0,pl) FIT RESULT (z,y)

-025 -0.25 -0.25

-050 -0.50 -0.50 .

-075

-0.75 -0.75 £

-1.00

-1.00 -1.00
~1.00 -0.75-0.50-0.25 0.00 025 050 075 100  -100-0.75-0.50-025 0.00 025 050 0.75 1.00  -1.00-0.75-0.50-0.25 0.00 025 0.50 075 100 o
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BN
When the p.d.f. is known...

Bayesian iterations...

m We want to estimate parameters p0, pl of a straight line, y = p0 + plz, from the
measurements (z;,y;) where x; is assumed acurately known and y; bares a
Gaussian uncertainty with a known standard deviation o.

The true values are p0 = —0.2, pl=0.5, o0=0.3

A measurement provides a 2D p.d.f.: f(p0,pl) = G(p = p0 + plz; — y;,0)

Measurements are randomly chosen from the range (—1,1).

We start with a vague Gaussian prior: pOpyi = 0.0 £ 0.5, plys = 0.0 £0.5.
m Posterior is a product of the prior and measuremnt 2D p.d.f.’s.

MEASUREMENT n° 9 f(p0,pl)  PRIOR/POSTERIOR f(p0,pl) FIT RESULT (z,y)

-025 -0.25 -0.25

-050 -0.50 -0.50

-075 -0.75 -0.75

-1.00

-1.00 -1.00
~1.00 -0.75-0.50-0.25 0.00 025 050 075 100  -100-0.75-0.50-025 0.00 025 050 0.75 1.00  -1.00-0.75-0.50-0.25 0.00 025 0.50 075 100 o
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BN
When the p.d.f. is known...

Bayesian iterations...

m We want to estimate parameters p0, pl of a straight line, y = p0 + plz, from the
measurements (z;,y;) where x; is assumed acurately known and y; bares a
Gaussian uncertainty with a known standard deviation o.

The true values are p0 = —0.2, pl=0.5, o0=0.3

A measurement provides a 2D p.d.f.: f(p0,pl) = G(p = p0 + plz; — y;,0)

Measurements are randomly chosen from the range (0, 1).

We start with a vague Gaussian prior: pOpyi = 0.0 £ 0.5, plys = 0.0 £0.5.
m Posterior is a product of the prior and measuremnt 2D p.d.f.’s.

MEASUREMENT n° 9 f(p0,pl)  PRIOR/POSTERIOR f(p0,pl) FIT RESULT (z,y)

. 0.00
-025 -0.25 -0.25

-050 -0.50 -0.50

-075 -0.75 -0.75

-1.00

-1.00 -1.00
~1.00 -0.75-0.50-0.25 0.00 025 050 075 100  -100-0.75-0.50-0.25 0.00 025 050 0.75 1.00  -1.00-0.75-0.50-0.25 0.00 025 0.50 075 100 o
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BN
When the p.d.f. is known...

Bayesian iterations...

m We want to estimate parameters p0, pl of a straight line, y = p0 + plz, from the
measurements (z;,y;) where x; is assumed acurately known and y; bares a
Gaussian uncertainty with a known standard deviation o.

The true values are p0 = —0.2, pl=0.5, o0=0.3

A measurement provides a 2D p.d.f.: f(p0,pl) = G(p = p0 + plz; — y;,0)

Measurements are randomly chosen from the range (—1,0).

We start with a vague Gaussian prior: pOpyi = 0.0 £ 0.5, plys = 0.0 £0.5.
m Posterior is a product of the prior and measuremnt 2D p.d.f.’s.

MEASUREMENT n° 9 f(p0,pl)  PRIOR/POSTERIOR f(p0,pl) FIT RESULT (z,y)

o / .

-050 -0.50

-0.25

-0.50

-075 -0.75 -0.75

-1

00 -1.00 -1.00
~1.00 -0.75-0.50-0.25 0.00 025 050 075 100  -100-0.75-0.50-025 0.00 025 050 0.75 1.00  -1.00-0.75-0.50-0.25 0.00 025 0.50 075 100 o
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Maximum Likelihood estimator

Let f(x;0) is a p.d.f. of a known form but unknown parameter 6 (more generally
6= (61,..0,,)). Let z1, 9, ..., z, be a sample of n events drawn from the above
p.d.f. Generally, &; may be a multidimensional vector. We define:

n

Hf(wi;e) (24)

=1

L(9)

called the likelihood function.

m L is technically a joint p.d.f. of z but, assuming a fixed data sample,
represents a function of 6.

m The maximum likelihood (ML) estimator 6 is given by:

oL .
67914 —07 1= 17...,m. (25)

m Log-likelihood function is commonly used:

logL(0) = Z In f(z:;0) (26)
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Maximum Likelihood estimator

lifetime example

An experiment measures n decays of the same particle (or follows the lifespan of n

limousines) which are drawn from the exponential p.d.f.:

flz;T) = le_f”/T

T

m The ML estimator 7 is given by:

i 1 =z OlogL 1
logL(T):Z<ln—> 9, :0:>T:E2xi

© T T
=1

m and its expectation value is:

1< 1
ElT] = // (n} xl) Fewl/T"'eim"/Tdmlndxn =T
=1

B T is an unbiased estimator!
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Example of ML lifetime estimator

Example of 100 Monte Carlo generated observations of an exponential random
variable z with mean 7 = 5.

—L— raw data
02079 == True p.d.f.
\ ]
\ T=4.63 +0.52 -0.45 Fitted p.d.f.
\
0.151 ‘\ 100 events
\
- \
b \\
a J
0.10 \
\
\
\\
0.05 - ~
S
\\~
0.00 - . N
0 5 10 15 20 25 30

X

The fitted ML 7 = 4.63 while the 7 = 4.58.
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Example of ML lifetime estimator

Example of 100 Monte Carlo generated observations of an exponential random
variable x with mean 7 = 20.

0051 \\ —L— raw data
\\ - True p.d.f.
0.04 1 N = 20.46 +6.71 -4.12 Fitted p.d.f.
° &Y
~
N
AN 100 events
©0.03 A \\\
hu -~
o \\
o \\
~,
0.02 ~
..."!.
‘._.....
h..h..
0.01
APPSR |11 9T 1
0 5 10 15 20 25 30

The fitted ML 7 = 20.46 while the 7 = 11.46. | why?
N 2y iy 20



Maximum Likelihood estimator

Gaussian distribution

An experiment performs n measurements of the Gaussian-distributed random
variable = with unknown p and 2. The log-likelihood function is:

- 1 1, 1 (x;—p)?
logL 3 = n—+-In—- — —— 30
ogL(p,07) ;<n2ﬂ+2n02 572 (30)
OlogL 1 OlogL = 1< .
= 0 = = — iy O 2 — i — 2 31
o DD s PR

m E[] = p, so i is an unbiased estimator.

m FE[o?] = ”7_102, so 02 is biased. Nonetheless, it is still a consistent estimator.

(Recall: s? is an unbiased estimator of 02.)
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Variance of ML estimator

Central question of the parameter estimation: What is the uncertainty (variance)
of our estimate? Let’s take the exponential decay example for which ML estimator
is 7=21%" ;. Forindependent z;,z; (V;; = 0) we have:

V7| =E <1Zx> - (E 124) =L (32)
n 4 n 4 n
i=1 =1
. . 5_\2

m In practice, reported is rather .

m Indeed, let us check it using toy wl u=so 1000 MC toy
Monte Carlo approach using our wl =05 100 events
exponential decay example. 120

@ 100

T=0=25 5 80

60

We take 1000 toy each performing a 0

. . 20

ML fit with 100 events. .
3.0 35 4.0 4.5 5.0 5.5 6.0 6.5 7.0

m We expect 07 = 0/v/100 = 0.5. ML T estimate
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Variance of ML estimator

Central question of the parameter estimation: What is the uncertainty (variance)
of our estimate? Let’s take the exponential decay example for which ML estimator

is ﬁ'\: %Z?:l Zi.
1 — ’
T =F — i — | E
i |(157) |

. . =2
m In practice, reported is rather .

2

inD = (33)

B

m Indeed, let us check it using toy wl  u=s0 1000 MC toy
i 400 events
Monte szlrlo approach using our o= 025
exponential decay example.

entries

T=0=25
We take 1000 toy each performing a %
ML fit with 400 events.
3.0 35 4.0 4.5 5.0 5.5 6.0 6.5 7.0
m We expect 07 = 0/v/400 = 0.25. ML T estimate
March 25,2026 30/36




Variance of ML estimator

Central question of the parameter estimation: What is the uncertainty (variance)
of our estimate? Let’s take the exponential decay example for which ML estimator

s~ 1 n )
ST =2 T

ViF = E (ifp) —(E

. . =2
m In practice, reported is rather .

B

;ZxD =T (34)

m Indeed, let us check it using toy %00 4=50 1000 MC toy
Monte Carlo approach using our 900 events

: w01 g=0.167
exponential decay example.
300

entries

T=0=25

200

We take 1000 toy each performing a 100
ML fit with 900 events.
- We expect O_T _ O_/\/W _ 0.16(6). 3.0 35 4.0 4.;Lr:.sft)lmate5.5 6.0 6.5 7.0
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Questions

Suppose a beam of particles is known to consist of charged pions and muons. For each
particle in the beam we measure a variable ¢, whose distribution for pions (7) and muons
() is . .
cr) — —(t=px)"/20 . —

f(tvﬂ)*ﬁe (o) /2e f(t’ﬂ)*m
where p1r =0, p, =2 and o = 1. For each particle we want to test the hypothesis Hy
that it is a pion against the alternative H; that it is a muon. The critical region of the
test is given by t > t. where t. is a given constant.

—(t—pp)? /202
e s ,

Suppose we want the significance of the test to be @ = 0.05. lllustrate where the
critical region lies and what « means on a sketch of the p.d.f.s f(¢|7) and f(t|u)
and show that ¢. is numerically about 1.64.

Suppose a sample of particles is known to consist of 99% pions and 1% muons.
What is the purity of the muon sample selected by ¢ > t.? Here, purity means the
probability to be a muon given that the particle had ¢ > ¢. (i.e., it was rejected as a
pion and thus selected as a muon candidate).

Solutions to be sent to me before the next lecture

Pawel Briickman Statistics in Data Analysis March 25, 2026 31/36



Thank you
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Back-up

DA
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Expectation value for the variance estimators s> and S?

1= nil ZE[(%’—EV] = nil ZE[x?—Qxia‘s-HzQ] =
:nilz<E[$?]—fLE {%Z% ;xk2x3]>:

1
+ B

.1 2 1
- n_l}_j(u2+a2—5<u2+02+<n—1>u2>+;[<n2—n>u2+n<u2+a2>]):
o 1 2 n—1 2 o 1 n—1 2 2 .
_n—lg <0><,u +7n a)—n_ln o =0, (35)
1 1
E 2 E[( == Elz? — 2z, 2] _* = 2 2_ 9,2 2y _
[S7] E (€ p” E (i = 2zip + 7] =" E (1 0" —2p" 4 1)

1
= “no’ = cr27 * by virtue of identities usedson slide 4-of Lecture.2.

8)
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Estimators

mean, variance and covariance

m Given the estimator 6, one can compute its variance V[0] = E[62] — (E[0])2,
which gives a measure of the uncertainty.

m Most commonly used is the variance of the sample mean Z:

vm—Ewwwmw%J?<;§p9 > || =

1
n2

n
123
= — [L‘Z.’L‘ =
2 — J n

where o2 is the variance of f(x) and we used the fact that E[x;z;] = u? for
i # j and E[z?] = pu?® + o2,

[(n® = n)p® + n(p® +0?)] - p® = 2, (37)

n
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R
Variance of the mean
For independent z;, z; (Vi; = 0) we have:
V7] = E[7*] — (E[7]

K &) CRE D)
s

3\>—‘

More generally

- (2n7‘2+n(n71) )77‘

2
2_

n

=

(38)
1> 2 n 2
V(z] = E[z°] — (E[z])® = E [(;Z%) ] - (E |:ﬁ2wi:|> =
i=1 i=1
(ZE 143 Bleiay ) ~ Ble® =

i#]
= % (nVied + nBla® + n(n — DE[.]?) - Blx]® =
where in both cases we used: V|[z;] = E[z?] —
Vij = Elriz;] -

i#]

Viz;
17) - Blzg? = Y2 (39)
n
Elxi]® = E[z}] = V{z:] + E[z:]%,
Elz;]E[zj] so Vi; = 0= Elz;z;] = Elx;]Elz;].
=] 5 = E DAy



