Rapidity regulators for the CGC: F;, at NLO

Guillaume Beuf
National Centre for Nuclear Research (NCBJ), Warsaw, Poland

with Tolga Altinoluk and Jani Penttala, (arXiv:2510.xxxxx).

ECFA-NuPECC-APPEC Workshop:
Synergies between the EIC and the LHC

IFJ PAN, Krakdéw, Poland, September 22-24, 2025

G. Beuf (NCBJ, Warsaw) F'r, at NLO with rap. regulators Sept. 24, 2025



Introduction: Gluon saturation and DIS at NLO

Gluon saturation: towards precision

Non-linear gluon saturation dynamics predicted from QCD theory in the high-energy/low
x limit: beyond the scope of the QCD parton picture (PDFs, TMDs, GPDs, etc...).

e Difficult to observe experimentally unambiguously (inconclusive at HERA)

® Need precise data and theory predictions for multiple observables both in DIS and
in hadron collisions

® Including case of large nucleus targets to enhance non-linear effects

= One of the main parts of the EIC physics programme, in synergy with the LHC

Motivates improving the precision of the theoretical calculations in non-linear QCD at
low z (CGC) :
® NLO corrections known for low x evolution equations (BFKL, BK, JIMWLK),

and NNLO corrections partially known
® NLO corrections already known for

® various inclusive, semi-inclusive, diffractive and exclusive observables in DIS
® forward production of hadron or jet in pp/pA collisions

® Next-to-leading power corrections at high-energy beyond the eikonal approximation
being explored (See next talk, from Tolga)
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Introduction: Gluon saturation and DIS at NLO

Dipole factorization of DIS at low x at NLO

Standard observable for gluon saturation: inclusive DIS structure functions Fr
At leading power at low x, dipole factorization of Frp

ki xo ki xo
® ® ki x2® ®
. Q? N - q'Q?
Kx K x

Fr.p o 2Ne Z (2q+)27"6<k3+k1+_q+) )TZ'YT,L_"I()‘TL
qoq1 F. states

2
Re [1 - 301]

+2NCr Y (20200 kT kS —a") [Frr s aodion
qoq192 F. states

2
Re [1-S§)] +O(aem a?)

Eikonal multiple scattering of each parton on the target resummed thanks to Wilson
lines Up 4 (%7)

Dipole factorization at LO: Nikolaev, Zakharov (1990)

1
qq dipole operator: So1 = —Tr (UF(X()) U}(xl))
N
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Introduction: Gluon saturation and DIS at NLO

Dipole factorization of DIS at low x at NLO

Standard observable for gluon saturation: inclusive DIS structure functions Fr r,
At leading power at low x, dipole factorization of Frr,
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Dipole factorization at NLO:

® Massless quarks case: G.B. (2016-2017)
® Massive quarks case: G.B., Lappi, Paatelainen (2021-2022)

o ) @3 _ 1
qqqg "tripole” operator: Spio =
027 N.Cr

Tr (thF(XO) taU;—v(Xl)) UA(X2)ba
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Introduction: Gluon saturation and DIS at NLO

Latest dipole fit, at NLO

Fit to HERA data on inclusive and charm
reduced DIS cross sections, using:

® Dipole factorization formula at NLO with
quark mass

® |mproved LL BK equation, with
kinematical consistency constraint and
running coupling

® Uncertainties obtained from Bayesian
inference

®ls[@\ =
=

Casuga, Hanninen, Mantysaari (2025)

x2/dof = 1.17 008 x2/dof = 2.68
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Rapidity regulators

NLO CGC calculations : with standard cut-off

In NLO calculations with gluon saturation, for evolution equations, or DIS or pA
observables:

Most frequently used regularization technique (in particular in LFPT):

@ Perform transverse integration in dim. reg.
® Expand in €

© And then perform integrations over k* momenta regulated by a cut off k'

min
Issues with this regularization procedure:

® Does not distinguish clearly soft divergences from rapidity/low z divergences

e Difficult to compare results with other pQCD communities, like TMD, jets, etc...

® Biases us to consider BK/JIMWLK as evolutions along k™ (related to projectile),
instead of k~ (related to target), which is physically more natural for DIS.
(Smoother transition to DGLAP in the collinear regime)
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Rapidity regulators

Rapidity regulators from pQCD/TMD

Many new regulators for rapidity divergences have been proposed by the TMD and
SCET communities in the last 15 years

Some of them should be suitable as well in the context of low 2 physics/CGC, for
example:

Chiu, Jain, Neill, Rothstein, 2011-2012

Becher, Neubert, 2011

Ebert, Moult, Stewart, Tackmann, Vita, Zhu, 2019

Such rapidity regulators have been used for CGC observables, but in the language of
SCET, in Liu, Kang, Liu, 2020; Liu, Xie, Kang, Liu, 2022

A similar rapidity regulator has been proposed for CGC in LFPT in Liu, Ma, Chao, 2019,
at the level of each energy denominator
— By experience, does not seem to work in full generality
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Rapidity regulators

Using rapidity regulators in NLO CGC calculations

3 versions of rapidity regularisation:

Introduce a factor in the loop integrand (with gluon momentum k)

e regulator in kt: <%)n (inspired by Chiu, Jain, Neill, Rothstein, 2011-2012)

AT _\"
® regulator in k~: <Z—,> ~ (2]“;2” )
" kT o 3 2(k+)%v— 3
® pure rapidity regulator: (FZT) ~ (W) (Ebert, Moult, Stewart,
Tackmann, Vita, Zhu, 2019)

In the 3 cases, transforms divergent dk*/k* integrals over k™ into dk™ (k)17
Analogy with dim.reg. : 7 < e and v+ & o
Order of limits: take 7 — 0 at finite €, and later expand in e.

= 1 regulates only rapidity/low « div., whereas € regulates also soft div.

Aim: revisit the calculation of NLO DIS (Fp, massless quarks) (G.B., 2016-2017) with
the + and — versions of the regulator validate their implementation in CGC in LFPT.

Remark: results with pure rapidity regulator can be obtained from the average of the +
and — versions.
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Rapidity regulators
Using rapidity regulators in NLO CGC calculations

From a diagram with dim. reg. and a rapidity regulator: typical expression for rapidity
sensitive terms of the form

1
I(en) = /O dE € F(E e, )

with £ the k™ momentum fraction of the gluon in the loop.

Expansion around 1 = 0 at finite e:

1 1
I(en) = /0 dE € (0, em) + /0 de € [f(€.em) — £(0, )]

R bdg L
1y € ‘ €,n = 1 —dg €

= 1) pole and scheme dependent terms, and + prescription
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Y7, — q9G LFWF at one loop

Quark off-shell self-energy diagram

One loop corrections to the v; — ¢g Light-Front wave function found to factorize as:

YL—ad VL —9d

WwNLO (1 4 QR asCr VL) wLo

Contribution of quark self-energy diagram / %2(1@@

(@ = 2(1-2)Q?), with dim. reg. only: MN\L

3 . [ 7K 1
VLs E = /0 — [ -2+ 0(5)} 4 12 / (2m)2—2 {K‘Z N %(PZ +@2)]

P2+ Q°
drp2(l—=z)

S|
} [ agea-g[-2+06)]
0

Scale o £ in the denominator of K integral = £~ factor regulating the £ = 0 IR div.
Dim. reg. enough in that case: no rapidity divergence!

Full result, with UV times IR double ¢ pole (with S, = [47 e~ 7E]°):

[

7r—2+—s+3+0()
6 2 ¢

P2+Q’
HA(1-2)
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v7, — qq LFWF at one loop

Vertex correction

3 LFPT diagrams with vertex correction topology:

- e /W e /T
AN ééé A N AN £
& N B N §

Individual diagrams have power divergences at £ = 0 on top of log divergences
But power divergences (and some log) cancel between vertex correction LFPT diagrams

In the total the vertex correction:
® Terms with no potential div at £ = 0 = dim. reg. enough (single ¢ UV pole)

s 2
2

-
z—2) Se | Q 3
VE cone. Ll [—2} ~ 2 rog(1-2) -

rap. safe, 1 I

+§72+O(c)+(z<—>lfz)
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v7, — qq LFWF at one loop

Vertex correction

3 LFPT diagrams with vertex correction topology:

- e /W Ve /T
/\\/\/\/\/\/ & /\/\/\/\/\/ C&é\ /\/\/\/\/\/ z
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Individual diagrams have power divergences at £ = 0 on top of log divergences
But power divergences (and some log) cancel between vertex correction LFPT diagrams

In the total the vertex correction:
® Terms with no potential div at £ = 0 = dim. reg. enough (single ¢ UV pole)
® Terms of the same type as quark self-energy = dim. reg. enough (double e pole)
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v7, — qq LFWF at one loop

Vertex correction

3 LFPT diagrams with vertex correction topology:

D C
{ & %\
AAAN & ANAN N
.
N )

Individual diagrams have power divergences at £ = 0 on top of log divergences
But power divergences (and some log) cancel between vertex correction LFPT diagrams

In the total the vertex correction:
e Terms with no potential div at £ = 0 = dim. reg. enough (single ¢ UV pole)

e Terms of the same type as quark self-energy = dim. reg. enough (double € pole)
® Terms with potential div at £ = 0 but finite K integral:

VL

V. corr.

_ . [ d**K 1
B =4 00 [ o T AR T DT A

Dim. reg. insufficient in such term: Rapidity regulator needed!

Remark need to calculate the finite integral By with full ¢ dependence because of
the ordering of limits.
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v7, — qq LFWF at one loop

Rapidity singular contribution with n+ regulator

Introducing the factor (£zq™ /v ™), performing the K integral thanks to Feynman
parametrization, and changing variables:

0
: [(173/) P (liyoéz]ilie [((1*1/) P’ + (lfyC)@Q) +yP? (1+(lzfz))] (24 1-2)

Dim. reg. can regulate the y = 0 div, but rapidity regulator needed for the { = 0 div.

Separating the 7 pole piece and the + prescription piece:

nt 1 [2zgT]" e — 1 L o1—1—
VY conr. :f{ ﬂ] T (14e) [4m 2] [P2+Q2}/dyy =t [(1-y) P2+ Q7]
Bo/& mpole 1LV 0
+ (2 1-2)
+ A21 "¢ 2, A2
= [l +log (%)] {—SE {Q—z} +2 log(P 4 < ) +O(e)}
n v e | w Q
s [P L (P ) L s o o 1os)
_ 5 _ _ vl
€2 2 12 1::2_4_@2 12 € g 8

Note: double pole in € is a consequence of expanding in 7 first, at finite €.
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— qq@ LFWF at one loop

Rapidity singular contribution with n+ regulator

Introducing the factor (£zq™ /v ™), performing the K integral thanks to Feynman
parametrization, and changing variables:

0
< Jamn P2 -0 @] [((1*11) P2+ (1-y0) Q") + yP? (1+(1’i))] +(z e 1-2)

Dim. reg. can regulate the y = 0 div, but rapidity regulator needed for the { = 0 div.
Separating the 7 pole piece and the + prescription piece:

n+ N 1 dC 1 L 2 —1—€
=T (1+4¢) [4mp? — [ dyy e [1+ ]
Bo/&; + prescr. (A+e) [or ] /0 O+ /o vy (1-2)
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_ % [log(l_z)}Q — Lis (— (1—z)> + Lig (%)
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P24+ Q2] ¢
12
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= - log(l—z)é
€
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v7, — qq LFWF at one loop

Rapidity singular contribution with n— regulator

Introducing instead the factor (26zq*v~/K?)", and following similar steps:

® The 7 pole piece is now obtained as

; oo o — —27 € 5 | A2
1 + log <22q 112> |:S€ |:%} + 2 log <P sz ) + O(e):|
7 P21 Q e | u Q

7r2
-+ 00+ 00 + (= ¢ 1-2)

n—

VL

V. corr.

Bo/&; n pole

e Same + prescription piece is obtained as with the rapidity regulator in k™
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g LFWF at one loop

On-loop v; — ¢¢ LFWF in momentum space

Collecting all one-loop corrections to the 77 — g LFWF:
® Result with rapidity regulator in k*:

[ - [2 +2log (7"—1) +log (2(1-2)) - g] {—SE [%2

2

e -
42 log <P§+2Q >+O(£)

€

+%[10g<1iz)]27 %Jr (6+0:) ) + O(e) + O(n)

— Very similar as earlier results with cut-off in k* from G.B., 2016.

® Result with rapidity regulator in £~:

_ _ =27 €
! - |:% + 2log (2(11;/ ) +log (2(1—2)) — §:| |:SE |:Q—2:| + 2log ( 2+Q ) + O(e):|
n 2 € | w Q

—27 € _9\ 12
+ 2 Lisy ( Pziz > — 3 |log PszQ )
P2+Q Q

+% [log( j)]zf ?‘F (5253) +O(e) + O(n)

— New: double pole in ¢, and non-trivial dependence on relative momentum P of the
dipole.
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v7, — qq LFWF at one loop

On-loop v; — g¢ LFWF in mixed space

Taking Fourier transform from P to dipole size x;:

One loop corrections to the v — qg LFWF still factorizes in mixed space:

GNLO  _ asCr &, $LO
\I’WZ*NI?_(I-F 2 V) VL9

e With rapidity regulator in k™:

[ ( ) +log (2(1—2)) — =
1
2

+ [1og(1zz)]2— 5 +(5+5)+O()+0(n)

mﬁxme

]M[

® With rapidity regulator in k= (with ¢y = 2e775):

- 2 2 (- €
vl = - [— + 2log (%) +log (z2(1—2)) — } fa-9 [ru?x3,]
n cg €
Se [x2 1 ] 1[ ( z )]2 (54,.5)
2— - — |1 — (@] (@]
23 { e + 3 |8 {1 5 +0(e) + O(n)

Differences: double pole term in ¢, and scale for rapidity/lowrz log:
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Y7, — 94 LFWF at one loop

On-loop v; — g¢ LFWF in mixed space

qq contribution to FJ, structure function at NLO:

d2-2x, [ d>~2¢x
(2m)? (2m)?

An22x2. \ © o Cp -
x (%) [K (Q|x01|)]2 (1+ O‘-TFVL)

e With rapidity regulator in k™

1
FL\@:mQ‘lNcZe;/ de22(1-2)2 X R (1 So1]
7 0

1';L

= [2aes(% )+1og<z<1 9 = 5] = ()

2
om0 ("”5 +0(e) + O(n)

e With rapidity regulator in k= (with ¢y = 2e778):

~ |7 2 2¢tv—x2 T'(l1—e 5 e
vl = - {E+210g<07201>+10g(z(1 z)) — ] (e ) [ xél}
0
Se [x2,1 1 z 2 r (5+46s)
o (] sl ()] -5 O ve0ro
t2a [ @ | taleli 3T 2 (e) +00m

Differences: double pole term in €, and scale for rapidity/low a:log.
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qq@g contribution to NLO F'p,

qqg contribution to F: Rapidity safe terms

Other contributions to F7, at NLO at low 2g;: qgg Fock state scattering on the target

Can be split into regular terms and potentially log divergent terms at £ =0
Regular terms at £ = 0 don't need rapidity regularization = same results as G.B., 2017

Reminder: UV divergent terms for gluon close to the quark (x2 — xg) or to the
antiquark (x2 — x1) have a ¢q dipole form, thanks to
— should cancel with UV divergences from the genuine ¢q Fock state contribution

® Extract UV divergent contribution (to be combined with the ¢G
contribution)

~ 38, [x2,u2]°¢ d,
L _ € 01 s
Vaidg ¢ regs UV =~ 53 [ 2 ] -5 +0(

® Same UV-subtracted leftover from the terms regular terms at £ =0 as in G.B.,
2017
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qq@g contribution to NLO F'p,

qqg contribution to F: Rapidity safe terms

oy A

o

® Same UV-subtracted leftover from the terms regular terms at £ = 0 as in G.

2017:
dg reg. Qs ! 2x - :
L qdg reg —1602 N, <%)¥e? /o dzz(lfz)/(dQT)(; (dQ:)IZ/d x2/ d¢

X20 (@,Eﬂ { [Ko (QX012)}2R0 {175‘(()?)2] (x2 — xo )}

— 24 .
{( 9 [xzo x5, X3,
+¢ );22(; :;1 [Ko (QX012)} {1*5(()?)2] } +0(e) + (¢ @)

[k+k+x01 + k3 ki x3o + k+k+x21] = 2(1—2)(1—€)x3; + 226(1—€)x3y + 2(1—2)éx3,

1
X1z =
qt)?
3 _ 1 b a
Sty = NCr Tr(t Ur(xo0)t UF(xl)T) Ua(x2)ba

Term (g <> q): similar integrand, up to the exchanges xg <+ x; and z <> 1 — 2

= same contribution to F, after the integrations.
Sept. 24, 2025
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qq@g contribution to NLO F'p,

qqg contribution to F7: Rapidity sensitive terms

Rapidity divergent piece of the ¢gg contribution:

1
FLI‘{‘}‘gfg—QNCZef/ dz22(1- z>2/d2 2x /d2 2x ‘“Cp/fﬂ 2ex

x Re [1-553)] /0 dgg {IT@P ~ Re (T (@) 1) } + (4 5 D

with Fourier integral (and similar for 77 (b))

J2-2p czP~(x01+£x20)/ d2-2€K KJ ¢iKx20

79 (a) = p2¢ -
(a) =p emF (p24 oY) (2m)2—2¢ [K2+ %(P2+62)]

Remark on implementation of k£~ rapidity reg. : different K gluon momentum before
and after the target
= Insert the factor (26zqTv~/K2)?% in each integral Z9(a) or Z9 (b).

Observation: taking £ = 0 in Z7(a) is equivalent to focusing on its UV regime xs — Xq
(and K — +00).
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qq@g contribution to NLO F'p,

qqg contribution to F: + prescription piece

Both rapidity regulators in k™ and k£~ lead to the same + prescription contribution:

g 16Q* ! C
FL|% eser. :722 NcZe?/ dzzz(lfz)r‘)/d2_2‘x0/d2_2‘x1 LSﬂ_F /d2_2‘xz
f

x Re [1—532)2}/ d&W{QJ(G)P Re (T7 (a)*T7 (1)) }+(q<—>q)

But subtracting the & = 0 value of the bracket simultaneously subtracts its UV behavior
= Fully finite contribution, can take ¢ = 0:

X230 \X20

x Re [1-5{1] 2/01 % { [Ko <§\/(1—5)ng +éx2, + “(Ef' >>x20> ]2 - [0 (@\Xm\)r} + (g4 Q)

G 1 d?xq d?x; asC d?xs [x: X X
qq9 — 4 § 2 2 2 sUF 2 20 20 21
el preser. = 107 Ne ef/o dzz(1=2) (2m)? 2m)?2 = / 2 |:T (T B 7%1)]
!

However, in the regime of large daughter dipoles x2, ~ x3, >> x3,, the £ integration
gives a large collinear log(x3,/x2,).
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qq@g contribution to NLO F'p,

qqg contribution to F7: UV term from the 1 pole

From the rapldlty sensitive ¢gg term, apart from the + prescrlptlon piece, one gets the

7 pole piece:
Contains UV divergences that can be isolated into a dipole-like combination by writing

( 5012):(1—801) (301—5012>

® With rapidity regulator in k:

qug 7 pole.; UV

n+ . ! _
- [75] +2log (%) +log (z(l—z))] me ) [ru?x21] + O(e) + O(n)
® With rapidity regulator in k™:

oL
qu’g: n pole.; UV

n- 2 2
- {  2log (#) +10g<z(1_z>>] LA=9 (22 e
n

<t
b x2, 1% 2
[%} + 7 +0(0+ 0

[
0

T

In both cases: total dipole-like contribution to NLO F, (¢G terms + dipole-like UV
terms from ¢gg):

- 1 2 72 5
V\:otal:§ log > 7Z+§+O(e)+0(n)

Same result, finite, as with cut-off in k*, G.B., 2017.
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qq@g contribution to NLO F'p,

UV subtracted 7 pole piece with n+ regulator

Expanding in 77 and then taking € = 0 in the leftover contribution, in the case of rapidity
regulator in k™

d?xg [ d?x;
(2m)2 ) (2m)?

’ll + log (L f(l 72))} +O(e) + O(n)

o 1 _ 2
FLITT 500y qap, = 16Q7 Ne D~ ef /0 dzz*(1-2)° / [Ko (@fxo1]) |
f

20sCp [ d?x2 %3
x S71‘/72 2 012 Re [801—83?)2]
2T X50X3

™

Need to define a rapidity subtracted (or renormalized) dipole operator to absorb the 1/7
into the LO, as

_ 1 2a5Cp d?x xgl (3)
So1rap. sub. =501 |unsub. + i {/ Py Re [501*5012} +0(¢)

The rapidity subtracted dipole operator should then depend on /™, according the
standard BK equation.

Natural scale choice: " = ¢ /2(1—2), to resum low x leading logs.

However: large collinear logs mentioned earlier for large daughter dipoles
X2y ~ x3, > x3; still there.
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qq@g contribution to NLO F'p,

UV subtracted 7 pole piece with n— regulator

Expanding in 1 and then taking ¢ = 0 in the leftover contribution, in the case of rapidity
regulator in k~:

ag ; 5 1 5 d?x d?x — 2
qq9 ; n— — -4 2 2 2 0 1
FL899507 0 o = 16Q NC;ef/U @217 [ £ [ oo [Ko (Q|x01\)]

2a5C d?xs : 1 2zqT 1 %3 5 5 5
“ J/ﬁ Re [ -5(3)] { {, Flog (w)} [L;U (L;U _ L;lﬂ
™ 27 n < X590 \X39 Xp;

+ H + log (m)} [XA (XA - @ﬂ } Towrom

2 2 2
] X231 \X1 X3

o

After similar rapidity subtraction of dipole operator, it should depend on v, according
the standard BK equation.
Results reminiscent of Liu, Xie, Kang, Liu, 2022 for NLO single jet in pA from SCET.

Natural scale choice: v~ = ¢//(2¢"\/=(1—=2)x,), to resum low z leading logs.

Leftover after this choice: terms in log(x3,/x3,) and in log(x3, /x3,):
e Cancel the large collinear logs mentioned earlier for large daughter dipoles
X3 ~ X31 > X{
® Become new large anticollinear logs in the small daughter dipole regimes
X3 < X3 ~ Xp) Of X3 < X35 ~ Xp
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Conclusion

Summary and comments

® Rapidity regulators used to rederive:
® v} — qq LFWF at one loop
® DIS structure function F, at NLO

— Shows the feasibility of NLO CGC calculations with these rapidity regulators
from the SCET/TMD communities

In this calculation:
e LL BK equation recovered, with either scale v+ or v~ as evolution variable (or
rapidity), depending on the type of rapidity regulator used

® Expected scheme-dependent pattern of large (anti)collinear logs recovered

Using these rapidity regulators: new insights on (anti)collinear logs in BK/JIMWLK and
their resummation?

To be done:

® Case of DIS structure function Fp at NLO : calculations ongoing
® |ow z evolution from operator definition with these rapidity regulators
® |ess inclusive observables
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