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• Introduction to the scattering amplitudes frontier 

• Exploiting dispersion relations and unitarity at the integrated level of amplitudes 

• Constraining Feynman integrals to a functionally distinct finite basis 

• Exploiting singularity cancellation to make amplitudes locally finite 

• Outlook
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Presentation plan
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Overview
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Scattering amplitudes

cosmological correlators post-Minkowskian gravity

 super Yang Mills𝒩 = 4 collider phenomenology

and more ...
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Amplitudes for LHC phenomenology

cross section = 

amplitude contribution
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Amplitude =  Feynman diagramsΣ

often thousands in modern applications

...
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Amplitude structures

[PB, Caola, Manteuffel, 
 Tancredi 2111.13595]

often millions 
in modern applications

https://arxiv.org/abs/2111.13595
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QCD amplitudes frontier

• 2-point : 5-loop (  function) 
[Herzog, Ruijl, Ueda, Vermaseren, Vogt 1701.01404] 

• 3-point : 4-loop (form factors) 
[Lee, Manteuffel, Schabinger, Smirnov, Smirnov, Steinhauser 2202.04660] 

• 4-point : 3-loop ( 1-off shell) 
[PB, Caola, Chakraborty, Gambuti, Manteuffel, Tancredi] 
[Gehrmann, Jakubčík, Mella, Syrrakos, Tancredi] 
[Chen, Guan, Mistlberger] 

• 5-point : 2-loop (multiscale) 
[Abreu, Badger, Brancaccio, Buccioni, Chawdhry, Chicherin, Cordero, Czakon, 
Devoto, Gambuti, Ita, Manteuffel, Mitov, Page, Peraro, Poncelet, Sotnikov, Tancredi, 
Zoia, ...] 

• 6-point : 1-loop (numerical, automated) 
[Blackhat, GoSam, MadLoops, OpenLoops, Rocket, ...]

β

≤

≥

https://arxiv.org/abs/1701.01404
https://arxiv.org/abs/2202.04660
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Feynman integrals frontier

[Abreu, Chicherin, Ita, Page, Sotnikov,  
Tschernow, Zoia 2306.15431]

[Cordero, Figueiredo, Kraus, 
 Page, Reina 2312.08131]

[Abreu, Monni, Page, Usovitsch 2412.19884] 
[Henn, Matijašić, Miczajka,  

Peraro, Xu, Zhang 2501.01847]
[Badger, Becchetti, Giraudo,  

Zoia 2404.12325]

[Gehrmann, Henn, Jakubčík, Lim, Mella,  
Syrrakos, Tancredi, Bobadilla 2410.19088]

[PB 2403.18047]

https://arxiv.org/abs/2306.15431
https://arxiv.org/abs/2312.08131
https://arxiv.org/abs/2412.19884
https://arxiv.org/abs/2501.01847
https://arxiv.org/abs/2404.12325
https://arxiv.org/abs/2410.19088
https://arxiv.org/abs/2403.18047
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Computational complexity

limits, 
Landau singularities integrand-hedra

modern directions 
to physical processes

S-matrix, 
bootstrap

color, tensor 
reduction

special functions, 
geometries

cuts, 
discontinuities numerical evaluation

UV, IR singularities

differential equations IBP reduction

focus 
in this talk



Exploiting the analytic amplitude structure

Piotr Bargieła                                                                                                                                                                                  Integrated Unitarity

[PB 2403.18047]

https://arxiv.org/abs/2403.18047
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Introducing Integrated Unitarity

can we use exploit 
the analytic structure earlier 

?

YES : Integrated Unitarity

• dispersion relations : discontinuities algorithmic 

• cut canonical differential equations (DEQ) : algorithmic in dimReg 
 

• Generalized Unitarity @ integrated level : constrains both Master Integrals (MIs) and their coefficients using cuts 

• less subsectors, less MIs, simpler DEQ and IBP system

[see Appendix for technical definitions]

differential equations 
for Master Integrals

IBP reduction 
of the amplitude

standard amplitude workflow

combination 
simplifies

analytic 
 

structure
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Generalized VS Integrated Unitarity

𝒜(1) ∼ ∫
ddk

(2π)d

𝒩(k)
𝒟1(k) 𝒟2(k) 𝒟3(k) 𝒟4(k)

= r1234 ∫
ddk

(2π)d

1
𝒟1(k) 𝒟2(k) 𝒟3(k) 𝒟4(k)

+ subsectors

Cut1234 𝒜(1) ∼ ∫
ddk

(2π)d
𝒜(0)

1 (k) 𝒜(0)
2 (k) 𝒜(0)

3 (k) 𝒜(0)
4 (k) δ+(𝒟1(k)) δ+(𝒟2(k)) δ+(𝒟3(k)) δ+(𝒟4(k)) = r1234 ∫

ddk
(2π)d

δ+(𝒟1(k)) δ+(𝒟2(k)) δ+(𝒟3(k)) δ+(𝒟4(k))

r1234 =
1
2 ∑

2 cut solns k*

𝒜(0)
1 (k*) 𝒜(0)

2 (k*) 𝒜(0)
3 (k*) 𝒜(0)

4 (k*)

consider a toy 1-loop amplitude

cut all 4 propagators

∫
ddk

(2π)d

1
𝒟1(k) 𝒟2(k) 𝒟3(k) 𝒟4(k)

Cut1234 𝒜(1) = r1234 ∫
ddk

(2π)d
δ+(𝒟1(k)) δ+(𝒟2(k)) δ+(𝒟3(k)) δ+(𝒟4(k))

𝒜(1)(s, u) ∼ ∫
∞

0

ds′￼
s′￼− s ∫

∞

0

du′￼
u′￼− u

Cut1234 𝒜(1)(s′￼, u′￼)

can compute integral coefficient

scalar integral remains to be computed

compute cut amplitude

can reconstruct whole amplitude

Generalized Unitarity Integrated Unitarity
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Dispersion relation

𝒜(z) =
1

2π i ∮C

𝒜(x)dx
x − z

piecewise contour

𝒜(z) = c∞ +
1

2π i (∫
∞

0
Disc0 + ∫

∞

1
Disc1) 𝒜(x)dx

x − z

𝒜(z) = 𝒜0 +
1

2π i (∫
∞

0
Disc0 + ∫

∞

1
Disc1) ( 1

x − z
−

1
x − z0 ) 𝒜(x)dx

𝒜(z) = 𝒜0 +
1

2π i (∫
∞

0
Cutt + ∫

∞

1
Cutu) ( 1

x − z
−

1
x − z0 ) 𝒜(x)dx

cancel constant from infinite arc

unitarity

Cauchy's integral formula

[Cutkosky, Mandelstam, Eden,  
Landshoff, Olive, Polkinghorne,  

Remiddi, van Neerven, Kniehl, Sirlin]

x = −
t
s

4-point massless
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Dispersion relation

expressing cuts as phase space integrals

𝒜(z) = 𝒜0 +
1

2π i (∫
∞

0
Cutt + ∫

∞

1
Cutu) ( 1

x − z
−

1
x − z0 ) 𝒜(x)dx

𝒜(z) = 𝒜0 +
1

2π i (∫
∞

0
∑

{ci}∈𝒞t
∫ dPSt,{ci} 𝒜t,{ci},L 𝒜*t,{ci},R

+∫
∞

1
∑

{cj}∈𝒞u
∫ dPSu,{cj} 𝒜u,{cj},L 𝒜*u,{cj},R)( 1

x − z
−

1
x − z0 ) dx

1
2πi

∫∞
1

∑

{cj}

(

1
x−z −

1
x−z0

)

dx(z) =

2

1

3

4

2

1

1

2

3

2

+

4

1

(x)

{cj}

diagrammatically, in the planar case
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Integrated Unitarity : 3 methods

A. explicit integration : convergent e.g. for canonical MIs 
                                  subtraction terms needed for full amplitude 
 

B. ansatz reconstruction with 2 discontinuities + # evaluations :  
 
 
 

C. ansatz reconstruction with 3 discontinuities : 

S(x) =
(1 − x)pxq

(x − z1)r

𝒜(z) = 𝒜0 +
1

2π i (∫
∞

0
Cutt + ∫

∞

1
Cutu) ( 1

x − z
−

1
x − z0 ) 𝒜(x)dx

𝒜(x) → S(x) 𝒜(x)

Disc0 𝒜 = Cutt 𝒜
Disc1 𝒜 = Cutu 𝒜
𝒜(zi) = 𝒜i

𝒜(z) = ϵ# ∑
n≥0

ϵn ∑
⃗α : | ⃗α|≤n

rn, ⃗α(z) G( ⃗α , z)

Disc0 𝒜 = Cutt 𝒜
Disc1 𝒜 = Cutu 𝒜
Disc∞ 𝒜 = Cuts 𝒜

𝒜(z) = ϵ# ∑
n≥0

ϵn ∑
⃗α : | ⃗α|≤n

rn, ⃗α(z) G( ⃗α , z)

−Res
x→z1

𝒜(x) S(x)( 1
x − z

−
1

x − z0 )

unknowns

[Bourjaily, Hannesdottir, McLeod,  
Schwartz, Vergu 2007.13747]

https://arxiv.org/abs/2007.13747
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Integrated Unitarity : example

Mc
i ∈ {ϵ(2ϵ − 1) I1,0,1,0 , ϵ(2ϵ − 1) I0,1,0,1 , ϵ2(x − 1) I1,1,1,1}

CutsMc
i ∈ {ϵ(2ϵ − 1) I1,0,1,0;1,3, 0, ϵ2(x − 1) I1,1,1,1;1,3}

CutuMc
i ∈ {0, ϵ(2ϵ − 1) I0,1,0,1;2,4, ϵ2(x − 1) I1,1,1,1;2;4}

∂xMc
i (x, ϵ) = ϵ Ac

ij(x) Mc
j (x, ϵ)

∂xCutsMc
i (x, ϵ) = ϵ Ac,s

ij (x) CutsMc
j (x, ϵ)

∂xCutuMc
i (x, ϵ) = ϵ Ac,u

ij (x) CutuMc
j (x, ϵ)

CuttMc
i ∈ {0, 0, 0} ∂xCuttMc

i (x, ϵ) = 0

3 methods

cut DEQ

Mc
i (z) = Mc

i,0 +
1

2π i ∫
∞

1 ( dx
x − z

−
dx
x ) CutuMc

i (x)
Disc0Mc

i = CuttMc
i

Disc1Mc
i = CutuMc

i

Mc
i (0) = Mc

i,0

A. explicit integration B. ansatz + 2cuts + 1pt C. ansatz + 3cuts

Mc
i (z) = ϵ−2 ∑

n≥0

ϵn ∑
⃗α : | ⃗α|≤n

cn, ⃗α G( ⃗α , z)

cut MIs

Disc0Mc
i = CuttMc

i

Disc1Mc
i = CutuMc

i

Disc∞Mc
i = CutsMc

i

αk ∈ {0,1}

ansatz computed

unknowns
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Integrated Unitarity : further checks

• 2-loop planar (#MIs : 8  5) 
 

• 2-loop nonplanar (#MIs : 12  2+6) 
 

• 3-loop planar ladder (#MIs : 26  17)

→

→

→

Master Integrals (from DEQ)

• 1-loop gg  gg (#INTs : /~2 per cut) 

• 2-loop gg  gg planar (#INTs : /~8 per cut) 

• 2-loop gg  gg nonplanar (#INTs : /~4 per cut)

→

→

→

Amplitudes (from form factor method)
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New application : four-loop ladder

• 22 generalized propagators = 13 denominators + 9 ISPs 

• cut u : 5 propagators 

• IBP : 59 MIs  (LiteRed + Kira) 

• canonical DEQ :  (CANONICA + MultivariateApart + FiniteFlow) 

• canonical general solution :  (PolyLogTools + in-house) 

• regularity constraints on BCs  : 59  5 (in-house) 

• 5 remaining BCs : weight 7 (AMFlow) 

• method B :  (in-house)

CutuMc
i

Ac
ij(x) =

aij

x
+

bij

1 − x

Mc
u(x, ϵ) = ℙeϵ ∫ Ac(x)dxMc

u,0(ϵ)

Mc
u,0(ϵ) →

Disc0Mc
i = CuttMc

i = 0 & Disc1Mc
i = CutuMc

i

 , , , , ,

, , , , ,

, , , , ,

, , , , ,

, , , , 

procedure

fixed all HPL coefficients to weight 8
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New application : four-loop ladder

((1.295358800817136032 → 107 ↑ 2.0215509232332160170 → 108i)G(1; x) ↑ (4916.0033092753716635 ↑ 925.8911388065244199i)G(0, 1; x) + (10416.080957097170424 ↑ 15906.092881729127694i)G(1, 1; x) + (224.32883087376640869 ↑ 58.93712447716531692i)G(0, 0, 1; x) ↑ (4872.8054889885424783 ↑ 648.3083692488184862i)G(0, 1, 1; x) ↑ (6848.2665281193484352 + 512.2996204553600625i)G(1, 0, 1; x) + (18326.117849612906352 ↑ 517.399948535114753i)G(1, 1, 1; x) ↑ (150.44292948584820862 + 306.58555238775811142i)G(0, 0, 0, 1; x)

+ (907.2273861240918352 + 1689.5773142537034608i)G(0, 0, 1, 1; x) + (1714.4000021984428954 + 4022.5367183722277758i)G(0, 1, 0, 1; x) ↑ (7177.7271696981104554 + 7412.8806006164141904i)G(0, 1, 1, 1; x) + (267.3338387266511333 + 5190.6948084920068573i)G(1, 0, 0, 1; x) ↑ (10918.717297952120107 + 11669.272722087333372i)G(1, 0, 1, 1; x) ↑ (10996.404054505164026 + 14149.930275531346997i)G(1, 1, 0, 1; x) + (31185.340107330261758 + 23864.440369803302921i)G(1, 1, 1, 1; x) ↑ (56.897360082887462842 ↑ 34.451418533666466862i)G(0, 0, 0, 0, 1; x)

+ (256.61688851155190596 ↑ 289.39191568279832164i)G(0, 0, 0, 1, 1; x) + (540.12423515304436557 ↑ 1005.98142118306083236i)G(0, 0, 1, 0, 1; x) ↑ (1197.0705930427841165 ↑ 1998.1822749526550780i)G(0, 0, 1, 1, 1; x) + (2155.6887129995390852 ↑ 1750.1320615102565166i)G(0, 1, 0, 0, 1; x) ↑ (3242.5262359599841109 ↑ 7028.0893808679592398i)G(0, 1, 0, 1, 1; x) ↑ (3612.5816796289673591 ↑ 6669.7946281178279844i)G(0, 1, 1, 0, 1; x) + (5714.3113938644535452 ↑ 12402.5106721199280702i)G(0, 1, 1, 1, 1; x)

+ (821.40555049238942836 ↑ 654.57695213966287037i)G(1, 0, 0, 0, 1; x) ↑ (4298.7335682028809563 ↑ 5622.4715046943673918i)G(1, 0, 0, 1, 1; x) ↑ (5357.9683030166982615 ↑ 11754.8240036869984932i)G(1, 0, 1, 0, 1; x) + (11201.389512405700822 ↑ 21635.490839142541189i)G(1, 0, 1, 1, 1; x) ↑ (6079.2024449124548327 ↑ 9439.6886782246119201i)G(1, 1, 0, 0, 1; x) + (14337.778575879297053 ↑ 28443.091141395035041i)G(1, 1, 0, 1, 1; x) + (13524.742903082981836 ↑ 32580.706507288377711i)G(1, 1, 1, 0, 1; x)

↑ (24674.399448026777157 ↑ 58402.044698271394624i)G(1, 1, 1, 1, 1; x) + 16.449340668482264365G(0, 0, 0, 0, 0, 1; x) ↑ 86.267653283595875335G(0, 0, 0, 0, 1, 1; x) ↑ 348.72602217182400453G(0, 0, 0, 1, 0, 1; x) + 426.95177557305077284G(0, 0, 0, 1, 1, 1; x) ↑ 875.10492356325646420G(0, 0, 1, 0, 0, 1; x) + 1612.7664673187500084G(0, 0, 1, 0, 1, 1; x) + 1921.2829900787284778G(0, 0, 1, 1, 0, 1; x) ↑ 2035.3317520468721774G(0, 0, 1, 1, 1, 1; x) ↑ 875.10492356325646420G(0, 1, 0, 0, 0, 1; x) + 4218.3420292063406838G(0, 1, 0, 0, 1, 1; x) + 6092.8357836058307207G(0, 1, 0, 1, 0, 1; x)

↑ 7322.5153838008159945G(0, 1, 0, 1, 1, 1; x) + 5448.0216294013259576G(0, 1, 1, 0, 0, 1; x) ↑ 9025.9359952480904821G(0, 1, 1, 0, 1, 1; x) ↑ 11277.667962311440448G(0, 1, 1, 1, 0, 1; x) + 9451.4256072061650537G(0, 1, 1, 1, 1, 1; x) ↑ 312.53747270116302293G(1, 0, 0, 0, 0, 1; x) + 1520.6501595752493279G(1, 0, 0, 0, 1, 1; x) + 4967.7008818816438381G(1, 0, 0, 1, 0, 1; x) ↑ 7164.6017133833862566G(1, 0, 0, 1, 1, 1; x) + 9481.3999613131771798G(1, 0, 1, 0, 0, 1; x) ↑ 14943.312145056777050G(1, 0, 1, 0, 1, 1; x) ↑ 19252.308318391642212G(1, 0, 1, 1, 0, 1; x)

+ 18563.629255737851411G(1, 0, 1, 1, 1, 1; x) + 6296.8076078950107988G(1, 1, 0, 0, 0, 1; x) ↑ 14737.147075345132670G(1, 1, 0, 0, 1, 1; x) ↑ 25160.911486510471572G(1, 1, 0, 1, 0, 1; x) + 28307.487585939256720G(1, 1, 0, 1, 1, 1; x) ↑ 25884.682475923691204G(1, 1, 1, 0, 0, 1; x) + 39194.026781244563327G(1, 1, 1, 0, 1, 1; x) + 51532.494446221237802G(1, 1, 1, 1, 0, 1; x) ↑ 49783.746762709701075G(1, 1, 1, 1, 1, 1; x) ↑ 3.4906585039886591538iG(0, 0, 0, 0, 0, 0, 1; x) + 13.962634015954636615iG(0, 0, 0, 0, 0, 1, 1; x) + 60.039326268604937446iG(0, 0, 0, 0, 1, 0, 1; x)

↑ 55.850536063818546462iG(0, 0, 0, 0, 1, 1, 1; x) + 185.70303241219666698iG(0, 0, 0, 1, 0, 0, 1; x) ↑ 240.15730507441974978iG(0, 0, 0, 1, 0, 1, 1; x) ↑ 332.31068957972035145iG(0, 0, 0, 1, 1, 0, 1; x) + 223.40214425527418585iG(0, 0, 0, 1, 1, 1, 1; x) + 185.70303241219666698iG(0, 0, 1, 0, 0, 0, 1; x) ↑ 742.81212964878666794iG(0, 0, 1, 0, 0, 1, 1; x) ↑ 1027.6498635742612549iG(0, 0, 1, 0, 1, 0, 1; x) + 960.62922029767899914iG(0, 0, 1, 0, 1, 1, 1; x) ↑ 1010.8947027551156910iG(0, 0, 1, 1, 0, 0, 1; x) + 1329.2427583188814058iG(0, 0, 1, 1, 0, 1, 1; x)

+ 1840.2751633028211059iG(0, 0, 1, 1, 1, 0, 1; x) ↑ 893.60857702109674338iG(0, 0, 1, 1, 1, 1, 1; x) + 185.70303241219666698iG(0, 1, 0, 0, 0, 0, 1; x) ↑ 742.81212964878666794iG(0, 1, 0, 0, 0, 1, 1; x) ↑ 2435.0833723824886257iG(0, 1, 0, 0, 1, 0, 1; x) + 2971.2485185951466718iG(0, 1, 0, 0, 1, 1, 1; x) ↑ 3415.2602803025041161iG(0, 1, 0, 1, 0, 0, 1; x) + 4110.5994542970450196iG(0, 1, 0, 1, 0, 1, 1; x) + 5936.9119835839114889iG(0, 1, 0, 1, 1, 0, 1; x) ↑ 3842.5168811907159966iG(0, 1, 0, 1, 1, 1, 1; x) ↑ 2317.7972466484696782iG(0, 1, 1, 0, 0, 0, 1; x)

+ 4043.5788110204627638iG(0, 1, 1, 0, 0, 1, 1; x) + 6615.4959967593068284iG(0, 1, 1, 0, 1, 0, 1; x) ↑ 5316.9710332755256231iG(0, 1, 1, 0, 1, 1, 1; x)+ 6816.5579265890535956iG(0, 1, 1, 1, 0, 0, 1; x) ↑ 7361.1006532112844236iG(0, 1, 1, 1, 0, 1, 1; x) ↑ 10041.926384274574654iG(0, 1, 1, 1, 1, 0, 1; x) + 3574.4343080843869735iG(0, 1, 1, 1, 1, 1, 1; x) + 66.322511575784523923iG(1, 0, 0, 0, 0, 0, 1; x) ↑ 265.29004630313809569iG(1, 0, 0, 0, 0, 1, 1; x) ↑ 914.55252804502869831iG(1, 0, 0, 0, 1, 0, 1; x) + 1061.1601852125523828iG(1, 0, 0, 0, 1, 1, 1; x)

↑ 2171.1895894809459937iG(1, 0, 0, 1, 0, 0, 1; x) + 3658.2101121801147932iG(1, 0, 0, 1, 0, 1, 1; x) + 5484.5226414669812625iG(1, 0, 0, 1, 1, 0, 1; x) ↑ 4244.6407408502095311iG(1, 0, 0, 1, 1, 1, 1; x) ↑ 4156.6761465496953204iG(1, 0, 1, 0, 0, 0, 1; x) + 6975.7319543709364530iG(1, 0, 1, 0, 0, 1, 1; x) + 10703.755236630824429iG(1, 0, 1, 0, 1, 0, 1; x) ↑ 9003.1064134875496896iG(1, 0, 1, 0, 1, 1, 1; x) + 10988.592970556299016iG(1, 0, 1, 1, 0, 0, 1; x) ↑ 12890.303723529320523iG(1, 0, 1, 1, 0, 1, 1; x) ↑ 17598.503913709223990iG(1, 0, 1, 1, 1, 0, 1; x)

+ 8936.0857702109674338iG(1, 0, 1, 1, 1, 1, 1; x) ↑ 2631.9565120074490020iG(1, 1, 0, 0, 0, 0, 1; x) + 4697.0300829671397574iG(1, 1, 0, 0, 0, 1, 1; x) + 9304.6993082321698405iG(1, 1, 0, 0, 1, 0, 1; x) ↑ 9941.3954193597012702iG(1, 1, 0, 0, 1, 1, 1; x) + 14230.716589060965638iG(1, 1, 0, 1, 0, 0, 1; x) ↑ 16911.542320124255869iG(1, 1, 0, 1, 0, 1, 1; x) ↑ 23714.137612697354828iG(1, 1, 0, 1, 1, 0, 1; x) + 15638.150097869193009iG(1, 1, 0, 1, 1, 1, 1; x) + 12295.495514449653004iG(1, 1, 1, 0, 0, 0, 1; x) ↑ 18570.303241219666698iG(1, 1, 1, 0, 0, 1, 1; x)

↑ 28261.069379992982241iG(1, 1, 1, 0, 1, 0, 1; x) + 23915.199542527101595iG(1, 1, 1, 0, 1, 1, 1; x) ↑ 30550.243226908744914iG(1, 1, 1, 1, 0, 0, 1; x) + 33934.785712376148830iG(1, 1, 1, 1, 0, 1, 1; x) + 45780.684411512062535iG(1, 1, 1, 1, 1, 0, 1; x) ↑ 25021.040156590708815iG(1, 1, 1, 1, 1, 1, 1; x) ↑ 1.1111111111111111111G(0, 0, 0, 0, 0, 0, 1, 1; x) + 8.8888888888888888889G(0, 0, 0, 0, 0, 1, 1, 1; x) + 19.111111111111111111G(0, 0, 0, 0, 1, 0, 1, 1; x) ↑ 53.333333333333333333G(0, 0, 0, 0, 1, 1, 1, 1; x) + 59.111111111111111111G(0, 0, 0, 1, 0, 0, 1, 1; x)

↑ 152.88888888888888889G(0, 0, 0, 1, 0, 1, 1, 1; x) ↑ 105.77777777777777778G(0, 0, 0, 1, 1, 0, 1, 1; x) + 284.44444444444444444G(0, 0, 0, 1, 1, 1, 1, 1; x) + 59.111111111111111111G(0, 0, 1, 0, 0, 0, 1, 1; x) ↑ 472.88888888888888889G(0, 0, 1, 0, 0, 1, 1, 1; x) ↑ 327.11111111111111111G(0, 0, 1, 0, 1, 0, 1, 1; x) + 917.33333333333333333G(0, 0, 1, 0, 1, 1, 1, 1; x) ↑ 321.77777777777777778G(0, 0, 1, 1, 0, 0, 1, 1; x) + 846.22222222222222222G(0, 0, 1, 1, 0, 1, 1, 1; x) + 585.77777777777777778G(0, 0, 1, 1, 1, 0, 1, 1; x) ↑ 1422.2222222222222222G(0, 0, 1, 1, 1, 1, 1, 1; x)

+ 59.111111111111111111G(0, 1, 0, 0, 0, 0, 1, 1; x) ↑ 472.88888888888888889G(0, 1, 0, 0, 0, 1, 1, 1; x) ↑ 775.11111111111111111G(0, 1, 0, 0, 1, 0, 1, 1; x) + 2837.3333333333333333G(0, 1, 0, 0, 1, 1, 1, 1; x) ↑ 1087.1111111111111111G(0, 1, 0, 1, 0, 0, 1, 1; x) + 2616.8888888888888889G(0, 1, 0, 1, 0, 1, 1, 1; x) + 1889.7777777777777778G(0, 1, 0, 1, 1, 0, 1, 1; x) ↑ 4892.4444444444444444G(0, 1, 0, 1, 1, 1, 1, 1; x) ↑ 737.77777777777777778G(0, 1, 1, 0, 0, 0, 1, 1; x) + 2574.2222222222222222G(0, 1, 1, 0, 0, 1, 1, 1; x) + 2105.7777777777777778G(0, 1, 1, 0, 1, 0, 1, 1; x)

↑ 5077.3333333333333333G(0, 1, 1, 0, 1, 1, 1, 1; x) + 2169.7777777777777778G(0, 1, 1, 1, 0, 0, 1, 1; x) ↑ 4686.2222222222222222G(0, 1, 1, 1, 0, 1, 1, 1; x) ↑ 3196.4444444444444444G(0, 1, 1, 1, 1, 0, 1, 1; x) + 6826.6666666666666667G(0, 1, 1, 1, 1, 1, 1, 1; x) + 21.111111111111111111G(1, 0, 0, 0, 0, 0, 1, 1; x) ↑ 168.88888888888888889G(1, 0, 0, 0, 0, 1, 1, 1; x) ↑ 291.11111111111111111G(1, 0, 0, 0, 1, 0, 1, 1; x) + 1013.3333333333333333G(1, 0, 0, 0, 1, 1, 1, 1; x) ↑ 691.11111111111111111G(1, 0, 0, 1, 0, 0, 1, 1; x) + 2328.8888888888888889G(1, 0, 0, 1, 0, 1, 1, 1; x)

+ 1745.7777777777777778G(1, 0, 0, 1, 1, 0, 1, 1; x) ↑ 5404.4444444444444444G(1, 0, 0, 1, 1, 1, 1, 1; x) ↑ 1323.1111111111111111G(1, 0, 1, 0, 0, 0, 1, 1; x) + 4440.8888888888888889G(1, 0, 1, 0, 0, 1, 1, 1; x) + 3407.1111111111111111G(1, 0, 1, 0, 1, 0, 1, 1; x) ↑ 8597.3333333333333333G(1, 0, 1, 0, 1, 1, 1, 1; x) + 3497.7777777777777778G(1, 0, 1, 1, 0, 0, 1, 1; x) ↑ 8206.2222222222222222G(1, 0, 1, 1, 0, 1, 1, 1; x) ↑ 5601.7777777777777778G(1, 0, 1, 1, 1, 0, 1, 1; x) + 14222.222222222222222G(1, 0, 1, 1, 1, 1, 1, 1; x) ↑ 837.77777777777777778G(1, 1, 0, 0, 0, 0, 1, 1; x)

+ 2990.2222222222222222G(1, 1, 0, 0, 0, 1, 1, 1; x) + 2961.7777777777777778G(1, 1, 0, 0, 1, 0, 1, 1; x) ↑ 9493.3333333333333333G(1, 1, 0, 0, 1, 1, 1, 1; x) + 4529.7777777777777778G(1, 1, 0, 1, 0, 0, 1, 1; x) ↑ 10766.222222222222222G(1, 1, 0, 1, 0, 1, 1, 1; x) ↑ 7548.4444444444444444G(1, 1, 0, 1, 1, 0, 1, 1; x) + 19911.111111111111111G(1, 1, 0, 1, 1, 1, 1, 1; x) + 3913.7777777777777778G(1, 1, 1, 0, 0, 0, 1, 1; x) ↑ 11822.222222222222222G(1, 1, 1, 0, 0, 1, 1, 1; x) ↑ 8995.7777777777777778G(1, 1, 1, 0, 1, 0, 1, 1; x) + 22837.333333333333333G(1, 1, 1, 0, 1, 1, 1, 1; x)

↑ 9724.4444444444444444G(1, 1, 1, 1, 0, 0, 1, 1; x) + 21603.555555555555556G(1, 1, 1, 1, 0, 1, 1, 1; x) + 14572.444444444444444G(1, 1, 1, 1, 1, 0, 1, 1; x) ↑ 34588.444444444444444G(1, 1, 1, 1, 1, 1, 1, 1; x))ω8+ ((↑1721.2146729154373062 + 2370.5621574616726010i)G(1; x) + (224.32883087376640869 ↑ 58.93712447716531692i)G(0, 1; x) ↑ (3774.6671436164267159 + 1560.7003924049354116i)G(1, 1; x) ↑ (150.44292948584820862 + 306.58555238775811142i)G(0, 0, 1; x) + (907.2273861240918352 + 1689.5773142537034608i)G(0, 1, 1; x)

+ (1081.2409104774270533 + 2461.6358220914884859i)G(1, 0, 1; x) ↑ (2871.1630227614915914 + 5457.5585101141977681i)G(1, 1, 1; x) ↑ (56.897360082887462842 ↑ 34.451418533666466862i)G(0, 0, 0, 1; x) + (256.61688851155190596 ↑ 289.39191568279832164i)G(0, 0, 1, 1; x) + (540.12423515304436557 ↑ 1005.98142118306083236i)G(0, 1, 0, 1; x) ↑ (1197.0705930427841165 ↑ 1998.1822749526550780i)G(0, 1, 1, 1; x) + (821.40555049238942836 ↑ 654.57695213966287037i)G(1, 0, 0, 1; x) ↑ (2195.9353589423640197 ↑ 3472.7029881935798597i)G(1, 0, 1, 1; x)

↑ (2501.8811011095022393 ↑ 4313.3176004150416511i)G(1, 1, 0, 1; x) + (4344.5007717750314351 ↑ 9729.0805939074102417i)G(1, 1, 1, 1; x) + 16.449340668482264365G(0, 0, 0, 0, 1; x) ↑ 86.267653283595875335G(0, 0, 0, 1, 1; x) ↑ 348.72602217182400453G(0, 0, 1, 0, 1; x) + 426.95177557305077284G(0, 0, 1, 1, 1; x) ↑ 875.10492356325646420G(0, 1, 0, 0, 1; x) + 1612.7664673187500084G(0, 1, 0, 1, 1; x) + 1921.2829900787284778G(0, 1, 1, 0, 1; x) ↑ 2035.3317520468721774G(0, 1, 1, 1, 1; x) ↑ 312.53747270116302293G(1, 0, 0, 0, 1; x) + 1520.6501595752493279G(1, 0, 0, 1, 1; x)

+ 3270.1289248942741557G(1, 0, 1, 0, 1; x) ↑ 4058.9661951739347446G(1, 0, 1, 1, 1; x) + 3217.4910347551309097G(1, 1, 0, 0, 1; x) ↑ 6236.1278178734984458G(1, 1, 0, 1, 1; x) ↑ 8691.8316092260284903G(1, 1, 1, 0, 1; x) + 11100.746164899320094G(1, 1, 1, 1, 1; x) ↑ 3.4906585039886591538iG(0, 0, 0, 0, 0, 1; x) + 13.962634015954636615iG(0, 0, 0, 0, 1, 1; x) + 60.039326268604937446iG(0, 0, 0, 1, 0, 1; x) ↑ 55.850536063818546462iG(0, 0, 0, 1, 1, 1; x) + 185.70303241219666698iG(0, 0, 1, 0, 0, 1; x) ↑ 240.15730507441974978iG(0, 0, 1, 0, 1, 1; x)

↑ 332.31068957972035145iG(0, 0, 1, 1, 0, 1; x) + 223.40214425527418585iG(0, 0, 1, 1, 1, 1; x) + 185.70303241219666698iG(0, 1, 0, 0, 0, 1; x) ↑ 742.81212964878666794iG(0, 1, 0, 0, 1, 1; x) ↑ 1027.6498635742612549iG(0, 1, 0, 1, 0, 1; x) + 960.62922029767899914iG(0, 1, 0, 1, 1, 1; x) ↑ 1010.8947027551156910iG(0, 1, 1, 0, 0, 1; x) + 1329.2427583188814058iG(0, 1, 1, 0, 1, 1; x) + 1840.2751633028211059iG(0, 1, 1, 1, 0, 1; x) ↑ 893.60857702109674338iG(0, 1, 1, 1, 1, 1; x) + 66.322511575784523923iG(1, 0, 0, 0, 0, 1; x) ↑ 265.29004630313809569iG(1, 0, 0, 0, 1, 1; x)

↑ 914.55252804502869831iG(1, 0, 0, 1, 0, 1; x) + 1061.1601852125523828iG(1, 0, 0, 1, 1, 1; x) ↑ 1743.9329885927341133iG(1, 0, 1, 0, 0, 1; x) + 2250.7766033718874224iG(1, 0, 1, 0, 1, 1; x) + 3222.5759308823301308iG(1, 0, 1, 1, 0, 1; x) ↑ 2234.0214425527418585iG(1, 0, 1, 1, 1, 1; x) ↑ 1174.2575207417849394iG(1, 1, 0, 0, 0, 1; x) + 2485.3488548399253175iG(1, 1, 0, 0, 1, 1; x) + 4227.8855800310639671iG(1, 1, 0, 1, 0, 1; x) ↑ 3909.5375244672982523iG(1, 1, 0, 1, 1, 1; x) + 4642.5758103049166746iG(1, 1, 1, 0, 0, 1; x) ↑ 5978.7998856317753987iG(1, 1, 1, 0, 1, 1; x)

↑ 8483.6964280940372075iG(1, 1, 1, 1, 0, 1; x) + 6255.2600391476772037iG(1, 1, 1, 1, 1, 1; x) ↑ 1.1111111111111111111G(0, 0, 0, 0, 0, 1, 1; x) + 8.8888888888888888889G(0, 0, 0, 0, 1, 1, 1; x) + 19.111111111111111111G(0, 0, 0, 1, 0, 1, 1; x) ↑ 53.333333333333333333G(0, 0, 0, 1, 1, 1, 1; x) + 59.111111111111111111G(0, 0, 1, 0, 0, 1, 1; x) ↑ 152.88888888888888889G(0, 0, 1, 0, 1, 1, 1; x) ↑ 105.77777777777777778G(0, 0, 1, 1, 0, 1, 1; x) + 284.44444444444444444G(0, 0, 1, 1, 1, 1, 1; x) + 59.111111111111111111G(0, 1, 0, 0, 0, 1, 1; x) ↑ 472.88888888888888889G(0, 1, 0, 0, 1, 1, 1; x)

↑ 327.11111111111111111G(0, 1, 0, 1, 0, 1, 1; x) + 917.33333333333333333G(0, 1, 0, 1, 1, 1, 1; x) ↑ 321.77777777777777778G(0, 1, 1, 0, 0, 1, 1; x) + 846.22222222222222222G(0, 1, 1, 0, 1, 1, 1; x) + 585.77777777777777778G(0, 1, 1, 1, 0, 1, 1; x) ↑ 1422.2222222222222222G(0, 1, 1, 1, 1, 1, 1; x) + 21.111111111111111111G(1, 0, 0, 0, 0, 1, 1; x) ↑ 168.88888888888888889G(1, 0, 0, 0, 1, 1, 1; x) ↑ 291.11111111111111111G(1, 0, 0, 1, 0, 1, 1; x) + 1013.3333333333333333G(1, 0, 0, 1, 1, 1, 1; x) ↑ 555.11111111111111111G(1, 0, 1, 0, 0, 1, 1; x)

+ 1432.8888888888888889G(1, 0, 1, 0, 1, 1, 1; x) + 1025.7777777777777778G(1, 0, 1, 1, 0, 1, 1; x) ↑ 2844.4444444444444444G(1, 0, 1, 1, 1, 1, 1; x) ↑ 373.77777777777777778G(1, 1, 0, 0, 0, 1, 1; x) + 1582.2222222222222222G(1, 1, 0, 0, 1, 1, 1; x) + 1345.7777777777777778G(1, 1, 0, 1, 0, 1, 1; x) ↑ 3733.3333333333333333G(1, 1, 0, 1, 1, 1, 1; x) + 1477.7777777777777778G(1, 1, 1, 0, 0, 1, 1; x) ↑ 3806.2222222222222222G(1, 1, 1, 0, 1, 1, 1; x) ↑ 2700.4444444444444444G(1, 1, 1, 1, 0, 1, 1; x) + 6656.0000000000000000G(1, 1, 1, 1, 1, 1, 1; x))ω7

+ ((635.42266277815042594 + 572.37015117247086629i)G(1; x) ↑ (150.44292948584820862 + 306.58555238775811142i)G(0, 1; x) ↑ (170.40578024096475749 ↑ 1128.99570204105085557i)G(1, 1; x) ↑ (56.897360082887462842 ↑ 34.451418533666466862i)G(0, 0, 1; x) + (256.61688851155190596 ↑ 289.39191568279832164i)G(0, 1, 1; x) + (417.51443103076574846 ↑ 468.53929205786394932i)G(1, 0, 1; x) ↑ (673.7751545339740709 ↑ 1402.1727343202252013i)G(1, 1, 1; x) + 16.449340668482264365G(0, 0, 0, 1; x) ↑ 86.267653283595875335G(0, 0, 1, 1; x)

↑ 348.72602217182400453G(0, 1, 0, 1; x) + 426.95177557305077284G(0, 1, 1, 1; x) ↑ 312.53747270116302293G(1, 0, 0, 1; x) + 869.25626910335165910G(1, 0, 1, 1; x) + 1348.8459348155456779G(1, 1, 0, 1; x) ↑ 2438.8889097803037298G(1, 1, 1, 1; x) ↑ 3.4906585039886591538iG(0, 0, 0, 0, 1; x) + 13.962634015954636615iG(0, 0, 0, 1, 1; x) + 60.039326268604937446iG(0, 0, 1, 0, 1; x) ↑ 55.850536063818546462iG(0, 0, 1, 1, 1; x) + 185.70303241219666698iG(0, 1, 0, 0, 1; x) ↑ 240.15730507441974978iG(0, 1, 0, 1, 1; x) ↑ 332.31068957972035145iG(0, 1, 1, 0, 1; x)

+223.40214425527418585iG(0, 1, 1, 1, 1; x)+66.322511575784523923iG(1, 0, 0, 0, 1; x)↑ 265.29004630313809569iG(1, 0, 0, 1, 1; x)↑ 562.69415084297185560iG(1, 0, 1, 0, 1; x)+558.50536063818546462iG(1, 0, 1, 1, 1; x)↑ 621.33721370998132938iG(1, 1, 0, 0, 1; x)+977.38438111682456308iG(1, 1, 0, 1, 1; x)+1494.6999714079438497iG(1, 1, 1, 0, 1; x)↑ 1563.8150097869193009iG(1, 1, 1, 1, 1; x)↑ 1.1111111111111111111G(0, 0, 0, 0, 1, 1; x)+8.8888888888888888889G(0, 0, 0, 1, 1, 1; x)+19.111111111111111111G(0, 0, 1, 0, 1, 1; x)↑ 53.333333333333333333G(0, 0, 1, 1, 1, 1; x)

+ 59.111111111111111111G(0, 1, 0, 0, 1, 1; x) ↑ 152.88888888888888889G(0, 1, 0, 1, 1, 1; x) ↑ 105.77777777777777778G(0, 1, 1, 0, 1, 1; x) + 284.44444444444444444G(0, 1, 1, 1, 1, 1; x) + 21.111111111111111111G(1, 0, 0, 0, 1, 1; x) ↑ 168.88888888888888889G(1, 0, 0, 1, 1, 1; x) ↑ 179.11111111111111111G(1, 0, 1, 0, 1, 1; x) + 533.33333333333333333G(1, 0, 1, 1, 1, 1; x) ↑ 197.77777777777777778G(1, 1, 0, 0, 1, 1; x) + 622.22222222222222222G(1, 1, 0, 1, 1, 1; x) + 475.77777777777777778G(1, 1, 1, 0, 1, 1; x) ↑ 1166.2222222222222222G(1, 1, 1, 1, 1, 1; x))ω6

+ ((190.03792111911401413 ↑ 204.20388069622574940i)G(1; x) ↑ (56.897360082887462842 ↑ 34.451418533666466862i)G(0, 1; x) + (75.77410552509738792 ↑ 137.80567413466586745i)G(1, 1; x) + 16.449340668482264365G(0, 0, 1; x) ↑ 86.267653283595875335G(0, 1, 1; x) ↑ 180.94274735330490801G(1, 0, 1; x) + 525.64781958394435903G(1, 1, 1; x) ↑ 3.4906585039886591538iG(0, 0, 0, 1; x) + 13.962634015954636615iG(0, 0, 1, 1; x) + 60.039326268604937446iG(0, 1, 0, 1; x) ↑ 55.850536063818546462iG(0, 1, 1, 1; x)

+ 66.322511575784523923iG(1, 0, 0, 1; x) ↑ 139.62634015954636615iG(1, 0, 1, 1; x) ↑ 244.34609527920614077iG(1, 1, 0, 1; x) + 390.95375244672982523iG(1, 1, 1, 1; x) ↑ 1.1111111111111111111G(0, 0, 0, 1, 1; x) + 8.8888888888888888889G(0, 0, 1, 1, 1; x) + 19.111111111111111111G(0, 1, 0, 1, 1; x) ↑ 53.333333333333333333G(0, 1, 1, 1, 1; x) + 21.111111111111111111G(1, 0, 0, 1, 1; x) ↑ 88.888888888888888889G(1, 0, 1, 1, 1; x) ↑ 77.777777777777777778G(1, 1, 0, 1, 1; x) + 167.11111111111111111G(1, 1, 1, 1, 1; x))ω5

+ ((1.8698662938038133328 ↑ 8.6128546334166167154i)G(1; x) + 16.449340668482264365G(0, 1; x) ↑ 110.39335293070319640G(1, 1; x) ↑ 3.4906585039886591538iG(0, 0, 1; x) + 13.962634015954636615iG(0, 1, 1; x) + 34.906585039886591538iG(1, 0, 1; x) ↑ 97.738438111682456308iG(1, 1, 1; x) ↑ 1.1111111111111111111G(0, 0, 1, 1; x) + 8.8888888888888888889G(0, 1, 1, 1; x) + 11.111111111111111111G(1, 0, 1, 1; x) ↑ 10.666666666666666667G(1, 1, 1, 1; x))ω4

+ (22.343687741355075762G(1; x) ↑ 3.4906585039886591538iG(0, 1; x) + 24.434609527920614077iG(1, 1; x) ↑ 1.1111111111111111111G(0, 1, 1; x) ↑ 5.1111111111111111111G(1, 1, 1; x))ω3 + (3.2222222222222222222G(1, 1; x) ↑ 6.1086523819801535192iG(1; x))ω2 ↑ 1.2916666666666666667G(1; x)ω

1
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Future directions

kinematic limits

recursive approach

Multivariate Integrated Unitarity
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e.g.       alone gives u 0 limit at fixed Log accuracy to any subleading power Disc1 𝒜 = Cutu 𝒜 →
lim
x→1

𝒜(x) ∼ c1,1(x) G(1,1,x) + c0,1(x) G(0,1,x) + c...,0(x) G( . . . ,0,x)

Leading Log Next-to-Leading Log suppressed

lower-loop amplitudes
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Beyond a single cut

YES
[PB, Otaifi, Tancredi]

is it always possible to reconstruct  
an integral from its maximal cut ?

ongoing

• many cut propagators  simpler IBPs & DEQs 

• genealogical constraints  possible simplifications 
 

• iterative Cauchy formula  multivariate complex analysis 

• Landau singularities  nontrivial analytic structure 

• how do amplitudes factorize on anomalous thresholds ?

→

→

→

→

trade-off in properties

[Helmer, Papathanasiou, 
 Tellander 2402.14787]

[Hannesdottir, Lippstreu, McLeod, Polackova 2406.05943]

[Correia 2212.06157]

[Caron-Huot, Dixon, McLeod, Hippel 1609.00669]

[Correia, Giroux, 
Mizera 2503.16601]

https://arxiv.org/abs/2402.14787
https://arxiv.org/abs/2406.05943
https://arxiv.org/abs/2212.06157
https://arxiv.org/abs/1609.00669
https://arxiv.org/abs/2503.16601
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Analytic structure at 2 loops
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where does it end ?

a.k.a. the finite functional basis problem

n-point

with each new scale, 
more complicated analytic structure

 @ 2 loopsgg → gggg @ 2 loopspp → tt̄H
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Constraining the structure of Feynman integrals

[PB, Tong-Zhi Yang 2408.06325]
[PB, Tong-Zhi Yang 2503.16299] 
+ ongoing with Frellesvig, Marzucca,  

Morales, Seefeld, Wilhelm

https://arxiv.org/abs/2408.06325
https://arxiv.org/abs/2503.16299
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The finite basis problem

• 1-loop : “no” i.e. up to 5-point 

• 2-loop massless planar in d=4-2  : “also no” i.e. up to 11 denominators 

• 2-loop in d= -2  : “also no” 

• 2-loop in d=4 : “also no” i.e. up to 8 denominators 

• L-loop in d=4 : “also no" 

• L-loop in d= -2  : “also no" 
(for integer  & propagator powers)

ϵ

d0 ϵ

d0 ϵ
d0

beyond 1-loop : new integrals with each new leg ?

[Gluza, Kajda, Kosower 1009.0472]

[Kleiss, Malamos, Papadopoulos, Verheyen 1206.4180]

[Feng, Huang 1209.3747]

[Bourjaily, Herrmann, Langer, Trnka 2007.13905]

[Passarino, Veltman, Ossola, Papadopoulos, Pittau]

1-loop n-point : linearly related to subsectors of 5-point

ℐ1,n =
n

∑
i1=1

𝒩tadpole,i1

𝒟i1
+

n

∑
i1, i2 = 1
i1 ≠ i2

𝒩bubble,i1,i2

𝒟i1𝒟i2

+
n

∑
i1, i2, i3 = 1

ij ≠ im

𝒩triangle,i1,i2,i3

𝒟i1𝒟i2
𝒟i3

+
n

∑
i1, i2, i3, i4 = 1

ij ≠ im

𝒩box,i1,i2,i3,i4

𝒟i1𝒟i2
𝒟i3

𝒟i4
+

n

∑
i1, i2, i3, i4, i5 = 1

ij ≠ im

𝒩pentagon,i1,i2,i3,i4,i5

𝒟i1𝒟i2
𝒟i3

𝒟i4𝒟i5
,

[PB, Tong-Zhi Yang 2408.06325]

https://arxiv.org/abs/1009.0472
https://arxiv.org/abs/1206.4180
https://arxiv.org/abs/1209.3747
https://arxiv.org/abs/2007.13905
https://arxiv.org/abs/2408.06325
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1-loop example

• consider an integral  

• only 4 momenta span the external space  

• then, the integrand becomes  

• thus, only 5 linearly independent propagators at 1 loop 

  

• therefore, can partial fraction

ℐ1,6 =
1

k2(k + p1)2(k + p12)2(k + p123)2(k + p1234)2(k + p12345)2

p5 = β1p1 + β2p2 + β3p3 + β4p4

ℐ1,6 =
1

k2(k + p1)2(k + p12)2(k + p123)2(k + p1234)2(k + ∑4
i=1 zi pi)2

(k +
4

∑
i=1

zi pi)2 = α0 + α1k2 + α2(k + p1)2 + α3(k + p12)2 + α4(k + p123)2 + α5(k + p1234)2

= −
6

∑
i=1

αi

α0
pinch denom i
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2-loop point-by-point

kinematics denominators CDR ISPs tHV ISPs generalized CDR 
propagators

generalized tHV 
propagators

2-loop 4-point 7 2 2 9 9

2-loop 5-point 8 3 3 11 11

2-loop 6-point 9 4 2 13 11

2-loop 7-point 10 5 1 15 11

2-loop 8-point 11 6 0 17 11

2-loop 9-point 12 7 0 19 11

only 11 independent

• independent external momenta  : (n-1) in Conventional Dimensional Regularization scheme (CDR) 
                                                            at most 4 in 't Hooft-Veltman scheme (tHV) 

• scalar products  involving loop momenta  : at most 11 in tHV 

• generalized propagators : denominators & Irreducible Scalar Products (ISPs)

{pi}

{ki ⋅ kj , ki ⋅ pj} {k1, k2}

 partial fraction⇒
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Improving the IBP efficiency beyond 5-point

• 1-off-shell all-internally-massless 

• no cut propagators 

• one numerical probe, one finite field 

• with FIRE6 [Smirnov, Chukharev 1901.07808]

• explicit example : consider the 2-loop 8-point topology 

• it has 17 CDR generalized propagators 
 

• apply tHV momentum decomposition  

• then, only 11 independent tHV generalized propagators 

{k1 − k2, k1, k2, k1 + p1, k1 + p12, k1 + p123, k1 + p1234, k2 + p1234, k2 + p12345, k2 + p123456, k2 + p1234567, k1 − p5, k1 − p6, k1 − p7, k2 − p1, k2 − p2, k2 − p3}

pj>4 =
4

∑
i=1

pi
det({p1, . . . , ̂pi, pj, . . . , p4} ⋅ {p1, . . . , p4})

det({p1, . . . , p4} ⋅ {p1, . . . , p4})

{k1 − k2, k1, k2, k1 + p1, k1 + p12, k1 + p123, k1 + p1234, k2 + p1234, k2 +
4

∑
j=1

pj z9, j , k2 +
4

∑
j=1

pj z10, j , k2 +
4

∑
j=1

pj z11, j}

https://arxiv.org/abs/1901.07808
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Improving the numerical evaluation efficiency

Auxiliary Mass Flow (AMFlow)

• decompose external legs in 4 dimensions 

• beyond 5-point, IBP performance improved 

• explicit example : 2-loop 6-point 2-off-shell all-internally-massless 

• AMFlow setup : no cut, 1-digit numerical sample, 20-digit precision,  
5 leading  orders, 16 cores, Kira backend 

• tHV : 30h 

• CDR : didn't finish in 1 week

ϵn

• numerical evaluator of Feynman integrals 

• provides very high precision 

• requires multiple internal IBP reductions

tHV for IBP

[Liu, Ma 2201.11669]

[Klappert, Lange, Maierhöfer, Usovitsch 2008.06494]

https://arxiv.org/abs/2201.11669
https://arxiv.org/abs/2008.06494
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Finite basis topologies at 2 loops

partial fraction

lower dimensions : less denominators e.g. 7 in d=2-2ϵ

higher loops : 12p@3L, 17p@4L, ... (loop-by-loop approach analogous but much more topologies)

planar [Gluza, Kajda, Kosower 1009.0472]

https://arxiv.org/abs/1009.0472
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Functionally distinct finite basis

graphs MIs #MIs #MIs0 # ISPs deg

{1} 1 0 0 0

{1} 1 0 0 0

1, D4, D5, D42 4 1 2 3

{1} 1 0 0 0

{1} 1 0 1 2

1, D5, D6, D52 4 2 3 4

{1} 1 0 1 0

{1} 1 0 2 2

1, D6, D7, D62 4 2 4 4

{1} 1 0 0 0

1, D6, D7, D62, D6 D7 5 1 2 4

1, D6, D7, D8, D9, D62, D6 D7, D6 D8 8 7 4 4

{1} 1 0 2 2

{1} 1 0 3 2

graphs MIs #MIs #MIs0 # ISPs deg

1, D7, D8, D72 4 2 5 4

{1} 1 0 1 2

1, D7, D8, D9, D72 5 1 3 4

1, D7, D8, D9, D10, D11, D72, D7 D8 8 7 5 4

1, D7, D72 3 1 1 4

1, D7, D8, D9, D72, D7 D8, D7 D9,
D8
2, D8 D9, D9

2, D7
3, D7

2 D8, D7
2 D9

13 6 3 4

1, D7, D8, D9, D10, D11, D72,
D7 D8, D7 D9, D7 D10, D7 D11,
D8
2, D8 D9, D8 D10, D9

2, D9 D10

16 16 5 4

{1} 1 0 3 2

{1} 1 0 4 2

{1} 1 1 4 2

{1} 1 0 2 2

1, D8, D9, D10, D82 5 1 4 4

1, D8, D9, D10, D82 5 5 4 4

1, D8, D9, D82, D8 D9 5 4 2 4

graphs MIs #MIs #MIs0 # ISPs deg

1, D8, D9, D10, D11,
D8
2, D8 D9, D8 D10, D8 D11

9 5 4 4

1, D8, D9, D10, D11,
D8
2, D8 D9, D8 D10, D8 D11

9 9 4 4

1, D8, D9, D82, D8 D9, D92, D83 7 3 2 4

1, D8, D9, D10, D11, D82, D8 D9,
D8 D10, D8 D11, D9

2, D9 D10, D10
2 ,

D10 D11, D11
2 , D8

3, D8
2 D9, D8

2 D10

17 10 4 4

1, D8, D9, D10, D11, D82, D8 D9,
D8 D10, D8 D11, D9

2, D9 D10, D10
2 ,

D10 D11, D11
2 , D8

3, D8
2 D9, D8

2 D10

17 17 4 4

{1} 1 0 3 2

{1} 1 0 3 2

{1} 1 1 3 2

1, D9, D10, D11, D92 5 4 3 4

1, D9, D10, D11, D92 5 4 3 4

1, D9, D10, D11, D92 5 5 3 4

1, D9, D10, D11, D92, D102 , D10 D11 7 3 3 4

1, D9, D10, D11, D92, D102 , D10 D11 7 5 3 4

1, D9, D10, D11, D92, D102 , D10 D11 7 7 3 4

graphs MIs #MIs #MIs0 # ISPs deg

1, D9, D10, D11, D92, D9 D10,
D9 D11, D10

2 , D10 D11, D11
2 , D9

3,
D9
2 D10, D9

2 D11, D9 D10
2 , D10

3 

15 11 3 4

1, D9, D10, D11, D92, D9 D10, D9 D11,
D10
2 , D10 D11, D11

2 , D9
3, D9

2 D10,
D9
2 D11, D9 D10

2 , D9 D10 D11

15 13 3 4

1, D9, D10, D11, D92, D9 D10, D9 D11,
D10
2 , D10 D11, D11

2 , D9
3, D9

2 D10,
D9
2 D11, D9 D10

2 , D9 D10 D11

15 15 3 4

{1} 1 1 2 2

{1} 1 1 2 2

{1} 1 1 2 2

1, D10, D11, D102 , D10 D11 5 5 2 4

1, D10, D11, D102 , D10 D11 5 5 2 4

1, D10, D11, D102 , D10 D11 5 5 2 4

{1} 1 1 2 2

{1} 1 1 2 2

{1} 1 1 2 2

1, D10, D11, D102 , D10 D11, D112 , D103  7 7 2 4

1, D10, D11, D102 , D10 D11, D112 , D103  7 7 2 4

graphs MIs #MIs #MIs0 # ISPs deg

1, D10, D11, D102 , D10 D11, D112 , D103  7 7 2 4

1, D10, D11, D102 , D10 D11,
D11
2 , D10

3 , D10
2 D11, D10

4 
9 9 2 4

1, D10, D11, D102 , D10 D11,
D11
2 , D10

3 , D10
2 D11, D10

4 
9 9 2 4

1, D10, D11, D102 , D10 D11,
D11
2 , D10

3 , D10
2 D11, D10

4 
9 9 2 4

{1} 1 1 1 2

{1} 1 1 1 2

{1} 1 1 1 2

{1} 1 1 1 2

{1} 1 1 1 2

{1} 1 1 1 2

1, D11, D112  3 3 1 4

1, D11, D112  3 3 1 4

1, D11, D112  3 3 1 4

1, D11, D112  3 3 1 4

graphs MIs #MIs #MIs0 # ISPs deg

1, D11, D112  3 3 1 4

1, D11, D112  3 3 1 4

{1} 1 1 0 0

{1} 1 1 0 0

{1} 1 1 0 0

{1} 1 1 0 0

{1} 1 1 0 0

{1} 1 1 0 0

{1} 1 1 0 0

{1} 1 1 0 0

{1} 1 1 0 0

{1} 1 1 0 0

{1} 1 1 0 0

{1} 1 1 0 0

347 functionally distinct Master Integrals 
(274 for massless internal lines)

84 graphically distinct subsectors  
of the 12 finite basis topologies



1 2 3 4

1

2

3

4

5

6

GPL

elliptic

genus two

hyper-surfaces

degree

variables

purely nonplanar
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Spanning the space of special functions at 2 loops

there are also 3 sectors with iterated roots

integrate out 1 Baikov variable on the maximal cut of each sector

of polynomials 
encountered 

under the 
square root

K3
= vanish in 

Loop-By-Loop 
Baikov 

representation

Calabi-Yau 
v-fold

ongoing :

[Frellesvig,  
Papadopoulos 
1701.07356]

[review 
2203.07088]

https://arxiv.org/abs/1701.07356
https://arxiv.org/abs/2203.07088
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Spanning the space of special functions at 2 loops

vars=0
deg=6
{}

vars=1
deg=6

vars=2
deg=6

{} {}

vars=3
deg=6

{}

{} {} {}

vars=4
deg=6

{} {}

vars=0
deg=5
{}

vars=1
deg=5
{}

vars=2
deg=5
{}

vars=3
deg=5
{}

vars=4
deg=5
{}

vars=0
deg=4
{}

vars=1
deg=4

{} {} {}

vars=2
deg=4

{}

{} {} {}

vars=3
deg=4

{}

vars=4
deg=4

vars=0
deg=3
{}

vars=1
deg=3
{}

vars=2
deg=3
{}

vars=3
deg=3
{}

vars=4
deg=3
{}

vars=0
deg=2
{}

vars=1
deg=2

vars=2
deg=2

{}

{} {} {}

vars=3
deg=2

{} {}

vars=4
deg=2
{}

vars=0
deg=1
{}

vars=1
deg=1
{}

vars=2
deg=1
{}

vars=3
deg=1
{}

vars=4
deg=1
{}

vars=0
deg=0
{}

vars=1
deg=0
{}

vars=2
deg=0
{}

vars=3
deg=0
{}

vars=4
deg=0
{}

which of them contribute to the amplitude finite part ?
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1-loop evanescent sector

• functionally distinct basis : tadpole, bubble, triangle, box, pentagon 

• note : only 4 independent propagators in d=4 

• pentagon : the one Master Integral in its top sector can be chosen to be evanescent ~  

• indeed : dimension-shift relation 

 

• amplitude finite part : no contribution from the Master Integral in the pentagon top sector 

𝒪(ϵ)

I(4D,sing)
5 = ϵ a(fin) I(6D,fin)

5 + subsectors(sing)

𝒜 = ai M≤4den,i + 𝒪(ϵ)

[Bern, Dixon, Kosower 9306240]
[Baikov, Tarasov 1996]

https://arxiv.org/abs/hep-ph/9306240
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2-loop evanescent sectors
• note : only 8 independent propagators in d=4  

• consider : the 12 finite basis topologies 

• will show : all of their subsectors with more than 8 denominators are evanescent 

• IBP setup : drop all subsectors with 8 or less denominators, fix a generic example numerical probe 
for a mixed on/off-shell all-internally-massless kinematics 

• Master Integrals : choose them to be finite 
IR : dimensionally shift Laporta Masters into 6 dimensions 
UV : linearize all the numerators in Laporta Masters 

• IBP reduction : evanescence shown for all integrals allowed in a renormalizable theory 

 

• amplitude finite part : no contribution from Master Integrals with more than 8 denominators 

I(4D,sing) = ϵ a(fin)
i M(6D,fin)

i + subsectors(sing)

𝒜 = ai M≤8den,i + 𝒪(ϵ)

[Abreu, Monni, Page, Usovitsch 2412.19884]
recently proven for 2-loop 6-point planar massless

https://arxiv.org/abs/2412.19884
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Towards computing all 2-loop basis integrals

• for practical -expansion, combinatorial growth for all degenerate values of kinematics 

• do we really need to compute them in dimensional regularization ? 

• a.k.a. the locally finite basis problem

ϵ

to sum up

• 374 functionally distinct Master Integrals 

• 242 contributing to the finite amplitude part 

• 169 if only massless internal lines

however
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Exploiting the singular structure of amplitudes

[PB 2504.xxxxx]

https://inspirehep.net/authors/1986599
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Making amplitudes locally finite

• real-virtual matching for loop-induced amplitudes 

• Loop Tree Duality for local numerical evaluation

numerical approaches

[Manteuffel, Panzer, Schabinger 1510.06758]

[Gambuti, Kosower, Novichkov, Tancredi 2311.16907]

[Anastasiou, Karlen, Sterman, Venkata 2403.13712]

[PB 2504.xxxxx]

• locally finite Masters for bare amplitudes 

• locally finite integrals for bare amplitudes 

• locally finite Masters for amplitude finite part

analytic approaches

[Kermanschah, Vicini 2407.18051]

https://arxiv.org/abs/1510.06758
https://arxiv.org/abs/2311.16907
https://arxiv.org/abs/2403.13712
https://inspirehep.net/authors/1986599
https://arxiv.org/abs/2407.18051
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1-loop example

locally finite globally finite

𝒪(ϵ0) 𝒪(ϵ−2) 𝒪(ϵ−2) 𝒪(ϵ−2)

can put d=6 at the integrand level 
without any regulators 

and the numerical evaluation will converge

cannot put d=4 at the integrand level 
but need an  regulator 

because the singularities 
 only happen to cancel when combined together

ϵ
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Amplitude singularities are universal

𝒜bare = ∑ FeynDiags = 𝒜(sing) + 𝒜(fin) + 𝒪(ϵ)

• UV : high-energy 
 
 

• IR : low-energy soft and collinear

predicted by

[Catani, Becher, Neubert]

singularities cancel against real radiation 
=> only care about the finite part of the amplitude
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Amplitude's globally finite part

 

• bare amplitude arises from Feynman diagrams, so can IBP reduce it to Masters  

 

• now, want to do the same for the finite part 

• to this end, find a set of integrals  with -independent coefficients   
such that they match all of the predicted amplitude poles in  

 

• then, the whole finite part can also be IBP reduced to a Master basis 

 

• since the coefficients  and Masters  can be singular term by term,  
the whole expression is only globally finite 
(note that the obtained finite part depends on the renormalization and regularization scheme choice)

𝒜(fin) = 𝒜bare − 𝒜(sing) = 𝒪(ϵ0)

Mi

𝒜bare = bi Mi

Ii ϵ ai

ϵ

𝒜(sing) = ai Ii

𝒜(fin) = ci Mi

ci Mi
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Amplitude's locally finite part

 

• now, want the globally finite part of the amplitude to become also locally finite 

• to this end, find a Master basis of locally finite integrals  with finite coefficients  

• for example, focus on 2-loop QCD leading color contribution to the color factor  of 

 

• consider the following Master basis (and the corresponding subtraction terms) 

 

 

• in this basis, for gluon helicity states :  

( , ) and ( , ) :    =>  form a finite basis           => can numerically put d=4 

( , ) and ( , ) :  =>  form a quasi-finite basis => must expand  to  

𝒜(fin) = ci Mi

M(fin)
i c(fin)

i

(Ta3Ta4)i1ī2

q1q̄2 → g3g4

⃗F = {G(k2 p1 p2

k1 p3 p4) , G(k1 p1 p2 p3

k2 p1 p2 p3) , G(k1 p3 p4) G(k2 p1 p2

p1 p2 p4) , G(k1 p3 p4) (k2 − p1)2 , (k2 − p1)2 (k1 + p4)2} ×

⃗M(fin) = {F1 , F2 , k2 ⋅ p1 F2 , F3 , k1 ⋅ p1 F3 , k2 ⋅ p1 F3 , F4 , F5} ∪ {F1 , F2 , k2 ⋅ p1 F2 , F3 , k1 ⋅ p1 F3} |x1234

− − + + ci ∼ 𝒪(ϵ0) M(fin)
i

− + + − ci ∼ 𝒪(ϵ−1) M(fin)
i M(fin)

i 𝒪(ϵ1)

[Gambuti, Kosower, Novichkov,  
Tancredi 2311.16907]

k2 k1

https://arxiv.org/abs/2311.16907
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Futher questions

 

• does locally finite Master basis  
always exists ?        YES 

• how to choose locally finite Master basis and subtraction integrals  
s.t. coefficients finite ? 

• how to choose locally finite Master basis and subtraction integrals  
s.t. virtual correction minimized so real corrections dominate ? 

• is it possible to only use integrand-level identities 
s.t. subtraction term matching avoided ?

𝒜(fin) = c(fin)
i M(fin)

i

[Chetyrkin, Faisst, Sturm, Tentyukov 0601165]

https://arxiv.org/pdf/hep-ph/0601165


Conclusions
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Conclusions

• dispersion relations in Integrated Unitarity 

• can make an example 2-loop amplitude analytically locally-finite

1
2πi

∫∞
1

∑

{cj}

(

1
x−z −

1
x−z0

)

dx(z) =

2

1

3

4

2

1

1

2

3

2

+

4

1

(x)

{cj}

can constrain the analytic structure of amplitudes

• tHV decomposition induces integrand reduction 

• special functions for all 2-loop Masters analyzed 

• IBP efficiency and numerical evaluation improved

can exploit the analytic and singular structure of amplitudes 1 2 3 4

1

2

3

4

5

6

GPL

elliptic

genus two

hyper-surfaces

degree

variables

purely nonplanar

𝒜(2,fin)(q−
1 q̄+

2 g−
3 g−

4 ) = c(fin)
i M(fin)

i
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Appendix
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Cuts

• integral definition : 
  

• cut propagator : 

• cut integral : 

• less subsectors :  

• Integration-By-Parts 
identities (IBPs) : 

• Differential Equations (DEQ) : 

I{ni} = ∫ (
L

∏
l=1

Ddkl)
N

∏
i=1

𝒟−ni
i Ddkl = eϵγE

ddkl

iπd/2

1
𝒟 + iε

→ 2π i δ+(𝒟) δ+(q2) = δ(q2) θ(q0)

CutuI{ni} = ∑
{cj}∈𝒞u

I{ni};{cj} = ∑
{cj}∈𝒞u

∫ (
L

∏
l=1

Ddkl) ∏
i∉{cj}

𝒟−ni
i ∏

m∈{cj}

δ1,nm
2π i δ+(𝒟m)

/2C

∫ (
L

∏
l=1

Ddkl) ∂
∂kμ

l (qμ
N

∏
i=1

𝒟−ni
i ) = 0 pj μ pl ν (pν

n
∂

∂pn,μ
− pμ

n
∂

∂pn,ν ) I{ni} = 0

∂xn
Mi( ⃗x, ϵ) = Aij( ⃗x, ϵ) Mj( ⃗x, ϵ) ∂xn

Mc
i ( ⃗x, ϵ) = ϵ Ac

ij( ⃗x ) Mc
j ( ⃗x, ϵ)

canonical

 can solve cut integrals with DEQ→

[Chetyrkin, Tkachov 1981] [Gehrmann, Remiddi 9912329]

[Kotikov 1991] [Henn 1304.1806]
Master Integrals (MIs)

[Laporta 0102033]

https://arxiv.org/abs/hep-ph/9912329
https://arxiv.org/abs/1304.1806
https://arxiv.org/abs/hep-ph/0102033
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Discontinuities
• discontinuity :  

• from now on, focus on specific 
kinematics :  
  

• branch cuts :  

• Harmonic Polylogarithms (HPLs) : 

• discontinuities of HPLs algorithmic 
from monodromy matrices : 
  

• unitarity : 

Disc0 f (x) = f (x + iϵ) − f (x − iϵ)

x = −
t
s 4-point massless

t > 0 u > 0
x < 0 x > 1

s > 0
pushed to ∞

Disc0 = (1 − ℳ0) ⋅ ℳ→x ,
Disc1 = − (1 − ℳ1) ⋅ ℳ→x ,

Disc∞ = (1 − ℳ0 ⋅ ℳ1) ⋅ ℳ→x .

(Disc∞ = Cuts)

G(αn, . . . , α1; x) = ∫
x

0

dz
z − αn

G(αn−1, . . . , α1; z)

αk ∈ {0,1}

Disc1 = Cutu
Disc0 = Cutt

[Bourjaily, Hannesdottir, McLeod,  
Schwartz, Vergu 2007.13747]

[Remiddi, Vermaseren 9905237]

https://arxiv.org/abs/2007.13747
https://arxiv.org/abs/hep-ph/9905237
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Monodromies

• Harmonic Polylog :  

• vector of derivatives :  

• connection matrix :  

• variation matrix :  

• general solution :  

• monodromy matrices : 

• discontinuities : Disc0 = (1 − ℳ0) ⋅ ℳ→x ,
Disc1 = − (1 − ℳ1) ⋅ ℳ→x ,

Disc∞ = (1 − ℳ0 ⋅ ℳ1) ⋅ ℳ→x .

𝒱i = {
1 if i = 0 ,

(−1)# of 1 G(αn+1−i, . . . , αn, x) if n ≥ i > 0

G(αn, . . . , α1; x) αk ∈ {0,1}

ωij =
dx

x − αn−i
δi+1, j d 𝒱 = 𝒱 ⋅ ωs.t.

ℳγ = 𝒫 e ∫γ ω
collects all  solutions for n + 1 𝒱

(ℳ→x)ij
=

n

∑
k=0

(−1)# of 1 G(αn−i, . . . , αn−i−k+1, x) δi+k, j

G(x) = 1

ℳ0 = ℳ↺0
,

ℳ1 = ℳ→1 ℳ↻1
ℳ−1

→1 .

following :
[Bourjaily, Hannesdottir, McLeod,  

Schwartz, Vergu 2007.13747]

https://arxiv.org/abs/2007.13747
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Ansatz matching

• example ansatz :  

• impose e.g.  :  

•  

• now only constant unconstrained :  

• impose fixed value e.g.  at x=0 : 

Disc0 = 0

Disc1 = 2πi (2 G(1; x) + 3 G(0; x) + 5 πi)

ζ2

c1,1 G(1,1; x) + c1,0 G(1,0; x) + c0,1 G(0,1; x) + c0,0 G(0,0; x) + c1 G(1; x) + c0 G(0; x) + c

c1,1 G(1,1; x) + 0 + c0,1 G(0,1; x) + 0 + c1 G(1; x) + 0 + c

= c1,1 (2π i (−G(1; x) + iπ)) + c0,1 (−2π i G(0,x)) + c1 (−2π i) + 0

−2 G(1,1; x) − 3 G(0,1; x) − 7 iπ G(1; x) + c

−2 G(1,1; x) − 3 G(0,1; x) − 7 iπ G(1; x) + ζ2
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Explicit reduction coefficients

with

ℐL,n =
D(n,L)

∏
i=1

1
𝒟i

=
D(n,L)

∑
i1, …, iA = 1

ij ≠ im

ci1,⋯,iA

𝒟1⋯𝒟̂i1𝒟̂i2⋯𝒟̂iA⋯𝒟D(n,L)

ci1,⋯,iA =
(−Bi1,⋯,iA)

A

B0,⋯,iABi1,0,⋯,iA⋯Bi1,⋯,0

A = D(n, L) − D(N(L, d0), L)

𝒟i>D(N(L,d0),L) = αi,0 +
D(N(L,d0),L)

∑
j=1

αi, j 𝒟j

αi,i = − 1

αi, j>D(N(L,d0),L) = 0

partial fractions implemented in Mathematica package Apart [Feng 1204.2314]

https://arxiv.org/abs/1204.2314
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Leading singularity

I (t)
max = ∫

ddk1

(2π)d

ddk2

(2π)d

11

∏
i=1

2π i δ(𝒟(t)
i ) = c(d )

G(5−d)/2

B(7−d)/2
t

true for finite basis topologies t

no ISPs  maximal cut localizes⇒

leading singularity for higher-loop finite basis topologies 𝒮t,L =
G

( Bt,L)
L+1

[Bosma, Sogaard, Zhang 1704.04255]

e.g. at 2 loops

with

c(d ) =
(2π i)11

4dπ9/2Γ((d − 4)/2)Γ((d − 5)/2)

G = det({p1, . . . , p4} ⋅ {p1, . . . , p4})

Bt = det({k1, k2, p1, …, p4} ⋅ {k1, k2, p1, …, p4}) |𝒟(t)
i =0 , i=1,…,11

https://arxiv.org/abs/1704.04255

