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 Eikonal approximation and NEik corrections in the CGC

 dijet production in DIS at NEik accuracy in a pure gluon background field  and gluon TMDs qq̄

 dijet production in DIS at NEik accuracy from quark background field and quark TMDs qg
 Summary and outlook 



Dilute-dense scattering within CGC and Eikonal approximation

High energy scattering within the CGC relies on two pillars:
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at weak coupling 
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Eikonal approximation keeping only the leading power terms in the high energy limit

High energy limit can be achieved by boosting the target along :x−
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The Eikonal approximation can be understood as the limit of infinite boost of
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(iii) Only the largest component of the background field is accounted for during the interaction

no  transfer from the targetp+(i) Background field is independent of  due to Lorentz time dilation (static limit) x−

no transverse motion within the target (ii) Background field is Lorentz contracted (shockwave limit) 

In the Eikonal limit the background field 

Eikonal approximation

The Eikonal approximation can be understood as the limit of infinite boost of

Aµ(x):

Aµ(x) independent on x
�
(static limit) due to Lorentz time dilation

) No p
+
transfer from the target

Lorentz contraction of Aµ(x) (shockwave limit)

) Partons from the projectile interact instantly in x
+
with the target,

without transverse motion within the target

Under a boost of parameter �t along the ”�” direction, A�
is enhanced and

A+
is suppressed:

A� = O(�t) � A? = O(1) � A+ = O(1/�t)
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Next-to-Eikonal corrections to the CGC

Next-to-Eikonal (NEik) corrections are  at the level of the boosted background field.𝒪(1/γt)

NEik corrections arise from relaxing either of the three approximations:

1. Interactions with the suppressed components of background field (transverse component)

2. Finite longitudinal width of the target — transverse motion of the parton in the medium 

3.  dependence of the background field  beyond infinite Lorentz dilationx−

NEik corrections to quark and gluon propagators in a gluon background have been computed with applications to  
 forward parton-nucleus scattering at NEik (both dilute and dense limits) 
DIS dijet production at NEik (both dilute and dense limits) 

TA, Beuf, et al. (2014-2025) 
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An extra source of NEik corrections: interaction with the quark background of the target
interaction between the projectile parton and the target occurs via t-channel quark exchange 

application to quark-gluon dijet production in DIS, dijet production in forward pA collisions 

TA, Beuf, et al. (2023-2025)

see also
Kovchegov et al. (2016-2025)quark and gluon helicity evolutions  single and/or double spin asymmetries  &

formulation of inclusive DIS and exclusive Compton scattering that interpolates between small and moderate x Boussarie et al. (2020-2023)

NEik corrections to quark and gluon propagators in high energy OPE formalism  Chirilli (2018-2021) 

NEik corrections in the CGC via an effective Hamiltonian approach Li (2023-2024)

subeikonal corrections via allowing longitudinal momentum exchange between projectile and target Jalilian-Marian (2017-2020)



Power counting for quark background field 

We keep only the leading component the quark background field: 

Then the components of quark background current reads 

Under a boost of the target of parameter  along the “-” direction, a current associated with the target should behave as γt
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The quark background field of the target can be split into good and bad components as 
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DIS dijet production at NEik accuracy 

 dijet production in pure gluon background fieldqq̄
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TA, Beuf, Czajka, Tymowska (2023)

TA, Beuf, Czajka, Marquet (2025)

Application: DIS dijet production
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Splitting before the medium
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Splitting inside the medium

 Splitting inside the medium only contributes to the case of transversely polarized photon.

DISCLAIMER: We will only consider the case of longitudinally polarized photon. 

 dijet production via t-channel quark exchangeqg TA, Armesto, Beuf (2023) 

S-matrix

Contributions to �⇤ ! qg dijets from quark background

qg dijet production in DIS: a simple process sensitive to the quark background beyond eikonal CGC
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 dijet production in DIS at NEik accuracy 
in pure gluon background field 

qq̄
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TA, Beuf, Czajka, Tymowska - Phys. Rev. D 107 (2023) 7, 074016

TA, Beuf, Czajka, Marquet - Phys. Rev. D 111 (2025) 1, 014010



Quark propagator at NEik accuracy in gluon background 
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Full NEik quark propagator through a gluon background field

] Compact notations for the decorated Wilson lines:
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NEik quark propagator from 
before to after the medium

Generalized Eikonal  
Wilson line

NEik quark propagator through a gluon background field

Propagator from y before the target to x after the target:

SF (x, y) =

∫
dq+d2q
(2ω)3

∫
dk+d2k
(2ω)3

ε(q+) ε(k+) e→ix·q̌ eiy·ǩ (/̌q +m)

2q+
ϑ+

→
∫

d2z e→iz·(q→k)

{∫
dz→eiz→(q+→k+) UF

(
+↑,↓↑; z, z→

)

↓2ωϖ(q+↓k+)
(qj+kj)
2(q++k+)

∫
dz+

[
UF

(
+↑, z+; z, 0

)↔↗Dzj UF

(
z+,↓↑; z, 0

)]

↓i
2ωϖ(q+↓k+)
(q++k+)

∫
dz+

[
UF

(
+↑, z+; z, 0

)↔↓↓Dzj
↓↓↗Dzj UF

(
z+,↓↑; z, 0

)]

+
2ωϖ(q+↓k+)
(q++k+)

[ϑi, ϑj ]
4

∫
dz+ UF

(
+↑, z+; z, 0

)
gt·Fij(z

+, z, 0)UF

(
z+,↓↑; z, 0

)} (/̌k +m)
2k+

+NNEik

Altinoluk, G.B, Czajka, Tymowska (2021); Altinoluk, G.B (2022)

UF (x
+, y+; z, z→) ↘ 1+

+↑∑

N=1

1
N !

P+

[
↓ig

∫ x+

y+
dz+ t·A→(z)

]N

NEik contributions beyond the shockwave approx or due to A↓.
Last term: quark helicity coupling with longitudinal chromomagnetic field of the target Fij .

Tolga Altinoluk (NCBJ) NEik gluon-target Scattering 9/1

NEik decorated 
Wilson lines

Full NEik quark propagator through a gluon background field

Compact notations for the decorated Wilson lines:

U(1)
F ;j(z) =

∫
dz+ UF

(
+ →, z+; z

)↑↓↔D
zj

UF

(
z+, ↓→; z

)

U(2)
F (z) =

∫
dz+ UF

(
+ →, z+; z

)↑↓↓D
zj

↓↓↔D
zj

UF

(
z+, ↓→; z

)

U(3)
F ;ij(z) =

∫
dz+ UF

(
+ →, z+; z

)
gt·Fij(z

+, z)UF

(
z+, ↓→; z

)

Alternative expressions for the decorated Wilson lines:

U(1)
F ;j(z) = ↓ 2

∫
dz+ z+ UF (+→, z+; z) [↓igt · F →

j (z+, z)] UF (z↑+, ↓→; z)

U(2)
F (z) =

∫
dz+

∫
dz↑+ (z+↓z↑+) ω(z+↓z↑+) UF (+→, z+, z) [↓igt · F →

j (z+, z)] UF (z+, z↑+; z) [↓igt · F →
j (z↑+, z)] UF (z↑+, ↓→; z)

U(3)
F ;ij(z) =

∫
dz+ UF (+→, z+; z)[gt·Fij(z

+, z)] UF (z+, ↓→; z)

Thanks to the relation:

εµUF (x+, y+; z, z→) + igt·Aµ(x+, z, z→)UF (x+, y+; z, z→) ↓ igUF (x+, y+; z, z→)t·Aµ(y+, z, z→)

= ↓ig

∫ x+

y+
dz+UF (x+, v+; z, z→)t·F →

µ (z)UF (v+, y+; z, z→) for µ ↗= +

Tolga Altinoluk (NCBJ) NEik gluon-target Scattering 11/33

NEik quark propagator through a gluon background field

Propagator from y before the target to x after the target:

SF (x, y) =

∫
dq+d2q
(2ω)3

∫
dk+d2k
(2ω)3

ε(q+) ε(k+) e→ix·q̌ eiy·ǩ (/̌q +m)

2q+
ϑ+

→
∫

d2z e→iz·(q→k)

{∫
dz→eiz→(q+→k+) UF

(
+↑,↓↑; z, z→

)

↓2ωϖ(q+↓k+)
(qj+kj)
2(q++k+)

∫
dz+

[
UF

(
+↑, z+; z, 0

)↔↗Dzj UF

(
z+,↓↑; z, 0

)]

↓i
2ωϖ(q+↓k+)
(q++k+)

∫
dz+

[
UF

(
+↑, z+; z, 0

)↔↓↓Dzj
↓↓↗Dzj UF

(
z+,↓↑; z, 0

)]

+
2ωϖ(q+↓k+)
(q++k+)

[ϑi, ϑj ]
4

∫
dz+ UF

(
+↑, z+; z, 0

)
gt·Fij(z

+, z, 0)UF

(
z+,↓↑; z, 0

)} (/̌k +m)
2k+

+NNEik

Altinoluk, G.B, Czajka, Tymowska (2021); Altinoluk, G.B (2022)

UF (x
+, y+; z, z→) ↘ 1+

+↑∑

N=1

1
N !

P+

[
↓ig

∫ x+

y+
dz+ t·A→(z)

]N

U(1)
F ;j(z) and U(2)

F (z) NEik contributions beyond the shockwave approx or due to A↓.

U(3)
F ;ij(z) quark helicity coupling with longitudinal chromomagnetic field of the target Fij .

Tolga Altinoluk (NCBJ) NEik gluon-target Scattering 9/33

TA, Beuf (2023) 
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S-matrix in terms of propagators 

S-matrix element 

for longitudinal photon 

Introduction

DIS dijet at NEik accuracy
[TA, Beuf, Czajka, Tymowska (2022)]

S-matrix element at NEik accuracy (longitudinal photon polarization)

Sq1q̄2→ω→
L
=S

bef
q1q̄2→ω→

L

∣∣∣∣
Gen. Eik

+ S
bef
q1q̄2→ω→

L

∣∣∣∣
dyn. target

+ S
bef
q1q̄2→ω→

L

∣∣∣∣
dec. on q

+ S
bef
q1q̄2→ω→

L

∣∣∣∣
dec. on q̄

with

S
bef
q1q̄2→ω→

L

∣∣∣∣
Gen. Eik

= → 2Q
eef

2ω
ū(1)ε+v(2)

(q++k
+
1 →k

+
2 )(q

++k
+
2 →k

+
1 )

4(q+)2
ϑ(q++k

+
1 →k

+
2 ) ϑ(q

++k
+
2 →k

+
1 )

∫

v,w
e
↑iv·k1 e

↑iw·k2 K0

(
Q̂ |w→v|

)∫
db

↑
e
ib↑(k+1 +k+2 ↑q+)

[
UF

(
v, b↑

)
U
†
F

(
w, b

↑
)

→ 1

]

zeroth order term in the expansion around a common value b
↑ = (v↑ + w

↑)/2
Its form resembles the strict eikonal term with extra b

↑ dependence.

S
bef
q1q̄2→ω→

L

∣∣∣∣
dyn. target

=2ωϖ(k+1 +k
+
2 →q

+) iQ
eef

2ω
ū(1)ε+v(2)

(k+1 →k
+
2 )

(q+)2

∫
d
2v e

↑iv·k1

∫
d
2w e

↑iw·k2

↑

[
K0

(
Q̄ |w→v|

)
→

(
Q̄

2
→m

2
)

2Q̄
|w→v|K1

(
Q̄ |w→v|

)
] [

UF

(
v, b↑

)
↓↔
ϱb↑U

†
F

(
w, b

↑
)]∣∣∣∣

b↑=0

first term in the expansion of the around the common value b
↑.
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Introduction

DIS dijet at NEik accuracy
[TA, Beuf, Czajka, Tymowska (2022)]

S-matrix element at NEik accuracy (longitudinal photon polarization)
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→
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Introduction

DIS dijet at NEik accuracy
[TA, Beuf, Czajka, Tymowska (2022)]

S-matrix element at NEik accuracy (longitudinal photon polarization)
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↑ dependence.
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→
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Introduction

DIS dijet at NEik accuracy

S
bef
q1q̄2→ω→

L

∣∣∣∣
dec. on q

=2ωε(k+1 +k
+
2 →q

+)
eef

2ω
(→1)Q

k
+
2

(q+)2

∫
d
2v e

↑iv·k1

∫
d
2w e

↑iw·k2 K0
(
Q̄ |w→v|

)

↑ ū(1)ϑ+
[
[ϑi, ϑj ]

4
U
(3)
F ;ij(v) → iU

(2)
F (v) + U

(1)
F ;j(v)

(
(kj

2→kj
1)

2
+

i

2
ϖwj

)]
U
†
F (w) v(2)

S
bef
q1q̄2→ω→

L

∣∣∣∣
dec. on q̄

=2ωε(k+1 +k
+
2 →q

+)
eef

2ω
(→1)Q

k
+
1

(q+)2

∫
d
2v e

↑iv·k1

∫
d
2w e

↑iw·k2 K0
(
Q̄ |w→v|

)

↑ ū(1)ϑ+
[
UF (v)

(
[ϑi, ϑj ]

4
U
(3)†
F ;ij(w)→iU

(2)†
F (w)+

(
i

2

↓→
ϖvj →

(kj
2→kj

1)

2

)
U
(1)†
F ;j (w)

)]
v(2)

Stem from finite width and the interaction with the transverse component of the background field.

decorated Wilson lines:

U
(1)
F ;j(v) =

∫ L+

2

↑L+

2

dv
+

UF

(
L
+

2
, v

+;v
)
↓↔
DvjUF

(
v
+
,→

L
+

2
;v

)

U
(2)
F (v) =

∫ L+

2

↑L+

2

dv
+

UF

(
L
+

2
, v

+;v
)
↓→→
Dvj

→→↔
DvjUF

(
v
+
,→

L
+

2
;v

)

U
(3)
F ;ij(v) =

∫ L+

2

↑L+

2

dv
+

UF

(
L
+

2
, v

+;v
)
gt·Fij(v)UF

(
v
+
,→

L
+

2
;v

)
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the target. The S-matrix element for that process can be obtained following the LSZ approach. The first non-zero
contribution to the S-matrix is at order e in QED, due to the photon splitting vertex. Moreover, that process does
not require QCD interactions beyond the scattering with the background field. We are interested in the lowest order
contribution in perturbation theory in a possibly strong background field, which is then of order e g0 at the S-matrix
level, with gAµ(x) resummed to all orders. At this order, the S-matrix can be written as1

Sq1q̄2→ω→ =

∫
d
4
z ω

ε
µ(q) e

↑iq·z →0|dout(2)bout(1) :!̄(z) (↑ieefε
µ)!(z) : |0↓ . (3)

In Eq. (3), bout(1) and dout(2) are the annihilation operators for the outgoing quark and antiquark in the asymptotic
free Fock space, whereas ωεµ(q) e

↑iq·z accounts for the incoming virtual photon, and the normal-ordered current operator
comes from the photon splitting vertex. The quark field !(z) in Eq. (3) is a quantum field in a modified interaction
picture, in such a way that the evolution of !(z) is generated by a Hamiltonian quadratic in the quantum fields, but
with terms of any order in the background field. Hence, not only the free limit of the theory but also the interactions
of quantum particles with the background field contributes to the evolution of !(z). Only the interactions between
quantum particles are removed from the evolution of !(z) in this picture with respect to the Heisenberg picture.
Moreover, we assume that the background field alone cannot lead to pair creation or pair annihilation of quantum
particles. Then, the only possible contribution to the expectation value in Eq. (3) factorizes as

→0|dout(2)bout(1) :!̄(z) (↑ieefε
µ)!(z) : |0↓ = →0|bout(1)!̄(z)|0↓ (↑ieefε

µ) →0|dout(2)!(z)|0↓ . (4)

Assuming that the background field decays fast enough at large x
+, the annihilation operators bout(1) and dout(2)

can be expressed in terms of the quark field ! in the same modified interaction picture as [56]

bout(1) = limx+↓+↔

∫
d
2x

∫
dx

↑
e
iǩ1·x ū(1)ε+!(x) (5)

dout(2) = limy+↓+↔

∫
d
2y

∫
dy

↑
e
iǩ2·y !̄(y)ε+

v(2) . (6)

Finally, the Feynman quark propagator in the gluon background field is defined in terms of the field ! in that picture
as

SF (x, y) = →0|T
(
!(x) !̄(y)

)
|0↓ = ϑ(x0↑y

0) →0|!(x) !̄(y)|0↓ ↑ ϑ(y0↑x
0) →0|!̄(y)!(x)|0↓ . (7)

where the implicit spinor indices and color indices of the fields are not contracted, and where the minus sign in the
second term is due to the Fermi-Dirac statistics for the quarks. Hence, one has

→0|!(x)!̄(z)|0↓ =SF (x, z) for x+ ↔ +↗
→0|!̄(y)!(z)|0↓ = ↑ SF (z, y) for y+ ↔ +↗ . (8)

All in all, one arrives at the expression

Sq1q̄2→ω→ = limx+,y+↓+↔

∫
d
2x

∫
dx

↑
∫

d
2y

∫
dy

↑
e
iǩ1·x eiǩ2·y

↘ ω
ε
µ(q)

∫
d
4
z e

↑iq·z
ū(1)ε+

SF (x, z) (↑ieefε
µ) (↑SF (z, y)) ε

+
v(2) , (9)

for the S-matrix element at lowest order e g
0 but with the interactions with the background field resummed to all

orders.
For convenience, we define the reduced quark and antiquark propagators

S̃
q
F (z) = limx+↓+↔

∫
d
2x

∫
dx

↑
e
iǩ1·xū(1)ε+

SF (x, z) (10)

S̃
q̄
F (z) = limy+↓+↔

∫
d
2y

∫
dy

↑
e
iǩ2·y (↑1) SF (z, y)ε

+
v(2) . (11)

so that the S-matrix element can be written as

Sq1q̄2→ω→ = ↑ieef ω
ε
µ(q)

∫
d
4
ze

↑iq·z
S̃
q
F (z)ε

µ
S̃
q̄
F (z) . (12)

1
We use the metric signature (+,→,→,→). We use xµ

for a Minkowski 4-vector. In a light-cone basis we have xµ
= (x+,x, x→

) where

x±
= (x0 ± x3

)/
↑
2 and x denotes a transverse vector with components xi

. We will also use the notations x = (x+,x) and k = (k+,k).
Finally we introduce the on-shell momentum ǩµ = (k+,k, ǩ→) constructed from k = (k+,k), with by definition ǩ→ = (k2

+m2
)/(2k+)

for a quark of mass m. We also use the condensed notations u(1) ↓ u(k1, h1) and v(2) ↓ v(k2, h2) for the Dirac spinors, where h1 or

h2 is the light-front helicity.
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Amplitude from S-matrix elements 

Dijet production  
cross section

Introduction

Rewriting NEik corrections as F
µω insertions

The relation between derivatives of the Wilson lines and field strength insertions:

εµUF (x
+
, y

+;v, v→) + igt·Aµ(x
+
,v, v→)UF (x

+
, y

+;v, v→) → igUF (x
+
, y

+;v, v→)t·Aµ(y
+
,v, v→)

= →ig

∫ x+

y+
dv

+
UF (x

+
, v

+;v, v→)t·F →
µ (v)UF (v

+
, y

+;v, v→) for µ ↑= +

DIS dijet production cross section at NEik accuracy written in terms of field strength insertions!

Expressions are lengthy before considering the back-to-back limit! e.g.

dϑω→
L↑q1q̄2

dP.S.

∣∣∣∣
dec. on q

NEik corr.

= (2q+) 2ϖϱ(k+1 +k
+
2 →q

+) 8k+1 k
+
2 Q

2
(
eef

2ϖ

)2 k
+
1 k

+
2

(q+)3
k
+
2

2(q+)3

↓ 2Re

∫

v,v↑,w,w↑
e
ik1·(v↑→v)

e
ik2·(w↑→w)K0

(
Q̄ |w↓

→v↓
|
)
K0

(
Q̄ |w→v|

)

↓ Tr

〈[
UF (w

↓)U†
F (v

↓) → 1
][(

→ iU
(2)
F (v) +

(kj
2→kj

1)

2
U
(1)
F ;j(v)

)
U
†
F (w) +

i

2
U
(1)
F ;j(v) εwjU

†
F (w)

]〉

with

dϑω→
L↑q1q̄2

dP.S.
=

dϑω→
L↑q1q̄2

dP.S.

∣∣∣∣
Gen.Eik

+
dϑω→

L↑q1q̄2

dP.S.

∣∣∣∣
dec. on q

NEik corr.

+
dϑω→

L↑q1q̄2

dP.S.

∣∣∣∣
dec. on q̄

NEik corr.

+
dϑω→

L↑q1q̄2

dP.S.

∣∣∣∣
dyn. target

NEik corr.

U
(2)
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Remark: Terms with Fij insertions cancel at cross section level for φ↔L, but survive for φ↔T
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VI. NEIK DIS DIJET PRODUCTION CROSS SECTION VIA LONGITUDINAL PHOTON

A. Relations between S-matrix, amplitude and cross section beyond Eikonal accuracy

In standard CGC framework, where the observables are computed in the eikonal approximation, the background
field does not depend on x

→. Because of that, no light cone ”+” momentum can be exchanged with the target. In
this case, the scattering amplitude can be defined as

Sq1q̄2↑ω→
L
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x↑ indep.

=(2q+) 2ω ε(k+1 +k
+
2 →q

+) iMq1q̄2↑ω→
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by factorizing out the obtained Dirac delta function. Then, as discussed in appendix B 4, the cross section is obtained
by squaring this amplitude and including the correct prefactor, as
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where the two-particle phase space is defined as
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dk
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2

2k+2 (2ω)
, (128)

and the summation in Eq. (127) is over the colors and light-front helicities of the produced quark and anti-quark.
When performing a strict expansion of the S-matrix element into Eikonal contribution, NEik contribution and so

on, the gradient expansion of the background field with respect to x
→ would be performed entirely. In that case, not

all the terms would be of the form (126): some NEik corrections would include ε
↔(k+1 +k

+
2 →q

+) instead. It is not
possible to calculate the contribution of such terms to the cross section without introducing wave-packets, which is
a major inconvenience. This is the motivation which has led us to introduce the Generalized Eikonal approximation,
in which the dependence of the Wilson lines on a common x

→ is kept at the S-matrix level.
Then, one should use the result derived in Appendix B 5 (for the scattering amplitude see Eq. (B19) and for the

cross section see Eq. (B29)) in the case of a x
→ dependent background field. We would like to mention that, at the

accuracy considered in the present study, this modified procedure is necessary only to compute the contribution of the
squared Generalized Eikonal amplitude to the cross section. For the rest of the contributions that are explicitly NEik
order, the x

→ dependence of the background field can be neglected, and one can go back to the standard procedure
from eikonal CGC to obtain the cross section.

Following this argument, the cross section at NEik accuracy for DIS dijet for longitudinal photon can be written as
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The Generalized Eikonal contribution to the cross section is then given by
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where ↑· · · ↓ stands for averaging over the background field of the target. The S-matrix and the b→-dependent scattering
amplitude MGen.Eik

q1q̄2↑ω→
L
are related via

Sq1q̄2↑ω→
L

∣∣∣∣
Gen.Eik

= 2q+
∫
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e
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(b→) . (131)

The explicit NEik correction to the cross section in Eq. (129) corresponds to the interference between the Generalized
Eikonal contribution (106) and the NEik corrections ((109), (110) and (112) in the longitudinal photon case). In that
case, and at the NEik accuracy, the Generalized Eikonal contribution (106) can be replaced by the strict Eikonal
contribution (115). Then, the x→-dependence of the background field can be dropped, and relations of the type (126)
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Similarly, the contribution from (142) at cross section level is
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Finally, the contribution from (143) at cross section level is
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In order to obtain more compact expressions, let us introduce the following notations for decorated dipoles and
quadrupoles operators

d
(1)
j (v↔,w) =


1

Nc
Tr

[
U (1)
F ;j(v)U

†
F (w)

]
(147)

d
(2)(v↔,w) =


1

Nc
Tr

[
U (2)
F (v)U†

F (w)
]

(148)

Q
(1)
j (w↓

,v↓
,v↔,w) =


1

Nc
Tr

[
UF (w

↓)U†
F (v

↓)U (1)
F ;j(v)U

†
F (w)

]
(149)

Q
(2)(w↓

,v↓
,v↔,w) =


1

Nc
Tr

[
UF (w

↓)U†
F (v

↓)U (2)
F (v)U†

F (w)
]

, (150)

with the star indicating the position of the decoration. Moreover, for the case of ϖ↑ acting on Wilson lines, we define
the following decorated dipoles and quadrupoles operators
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With these definitions, the expression (144) can be simplified into
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In order to obtain more compact expressions, let us introduce the following notations for decorated dipoles and
quadrupoles operators
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with the star indicating the position of the decoration. Moreover, for the case of ϖ↑ acting on Wilson lines, we define
the following decorated dipoles and quadrupoles operators
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With these definitions, the expression (144) can be simplified into
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with the star indicating the position of the decoration. Moreover, for the case of ϖ↑ acting on Wilson lines, we define
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Similarly, the contribution from (142) at cross section level is
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with the star indicating the position of the decoration. Moreover, for the case of ϖ↑ acting on Wilson lines, we define
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Back-to-back production limit 

Back-to-back correlation limit: |k | ≪ |P |
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Back-to-back limit of dijets are conveniently expressed in terms of:

(conjugate to )           k b = z1v + z2w

and 

In coordinate space:

(total dijet momentum)     k = k1 + k2 (relative momentum)  P = (z2k1 − z1k2)

 v = b + z2r

Back-to-back correlation limit: |r | ≪ |b |

perform a small  expansion at the level of the squared amplitude r

z1 = k+
1 /(k+

1 + k+
2 ) and z2 = k+

2 /(k+
1 + k+

2 ) = 1 − z1 such that 

k1 = P + z1k k2 = − P + z2k

(conjugate to )           P r = v − w

such that  w = b − z1r

Dominguez, Marquet, Xiao, Yuan (2011)



Small  expansion in the back-to-back limit (i) r

                                                                                   
12/22Tolga Altinoluk (NCBJ)                                                                                                                                                                                                  CGC beyond eikonal approximation

perform small  expansion, keep appropriate order in the expansion (in order to capture the interplay between subleasing power terms)

use  to simplify the results 

r
[URTa

RU†
R]ij = [Tb

R]ij(UA)ab

Open dipole from Gen. Eik. 

Back-to-back limit at amplitude level

Small r expansion for the eikonal contribution
We perform small r expansion and use the following identity to simplify our results:

[
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Note: 0th order in the r expansion trivial ↑ first order needed
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Open dec. dipole from dynamics

Back-to-back limit at amplitude level

Small r limit for the NEik corrections
Open decorated dipole from the dynamics of the target:
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Back-to-back limit at amplitude level

Small r limit for the NEik corrections
Open decorated dipole from the dynamics of the target:
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Back-to-back limit at amplitude level

Small r expansion for the eikonal contribution (2)
Open dipole from the Generalized Eikonal term for r = v →w ↑ 0:

∫

b
e
→ib·k

[
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↓ Order |r|2 correction: contributions with either one or two field strength F →
↔
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Small  expansion in the back-to-back limit (ii)r
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structures appear in decorations on quark line 

Back-to-back limit at amplitude level

Small r limit for the NEik corrections in U (1)
F ;j and U (2)

F
Terms with U(1)

F ;j and U(2)
F decorating the quark line (remembering that |r| → 1/|P|):

∫
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Back-to-back limit at amplitude level

Small r limit for the NEik corrections

Open decorated dipole with U
(1)
F ;j :

U
(1)
F ;j(v)U

†
F

(
w
)
= →2

∫
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+
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z+

• Nontrivial result already at 0th order in the small r expansion due to the decoration
• Similar result as for the Generalized Eikonal contribution, except for the z

+ factor
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Back-to-back limit at amplitude level

Small r limit for the NEik corrections in U (1)
F ;j and U (2)

F
Terms with U(1)

F ;j and U(2)
F decorating the quark line (remembering that |r| → 1/|P|):
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†
F (b) +

[
i

2
ε
ij +Pjri

]
U(1)
F ;j(b) ωiU

†
F (b)↑ iU(2)

F (b)U†
F (b) +O (|r|)

}

r

v

w
F �
j

b

r ! 0

z+F �
j

z+

U(1)
F ;j(b)U

†
F

(
b
)

= 2ita
→
∫

z+
z
+ UA

(
+↓, z

+;b
)

a→a
gFa →

j (z+,b)
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Back-to-back limit at amplitude level

Small r limit for the NEik corrections

Open decorated dipole with U
(2)
F :

U
(2)
F (v)U†

F (w) =

∫

z+,z→+
(z+→z

→+) ω(z+→z
→+)UF (+↑, z

+
,v)[→igt · F

↑
j (z+,v)]

↓ UF (z
+
, z

→+;v)[→igt · F
↑
j (z→+,v)]UF (z

→+
,→↑;v)U†

F (w)

= →g
2(tatb)

∫

z+,z→+
(z+→z

→+) ω(z+→z
→+)UA

(
+ ↑, z

+;b
)

aa→
F

a→ ↑
j (z+,b)

↓ UA

(
+ ↑, z

→+;b
)

bb→
F

b→ ↑
j (z→+,b) +O(|r|)

r

v

w
F

→
j

br → 0

z′+

F
→

j

z+
z′+

F
→

j

z+
F

→
j

2 Field strength insertions at amplitude level
↔ At least 3 at cross section level (beyond TMDs)
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Back-to-back limit at amplitude level

Small r limit for the NEik corrections in U (1)
F ;j and U (2)

F

r

v

w
F →
j

br → 0

z′+

F →
j

z+
z′+

F →
j

z+
F →
j

U(2)
F (b)U†

F (b) = →t
a→
t
b→
∫

z+,z→+
(z+→z

→+) ω(z+→z
→+)UA

(
+↑, z

+;b
)

a→a
gFa ↑

j (z+,b)

↓UA

(
+↑, z

→+;b
)

b→b
gFb ↑

j (z→+,b)

U(1)
F ;j(b) εiU

†
F (b) = → 2ta

→
t
b→
∫

dz
+
∫

dz
→+

z
+ UA(+↑, z

+;b)a→a gFa ↑
j (z+,b)

↓ UA(+↑, z
→+;b)b→b gFb ↑

i (z→+,b)

Like in the GEik term: contributions with either 1 or 2 F ↑
↓ ,

but now with an extra factor z+ or (z+→z
→+): NEik suppression with the target width.

Similar results for decorations on the antiquark line instead.
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Back-to-back limit at amplitude level

Small r limit for the NEik corrections in U (1)
F ;j and U (2)

F

r
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w
F →
j

br → 0

z′+

F →
j

z+
z′+

F →
j

z+
F →
j

U(2)
F (b)U†

F (b) = →t
a→
t
b→
∫

z+,z→+
(z+→z

→+) ω(z+→z
→+)UA

(
+↑, z

+;b
)

a→a
gFa ↑

j (z+,b)

↓UA

(
+↑, z

→+;b
)

b→b
gFb ↑

j (z→+,b)

U(1)
F ;j(b) εiU

†
F (b) = → 2ta

→
t
b→
∫

dz
+
∫

dz
→+

z
+ UA(+↑, z

+;b)a→a gFa ↑
j (z+,b)UA(+↑, z

→+;b)b→b gFb ↑
i (z→+,b)

Like in the GEik term: contributions with either 1 or 2 F ↑
↓ ,

but now with an extra factor z+ or (z+→z
→+): NEik suppression with the target width.

Similar results for decorations on the antiquark line instead.
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part of 

Strict Eik. Limit  

Results at cross section level

Back-to-back cross section: (Generalized) Eikonal piece
Squaring the single F →

↑ part of the Generalized Eikonal contribution in the back-to-back limit:

dωω→
L↓q1q̄2

dP.S.

∣∣∣∣∣

F ↑
↓ F ↑

↓

Gen.Eik

= g
2(eef )

2
Q

2(q+ + k
+
1 → k

+
2 )

2(q+ → k
+
1 + k

+
2 )

2 k
+
1 k

+
2

4(q+)6

[
4PiPj

(P2 + Q̂2)4
→ 2(z2→z1)

(Pikj + kiPj)

[P2 + Q̂2]4

+ 16(z2→z1)
(k ·P)PiPj

[P2 + Q̂2]5
+O

(
k2

P8

)]
(2q+)

∫
d(!b

→)ei!b
↑(k+1 +k

+
2 →q

+)
∫

b,b↔
e
→ik·(b→b↔)

∫

z+,z↔+

↑
〈
Fa →

i

(
z
↔+
,b↔

,→!b
→

2

)[
U†
A

(
+↓, z

↔+;b↔
,→!b

→

2

)
UA

(
+↓, z

+;b,
!b

→

2

)]

ab

Fb →
j

(
z
+
,b,

!b
→

2

)〉

Strict Eikonal result found by neglecting !b
→ in the fields:

dωω→
L↓q1q̄2

dP.S.

∣∣∣∣∣

F ↑
↓ F ↑

↓

Strict.Eik

= (2q+)2εϑ(k+1 + k
+
2 → q

+)(eef )
2
g
24z31z

3
2Q

2

↑
[

4PiPj

(P2 + Q̄2)4
→2(z2→z1)

(Pikj + kiPj)

[P2 + Q̄2]4
+ 16(z2→z1)

(k ·P)PiPj

[P2 + Q̄2]5
+O

(
k2

P8

)]

↑
∫

b,b↔
e
→ik·(b→b↔)

∫

z+,z↔+

〈
Fa →

i
(z↔+,b↔)

[
U†
A
(+↓, z

↔+;b↔)UA(+↓, z
+;b)

]

ab

Fb →
j

(z+,b)
〉

• Correlator related to twist-2 gluon TMDs in the target, with momentum fraction x = 0 and transverse momentum k,
with a future staple gauge link.

• Kinematical twist 3 corrections, suppressed by an extra |k|/|P| in the back-to-back dijet limit |k| ↔ |P|

↗F →
↑ F →

↑ ↘

• Not shown here: Genuine twist 3 corrections, involving a correlator of the type ↗F →
↑ F →

↑ F →
↑ ↘
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Results at cross section level

Back-to-back cross section: (Generalized) Eikonal piece
Squaring the single F →

↑ part of the Generalized Eikonal contribution in the back-to-back limit:

dωω→
L↓q1q̄2

dP.S.

∣∣∣∣∣
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(k ·P)PiPj
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)]
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∫
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2 →q

+)
∫
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→ik·(b→b↔)

∫

z+,z↔+

↑
〈
Fa →

i

(
z
↔+
,b↔

,→!b
→

2

)[
U†
A

(
+↓, z

↔+;b↔
,→!b

→

2

)
UA

(
+↓, z

+;b,
!b

→

2

)]

ab

Fb →
j

(
z
+
,b,

!b
→

2

)〉

Strict Eikonal result found by neglecting !b
→ in the fields:

dωω→
L↓q1q̄2

dP.S.

∣∣∣∣∣

F ↑
↓ F ↑

↓

Strict.Eik

= (2q+)2εϑ(k+1 + k
+
2 → q

+)(eef )
2
g
24z31z

3
2Q

2

↑
[

4PiPj

(P2 + Q̄2)4
→2(z2→z1)

(Pikj + kiPj)

[P2 + Q̄2]4
+ 16(z2→z1)

(k ·P)PiPj

[P2 + Q̄2]5
+O

(
k2

P8

)]

↑
∫

b,b↔
e
→ik·(b→b↔)

∫

z+,z↔+

〈
Fa →

i
(z↔+,b↔)

[
U†
A
(+↓, z

↔+;b↔)UA(+↓, z
+;b)

]

ab

Fb →
j

(z+,b)
〉

• Correlator related to twist-2 gluon TMDs in the target, with momentum fraction x = 0 and transverse momentum k,
with a future staple gauge link.

• Kinematical twist 3 corrections, suppressed by an extra |k|/|P| in the back-to-back dijet limit |k| ↔ |P|

↗F →
↑ F →

↑ ↘

• Not shown here: Genuine twist 3 corrections, involving a correlator of the type ↗F →
↑ F →

↑ F →
↑ ↘
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Gen. Eik. contribution 

Results at cross section level

Back-to-back cross section: (Generalized) Eikonal piece
Squaring the single F →

↑ part of the Generalized Eikonal contribution in the back-to-back limit:

dωω→
L↓q1q̄2

dP.S.
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↓ F ↑

↓

Gen.Eik
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2
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+
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+
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+
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+
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4(q+)6
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+O
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P8

)]
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↑(k+1 +k

+
2 →q
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∫
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e
→ik·(b→b↔)

∫
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↑
〈
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i

(
z
↔+
,b↔

,→!b
→

2

)[
U†
A

(
+↓, z

↔+;b↔
,→!b

→

2

)
UA

(
+↓, z

+;b,
!b

→

2

)]

ab

Fb →
j

(
z
+
,b,

!b
→

2

)〉

Strict Eikonal result found by neglecting !b
→ in the fields:

dωω→
L↓q1q̄2

dP.S.

∣∣∣∣∣

F ↑
↓ F ↑

↓

Strict.Eik

= (2q+)2εϑ(k+1 + k
+
2 → q

+)(eef )
2
g
24z31z

3
2Q

2

[
4PiPj

(P2 + Q̄2)4
→2(z2→z1)

(Pikj + kiPj)

[P2 + Q̄2]4
+ 16(z2→z1)

(k ·P)PiPj

[P2 + Q̄2]5

]

↑
∫

b,b↔
e
→ik·(b→b↔)

∫

z+,z↔+

〈
Fa →

i
(z↔+,b↔)

[
U†
A
(+↓, z

↔+;b↔)UA(+↓, z
+;b)

]

ab

Fb →
j

(z+,b)
〉

• Correlator related to twist-2 gluon TMDs in the target, with momentum fraction x = 0 and transverse momentum k, with a future staple
gauge link.

• Kinematical twist 3 corrections, suppressed by an extra |k|/|P| in the back-to-back dijet limit |k| ↔ |P|

↗F →
↑ F →

↑ ↘

• Not shown here: Genuine twist 3 corrections, involving a correlator of the type ↗F →
↑ F →

↑ F →
↑ ↘
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Kinematic twist 3 corrections (suppressed by )|k | / |P |

Correlator related to twist 2 gluon TMD at x = 0

These are NEik but twist 4 contributions.

Results at cross section level

Back-to-back cross section: (Generalized) Eikonal piece
Squaring the single F →

↑ part of the Generalized Eikonal contribution in the back-to-back limit:

dωω→
L↓q1q̄2

dP.S.

∣∣∣∣∣

F ↑
↓ F ↑

↓

Gen.Eik

= g
2(eef )

2
Q

2(q+ + k
+
1 → k

+
2 )

2(q+ → k
+
1 + k

+
2 )

2 k
+
1 k

+
2

4(q+)6

[
4PiPj

(P2 + Q̂2)4
→ 2(z2→z1)

(Pikj + kiPj)

[P2 + Q̂2]4

+ 16(z2→z1)
(k ·P)PiPj

[P2 + Q̂2]5
+O

(
k2

P8

)]
(2q+)

∫
d(!b

→)ei!b
↑(k+1 +k

+
2 →q

+)
∫

b,b↔
e
→ik·(b→b↔)

∫

z+,z↔+

↑
〈
Fa →

i

(
z
↔+
,b↔

,→!b
→

2

)[
U†
A

(
+↓, z

↔+;b↔
,→!b

→

2

)
UA

(
+↓, z

+;b,
!b

→

2

)]

ab

Fb →
j

(
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+
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→

2

)〉

Strict Eikonal result found by neglecting !b
→ in the fields:

dωω→
L↓q1q̄2

dP.S.

∣∣∣∣∣

F ↑
↓ F ↑

↓

Strict.Eik

= (2q+)2εϑ(k+1 + k
+
2 → q

+)(eef )
2
g
24z31z

3
2Q

2

[
4PiPj

(P2 + Q̄2)4
→2(z2→z1)

(Pikj + kiPj)

[P2 + Q̄2]4
+ 16(z2→z1)

(k ·P)PiPj
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∫
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∫
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Fa →
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(+↓, z

↔+;b↔)UA(+↓, z
+;b)

]

ab

Fb →
j

(z+,b)
〉

• Di!erence between Gen. Eik and strict Eik. : involves correlator ↔F →
↑ F →

↑ F+→↗ or k↔F →
↑ F+→↗

↘ NEik correction but twist 4: beyond our accuracy here!
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Difference between Gen. Eik and strict Eik. terms involve correlators of the type 

There is also 

Results at cross section level

Back-to-back cross section: (Generalized) Eikonal piece
Squaring the single F →

↑ part of the Generalized Eikonal contribution in the back-to-back limit:

dωω→
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Strict Eikonal result found by neglecting !b
→ in the fields:

dωω→
L↓q1q̄2

dP.S.
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〉

• Correlator related to twist-2 gluon TMDs in the target, with momentum fraction x = 0 and transverse momentum k, with a future staple
gauge link.

• Kinematical twist 3 corrections, suppressed by an extra |k|/|P| in the back-to-back dijet limit |k| ↔ |P|

↗F →
↑ F →

↑ ↘

• Not shown here: Genuine twist 3 corrections, involving a correlator of the type ↗F →
↑ F →

↑ F →
↑ ↘
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 which are twist 3 contributions that are not written here explicitly  
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Including all 

Results at cross section level

Back-to-back cross section: (Generalized) Eikonal piece
Squaring the single F →

↑ part of the Generalized Eikonal contribution in the back-to-back limit:
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Strict Eikonal result found by neglecting !b
→ in the fields:
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• Correlator related to twist-2 gluon TMDs in the target, with momentum fraction x = 0 and transverse momentum k,
with a future staple gauge link.

• Kinematical twist 3 corrections, suppressed by an extra |k|/|P| in the back-to-back dijet limit |k| ↔ |P|

↗F →
↑ F →

↑ ↘

• Not shown here: Genuine twist 3 corrections, involving a correlator of the type ↗F →
↑ F →

↑ F →
↑ ↘
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contributions Kinematic twist 3

Results at cross section level

Back-to-back cross section: twist 2 TMDs contribution
Including all contributions of the form →F →

↑ F →
↑ ↑, of order Eik or NEik, and twist 2 or twist 3:
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〉

• NEik corrections and kinematic twist 3 corrections to the →F →
↑ F →

↑ ↑ contribution factorize from each other!
• Result of the same form can be obtained for transverse photon case.
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Kinematic twist 2

NEik Eik Correlator related to twist 2 gluon TMD at x = 0

NEik corrections and kinematic twist 3 corrections to 

Results at cross section level

Back-to-back cross section: (Generalized) Eikonal piece
Squaring the single F →
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Strict Eikonal result found by neglecting !b
→ in the fields:
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〉

• Correlator related to twist-2 gluon TMDs in the target, with momentum fraction x = 0 and transverse momentum k,
with a future staple gauge link.

• Kinematical twist 3 corrections, suppressed by an extra |k|/|P| in the back-to-back dijet limit |k| ↔ |P|

↗F →
↑ F →

↑ ↘

• Not shown here: Genuine twist 3 corrections, involving a correlator of the type ↗F →
↑ F →

↑ F →
↑ ↘
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correlator in an unpolarized target: 

Results at cross section level

Back-to-back cross section: twist 2 TMDs contribution
Including all contributions of the form →F →

↑ F →
↑ ↑, of order Eik or NEik, and twist 2 or twist 3:

• NEik corrections and kinematic twist 3 corrections to the →F →
↑ F →

↑ ↑ contribution factorize from each other!
• Result of the same form can be obtained for transverse photon case.

Notation: TMD →FµωFεϑ↑ correlator in unpolarized target:

!µω;εϑ(x,k) ↓ 1

xP→
tar

1

(2ω)3

∫
d
2z e→ik·z

∫
dz

+
e
ixP→

tarz
+
〈
Ptar

∣∣∣Fµω

a (0)
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U†
A
(+↔, 0; 0)UA

(
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+; z
) ]

ab
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b
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〉

=
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dz1 d
2P d2k
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F →
↔ F →

↔

=ϑem ϑs e
2
f C

ij

T,L
(z1,P,k)
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1 +

(P2+Q̄
2)

z1z2W
2

ϖx +NNEik

][
x!i→;j→(x,k)

]}∣∣∣∣∣
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=ϑem ϑs e
2
f C

ij

T,L
(z1,P,k)

{[
x!i→;j→(x,k)

]∣∣∣∣
x= (P2+Q̄2)

z1z2W
2

+NNEik

}

Non-zero value of momentum fraction x in the twist 2 gluon TMDs recovered from NEik corrections!

Reminder:

!i→;j→(x,k) =
ϱ
ij

2
f
g

1 (x,k) +

[
kikj ↗ k2

2
ϱ
ij

]
1

2M2
h
↑g

1 (x,k)
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Results at cross section level
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Non-zero values of momentum fraction  in the twist 2 gluon TMDs are recovered from NEik corrections! x

Results at cross section level

Back-to-back cross section: twist 3 TMDs from NEik
From the interference between the non-static NEik correction and the strict Eikonal amplitudes: terms in →F+→F →

↑ ↑

dωω→
L,T↓q1q̄2

dz1 d
2P d2k

∣∣∣∣∣

F ↑
↓ F+↑

NEik

=εem εs e
2
f

1

2q+
Cj

T,L
(z1,P)

[
x!j→;+→(x,k) + x!+→;j→(x,k)

]∣∣∣∣∣
x=0

↓ NEik. correction beyond the static approximation for the target involves a twist-3 gluon TMD, (Mulders, Rodrigues
(2001)) with momentum fraction x = 0.

From the interference between the NEik correction with U (3)
F ;ij and the strict Eikonal amplitude: terms in →F ijF →

↑ ↑

dωω→
L,T↓q1q̄2

dz1 d
2P d2k

∣∣∣∣∣

F ↑
↓ F ij

NEik

=εem εs e
2
f
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2q+
Cijl

T,L
(z1,P)

[
x!l→;ij(x,k) + x!ij;l→(x,k)

]∣∣∣∣∣
x=0

• Contribution from another type of twist-3 gluon TMD, (Mulders, Rodrigues (2001)), still with x = 0.
• Note: term absent in in the ϑ

↔
L
: Cijl

L
(z1,P) = 0 due to Dirac algebra.

Parametrization (Lorcé, Pasquini (2013)):

!j→;+→(x,k) + !+→;j→(x,k) =
2kj

P
→
tar

f
↑g(x,k) and !l→;ij(x,k) + !ij;l→(x,k) = ϖ

ij
ϖ
ln

2kn

P
→
tar

ḡ
↑g(x,k)

dωω→
L,T↓q1q̄2

dz1 d
2P d2k
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F ↑
↓ F+↑+F ↑

↓ F ij

NEik

=εem εs e
2
f

{
2kj

W 2
Cj

T,L
(z1,P) xf↑g(x,k) +

2kn

W 2
ϖ
ij
ϖ
ln Cijl

T,L
(z1,P) xḡ↑g(x,k)

}∣∣∣∣∣
x=0
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Results at cross section level
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terms originate from the interference between the non-static NEik corrections and Eik amplitudes.  →

Results at cross section level
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(z1,P) xḡ↑g(x,k)

}∣∣∣∣∣
x=0

G. Beuf (NCBJ, Warsaw) Back-to-back DIS dijets : NEik vs twist 3 DIS2024 15 / 17

Results at cross section level
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Twist 3 gluon TMDs with momentum fraction x=0: Mulders, Rodrigues (2001) Lorce, Pasquini (2013)
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Beyond eikonal accuracy quark background field is included in the CGC  possibility to probe quark TMDs from non-eikonal CGC!
Gluon TMDs are dominant in the eikonal CGC. 

Two mechanisms that contribute to the production of quark-gluon dijet: 

S-matrix

Contributions to ω→ ↑ qg dijets from quark background
qg dijet production in DIS: a simple process sensitive to the quark background beyond eikonal CGC

Sbef
ω→q1g2 = lim

x+,y+→+↑

∫

x,y

∫

x→,y→
eip1·x ū(1)ω+ eip2·yεε2

ϑ (p2)
↓(↓2p+2 )

↔
∫

w,z
e↔iq·wεεµ(q)G

ϑϖ
F (y, z)a2bSF (x,w)(↓ieef )ω

µSF (w, z)(↓ig)ωϖt
b!(z),

Sin
ω→q1g2 = lim

x+,y+→+↑

∫

x,y

∫

x→,y→
eip1·x ū(1)ω+ eip2·yεε2

ϑ (p2)
↓(↓2p+2 )

↔
∫

w,z
e↔iq·zεεµ(q)G

ϑϖ
F,0(y, w)a2bSF,0(x,w)(↓ig)ωϖt

bSF (w, z)(↓ieef )ω
µ!(z)
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eip1·x ū(1)ω+ eip2·yεε2

ϑ (p2)
↓(↓2p+2 )

↔
∫

w,z
e↔iq·wεεµ(q)G

ϑϖ
F (y, z)a2bSF (x,w)(↓ieef )ω

µSF (w, z)(↓ig)ωϖt
b!(z),

Sin
ω→q1g2 = lim

x+,y+→+↑

∫

x,y

∫

x→,y→
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 TA, Beuf, Mulani (2025) 

inside-after quark/gluon propagators together with before-inside and before-after quark propagators are computed at Eik. order.   

Full set of propagators: before-inside, inside-after, before-after quark/gluon propogators are computed later.   
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Using the explicit expressions for various propagators, one gets 

S-matrix

Contribution with ω→ splitting before the target

Sbef
ωT,L→q1g2 = ieefg2ωε(p

+
1 +p+2 ↑q+)

∫

v,z
e↑iv·p1↑iz·p2

∫
d2K

(2ω)2
ei(v↑z)·K

[
K2 +m2 +

p+1 p+2
(q+)2Q

2
] ū(1)ϑ

+ϑ↑

2
!bef
T ,L

∫

z+
UA

(
+↓, z+; z

)
a2b

UF (v)U
†
F

(
z+,↑↓; z

)
tb”(z+, z)

with

!bef
L = 2

p+1 p
+
2

(q+)2
Qϖj↓ε2

ϑj !bef
T = ϖiε ϖ

j↓
ε2

{
Kl

[(
p+1 ↑ p+2

q+

)
εil ↑ [ϑi, ϑl]

2

]
+mϑi

}
ϑj

Similar to the case of ϑ↓ ↔ qq̄ dijet production in the the dipole picture/CGC at eikonal accuracy,
but with a di!erent color structure
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In the back-to-back limit: 

Back-to-back limit and quark TMD

Back-to-back jets: before diagram
S-matrix for bef contribution in the back-to-back limit: define b = zv + (1→ z)z , r = z→ v

• phase: e→iv·p1→iz·p2+i(v→z)·K ↑ e→ik·b+ir·(P→K)

• back-to-back limit: P2 ↓ k2 ↔ r2 ↗ b2 (because of the phase factor), the color structure simplifies:

UA
(
+↘, z+; z

)
a2b

UF (v)U
†
F

(
z+,→↘; z

)
tb!(z+, z) ↑ UA

(
+↘, z+;b

)
a2b

UF (b)U
†
F

(
z+,→↘;b

)
tb!(z+,b) = ta2UF

(
+↘, z+;b

)
!(z+,b)

 

r

v

z

 

b

r ! 0z+
z+

Sbef
ωT,L↑q1g2 ≃ i

eefg 2ωε(p
+
1 +p+2 →q+)[

P2 + Q̄2
] ū(1)

ϑ+ϑ→

2
”bef
T,L

∫

b
e→ib·k

∫

z+
ta2UF

(
+↘, z+;b

)
!(z+,b)
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Using the explicit expressions for various propagators, one gets 

S-matrix

Contribution with ω→ conversion inside the target

Sin
ωT→q1g2 = i

eefg2ωε(p
+
1 +p+2 ↑q+)[(

p1 ↑ p+1
p+2

p2

)2
+m2

]
∫

z
e↑iz·(p1+p2)ū(1)

ϑ+ϑ↑

2
!in
T

∫

z+
ta2UF

(
+↓, z+; z

)
”(z+, z)

with

!in
T = ϖl↓ε2

ϖjε

{[
pi
1 ↑

p+1
p+2

pi
2

] [
↑
(
2p+1 + p+2

p+2

)
εil +

[ϑi, ϑl]

2

]
+mϑl

}
ϑj

Note: Sin
ωL→q1g2 = 0 at NEik in Light-cone gauge, because /ϱL(q)”

(↑)(z) = Q
q+ ϑ+”(↑)(z) = 0.
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with

!in
T = ϖl↓ε2

ϖjε

{[
pi
1 ↑

p+1
p+2

pi
2

] [
↑
(
2p+1 + p+2

p+2

)
εil +

[ϑi, ϑl]

2

]
+mϑl

}
ϑj

Note: Sin
ωL→q1g2 = 0 at NEik in Light-cone gauge, because /ϱL(q)”

(↑)(z) = Q
q+ ϑ+”(↑)(z) = 0.
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Back-to-back limit and quark TMD

Back-to-back jets: inside diagram

Back-to-back limit of dijets are conveniently expressed in terms of:

(dijet momentum imbalance) k = p1 + p2 and (relative momentum) P = (1→ z)p1 → zp2

z = p+1 /(p
+
1 + p+2 ) and (1→ z) = p+2 /(p

+
1 + p+2 )

S-matrix for in contribution in the back-to-back limit: upon renaming z ↑ b (No limit required!!)

Sin
ωT→q1g2 = i

eefg 2ωε(p
+
1 +p+2 →q+)

[P2 + (1→ z)2m2]
(1→ z)2 ū(1)

ϑ+ϑ↑

2
!in
T

∫

b
e↑ib·k

∫

z+
ta2UF

(
+↓, z+;b

)
”(z+,b)
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Back-to-back limit and quark TMD

Back-to-back qg dijet cross sections

In the back-to-back limit, the photon-target dijet cross section reads

(2⇡)6(2p+1 )(2p
+
2 )

d��T,L!q1g2

dp+1 d
2p1dp

+
2 d

2p2

����
corr.lim.

= 2⇡�(p+1 +p+2 �q+) (4⇡)2↵em↵sCF e
2
f HT,L(P, z,Q)T (k)

with the hard factors for the longitudinal and the transverse photon polarizations

HL =
4Q2z3(1� z)2

[P2 + Q̄2]2
Q̄2 ⌘ m2 + z(1�z)Q2

HT = z

⇢
(1 + z2)P2 + (1� z)4m2

[P2 + (1� z)2m2]2
+

[z2 + (1� z)2]P2 +m2

[P2 + Q̄2]2
� 2z2P2

[P2 + Q̄2][P2 + (1� z)2m2]

�

and the target averaged color operator

T (k) =

Z

b,b0
e�ik·(b�b0)

Z

z+,z0+

D
 ̄(z0+,b0)��U †

F (+1, z0+;b0)UF (+1, z+;b) (z+,b)
E

with a generalized CGC target average h. . . i over both the quark and gluon background fields.

Not yet known how to explicitly perform this target average!
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In the back-to-back limit, the cross section
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Back-to-back limit and quark TMD
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Back-to-back limit and quark TMD

Recovering the unpolarized quark TMD

T (k) =

Z

b,b0
e�ik·(b�b0)

Z

z+,z0+

D
 ̄(z0+,b0)��U †

F (+1, z0+;b0)UF (+1, z+;b) (z+,b)
E

Can be related to the unpolarized quark TMD:

f q
1 (x,k) =

1

(2⇡)3

Z

b
eik·b

Z

z+
e�iz+xP�

tarhPtar| ̄(z+,b)
��

2
U †
F (+1, z+;b)UF (+1, 0;0) (0,0)|Ptari

 ̄(z+,b)

 (0)

Indeed, the CGC-like target average h· · · i is an e↵ective model for the quantum expectation value in the target
state hPtar| · · · |Ptari, but with a normalization h1i = 1.

) Both expectation values can be related as

hOi = lim
P 0
tar!Ptar

hP 0
tar|Ô|Ptari
hP 0

tar|Ptari
= lim

P 0
tar!Ptar

hP 0
tar|Ô|Ptari

2P�
tar (2⇡)

3 �(P 0�
tar�P�

tar) �
(2)(P0

tar�Ptar)

With this relation, and after performing translations of the whole operator in T (k) in the + and transverse
directions, one finds

T (k) =
(2⇡)3

P�
tar

f q
1 (x = 0,k)
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CGC average  quantum 
expectation value in target state

↔
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 production in the back-to-back limit  in a pure gluon background field at NEik accuracy in DIS qq̄

probed Twist 2 gluon TMDs 

Summary

To further understand the interplay between CGC and TMD, we studied the NEik DIS dijet
cross-section in the back-to-back jets limit, including twist 3 power corrections. Various types of
contributions are obtained:

• →F →
i F →

j ↑: twist 2 gluon TMDs

• Factorization of kinematic twist 3 and of NEik corrections
• NEik correction is the first order correction in the Taylor expansion of the TMDs

around x = 0

↓ x dependence of the TMDs recovered by resumming terms of all powers beyond

the eikonal approximation

• 3-body twist 3 correlators →F →
i F →

j F →
l ↑: beyond TMD partonic distributions

• Already appear in Eikonal contributions
• NEik corrections are related to the dependence on x1, x2
• But unclear how to perform their resummation

• Twist 3 gluon TMDs, of the type →F →
i F+→↑ and (for ω↑

T ) →F →
l Fij↑, found as further

contributions to the cross section at NEik and twist 3 order.

G. Beuf (NCBJ, Warsaw) Back-to-back DIS dijets : NEik vs twist 3 DIS2024 17 / 17
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(for transversely polarized photon)

further contributions from NEik corrections 

probed  3 body twist 3 correlators  

Summary

To further understand the interplay between CGC and TMD, we studied the NEik DIS dijet
cross-section in the back-to-back jets limit, including twist 3 power corrections. Various types of
contributions are obtained:

• →F →
i F →

j ↑: twist 2 gluon TMDs

• Factorization of kinematic twist 3 and of NEik corrections
• NEik correction is the first order correction in the Taylor expansion of the TMDs

around x = 0

↓ x dependence of the TMDs recovered by resumming terms of all powers beyond

the eikonal approximation

• 3-body twist 3 correlators →F →
i F →

j F →
l ↑: beyond TMD partonic distributions

• Already appear in Eikonal contributions
• NEik corrections are related to the dependence on x1, x2
• But unclear how to perform their resummation

• Twist 3 gluon TMDs, of the type →F →
i F+→↑ and (for ω↑

T ) →F →
l Fij↑, found as further

contributions to the cross section at NEik and twist 3 order.
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on going work — TA, Beuf, Czajka, Goslawski appear already at Eik. Order. How to resum and its parametrization?  

 production in the back-to-back limit  in DIS at NEik accuracy via t-channel quark exchange qg
probed unpolarized quark TMD at x=0

Inclusive DIS and SIDIS at NEik accuracy (both quark and gluon background contributions) 
with NLO corrections 

on going work — TA, Beuf, Favrel, Fucilla 
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More about NEik corrections beyond the static approx

E!ect of relative z
→ dependence of A→ insertions along one propagator:

A→(z→ + !z
→) → A→(z→) ↑ !z

→
ω→A→(z→)

Slow z
→ dependence from time dilation:

ω→A→ ↓
1

εt
A→

Small !z
→ displacement of the trajectory

within the target width L
+:

!z
→ ↔

p
→

p+
!z

+ ↗
p

→

p+
L

+ = O

(
1

εt

) L+

�z+

x+x�

�z�

A�
(z)

A�
(z + �z)

p

Double power suppression, beyond static approx and beyond shockwave approx:

↘ NNEik e!ect within a single propagator!
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More about NEik corrections beyond the static approx

E!ect of relative z
→ dependence of A→ insertions along one propagator is NNEik.

However, dependence on average z
→ is

suppressed only once.

→ Use Wilson lines with overall z
→ dependence

ω→UF (+↑, ↓↑; z, z
→) ↔

1

εt
UF (+↑, ↓↑; z, z

→)

↗ Accounts for NEik e!ects beyond static
approx

In particular: NEik corrections induced by the

di!erence in z
→ between di!erent Wilson lines.

x+x�

UF (+1, �1; z, z�)

p

UF (+1, �1;x, x�)
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