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Introduction to the scattering amplitudes frontier

Exploiting dispersion relations and unitarity at the integrated level of amplitudes
Constraining Feynman integrals to a functionally distinct finite basis

Exploiting singularity cancellation to make amplitudes locally finite

Outlook
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A = 4 super Yang Mills

cosmological correlators post-Minkowskian gravity

and more ...
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cross section = PDFs ® hard scattering ® real radiation ® hadronization

amplitude contribution /
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Integrated Unitarity for Scattering Amplitudes

Piotr Bargiela!> *

! Physik-Institut, Universitit Ziirich, Winterthurerstrasse 190, 8057 Zirich, Switzerland

We present a new method for computing multi-loop scattering amplitudes in Quantum Field
Theory. It extends the Generalized Unitarity method by constraining not only the integrand of
the amplitude but also its full integrated form. Our approach exploits the relation between cuts
and discontinuities of the amplitude. Explicitly, by the virtue of analyticity and unitarity of the
S-matrix, the amplitude can be expressed in terms of lower-loop on-shell amplitudes dispersively
integrated along cuts. As both cuts and discontinuities can be computed systematically in dimen-
sional regularization, we validated our method by reproducing the four-gluon amplitude in two-loop
massless Quantum Chromodynamics. Moreover, since our approach improves the performance of
the calculation, we provide a new result for the four-loop four-point massless planar ladder Feynman
integral. It is expressed in terms of Harmonic Polylogarithms with letters 0 and 1.
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standard amplitude workflow
?
can we use exploit \ /

the analytic structure earlier
?

analytic

structure

YES : Integrated Unitarity

® dispersion relations : discontinuities algorithmic .

[see Appendix for technical definitions]
® cut canonical differential equations (DEQ) : algorithmic in dimReg
® Generalized Unitarity @ integrated level : constrains both Master Integrals (MIs) and their coefficients using cuts
°

less subsectors, less MIs, simpler DEQ and IBP system




consider a toy 1-loop amplitude

dk N (k dk 1
oA D ~ J ® = 7y 4[ + subsectors
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cut all 4 propagators
dk d
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Generalized Unitarity Integrated Unitarity

can compute integral coefficient compute cut amplitude

1 l dd
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2 cut solns &+
scalar integral remains to be computed can reconstruct whole amplitude
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Cauchy's integral formula X =—- 4-point massless

1 A (x)dx [Cutkosky, Mandelstam, Eden,

A () = omi Landshoft, Olive, Polkinghorne,
e X=2 Remiddi, van Neerven, Kniehl, Sirlin] x

/
plecewise contour
I , i)
1 © . <. A (x)d
A1) =cCcop+— J Discy + J Disc; (odx NV
27 0 | xX—z 0 1
cancel constant from infinite arc C

1 . . 1 1
)= dy+— ([ Discy + [ DlSC1> < - > A (x)dx
2ri \ Jo | X—27Z X—=2

unitarity

Az)= dy+ L (J Cut, + I Cutu> (
27l 0 1




expressing cuts as phase space integrals

Az)= dy+—
(2) ot
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J CUtt+J Cutu)( L1 ).szf(x)dx
0 1 X —2Z X — 2

explicit integration : convergent e.g. for canonical Mls
subtraction terms needed for full amplitude

1

Tl

(1 —x)Px4

1

A (x) > S(x) H(x) S(X) = ———— —Res o(x) S(x)< L
(x —zp)" x—7z X—2z X

ansatz reconstruction with 2 discontinuities + # evaluations :

Discof = Cut, o/
Disc; o = Cut,d ﬂ(z)=€#zen Z 1,52 G(d, 2)

-QY(ZZ-) _ in n>0 a:lal<n \

unknowns

ansatz reconstruction with 3 discontinuities :

Discof = Cut, o
Disc,/ = Cut, o AR =e* Y e" N 1,32 G(@,2)
Disc, &/ = Cut, o

[Bourjaily, Hannesdottir, McLeod, T
Schwartz, Vergu 2007.13747]

n>0 a:la|<n

)
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A. explicit integration

Mi(z) = M, +

27l

)

(6]

1

dx

cut Mls

4 Mf € {eQe— 1)1, 0,6e =Dy 01,2@ =115,
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””””””””

dx

&

—Z

X

Cut,M¢ € {0, 0, 0}

0 0 0
A@@)=[ 0 % 0
x xTix otTs
3 methods .
Mi(z)=¢€
n>0 a

B. ansatz + 2cuts + 1pt

ansatz computed
DiscoM? = Cut,M¢
> Cut, M¢(x) DisciMf = Cut,M{
M;(0) = M;,

v

v

cut DEQ

oM (x,e) =€ Ag.(x) Mjc(x, €)

0,Cut,Mf(x,e) =€ Al;f’s(x) CutSMJ “(x, €)
0,Cut,Mi(x,e) =€ AZ.JC.’”(x) Cutquc(x, €)
0,Cut,M(x,e) =0

unknowns

¢, 5G(a,2) o, € {0,1}

C. ansatz + 3cuts

DiscoMf = Cut,Mf
DisciMf = Cut,Mf
Disc, ,M{ = Cut,Mf /




Master Integrals (from DEQ) 2 zz

® 2-loop planar (#Mls : 8 — 5) v

ISP

® 2-loop nonplanar (#Mls : 12 — 2+6) /

® 3-loop planar ladder (#MIs : 26 — 17) v 2

Amplitudes (from form factor method)

® 1-loop gg — gg (#INTs : /~2 per cut) /

® 2-loop gg — gg planar (#INTs : /~8 per cut) v

® 2-loop gg — gg nonplanar (#INTs : /~4 per cut) v




procedure [~ f{ {% 4% 4}

22 generalized propagators = 13 denominators + 9 ISPs ﬁ( %% M M ﬁ:(

cut u : 5 propagators % : MW .
IBP : 59 MIs Cut, M (LiteRed + Kira) MMNMM
o e e e e )

canonical DEQ :Al.ji(x) =247 (CANONICA+MultivariateApart +FiniteFlow)

X 1 —x

canonical general solution : M, (x, €) = Pe® JA"@dx g " ol€) (PolyLogTools + in-house)

regularity constraints on BCs M (¢) : 59 — 5 (in-house)

5 remaining BCs : weight 7 (AMF 1 ow)

method B : DiscoM; = Cut,M; =0 & DisciM; = Cut,M; (in-house)

tfixed all HPL coefficients to weight 8
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1i2) 4 1889.7777777777777778G(0, 1,0, 1, 1,0, 1, 15 2) — 4892.4444444444444444G (0, 1,0, 1, 1,1, 1, L ) — 73T.77777777777777778G (0, 1, 1,0, 0,0, 1, 1; ) + 2574.2222222222222222G(0. 1, 1,0, 0, 1, 1, 1; 2) + 2105.7777777777777778G(0, 1,1,0,1,0, 1, 1; )
132) — 165.88585888588888889G (1,0, 0,0, 0, 1,1, 1;2) — 201.11111111111111111G(1,0,0,0, 1,0, 1, 1; &) + 1013.3333333333333333G (1, 0,0,0,1,1, 1, 13 ) — 691.11111111111111111G(1,0,0,1,0,0, 1, 1; ) - 2328 S888888888888889G(1,0,0,1,0,1,1,1; 2)
1i) 4 3497.777TTTTITTITTTIRG(L,0, 1,1,0,0, 1, 15 2) — §206.2222222222222222G(1,0.1,1,0,1, 1, i ) — 5601.7777777777777778G (1,0, 1, 1, 1,0, 1, 1; ) + 14222.222222222222222G(1,0, 1, 1, 1, 1, 1, 1; 2) — 837.77777777777777778G(1,1,0,0,0,0. 1, 1; )
1i2) 4+ 19911 111111111111111G(1, 1,0, 1, 1, 1, 1, 15 2) + 3013.7777777777777778G (1,1, 1,0, 0,0, 1, 1; o) — 11522.222222222222222G(1,1,1,0,0,1, 1, 1: z) — 8995.7777777777777778G (1, 1, 1,0, 1,0, 1, 1; 2) + 22837.333333333333333G.(1, 1, 1,0, 1,1, 1, 1; )

— 58.93712447716: 0,15 2) — (3774.667 159 + 1560. 116§)G(1, 15 &) — (150.44202048584820862 + 306.58555238775811142) G (0, 0, 15 ) + (907.2273861240018352 + 1680.57731425370346081)G (0, 1, 1: 2)

— 0724.4444444444444444G(1,1,1,1,0,0, 1, 1; 2) + 21603.555555555555556G (1,1, 1,1, 0, 1, 1, 1; o) + 14572.444444444444444G (1,1, 1,1, 1,0, 1, 1; 2) — 34588.444444444444444G(1, 1,1, 1, 1, 1,1, 1; 2)) 4 ((—1721.21467: + 2370.5621; 100)G(Li ) + (

o )

— 654, )G(1,0,0,12) — (21 — 3472, )G(1,0,1,1;2)

~ 1005.981421 ) 165 — 1908, 01,1, 1) + (821

8851155190596 — 0,1, 1i2) + (540.

— 344514 0,0,0, 1) + 1

+ (1081.2409104774270533 + 2461 1,0, 1:2) — (2871.1630227614915914 + 5457.55851011410776811) G (1, 1, 15 ) — (56,

01.881101 — 4313.31760041504

16)G(1,1,0, 1) + (4344.5007717750314351 — 9720.08050300741024174)G(1, 1, 1, 1 2) + 16.449340668482264365G (0, 0,0, 0, 1; =) — 86.267653283595875335G (0,0, 0, 1, 1; 2) — 348.72602217182400453G(0, 0, 1,0, 15 2) + 426.95177557305077284G(0, 0, 1, 1, 1: 2) — 875.10492356325646420G(0, 1, 0,0, 1; ) + 1612,

1,0, 1:2) — (1107,

78G(0,1,1,0, 1; 2) — 2035.3317520468721774G(0, 1,1, 1, 1; 2) — 312.53747270116302203G (1, 0,0, 0, 15 ) + 1520.6501505752493279G(1, 0,0, 1, 15 2)

11,0,1,1;2) + 1921

10,0,1,1, 1;2) + 185.703032412106666981G (0,0, 1,0, 0, 1; z) — 240.157305074419749781G(0,0,1,0,1, 1; 2)

10,0,1,0,1;2) —

L) -8

0,0,0,1,152) + 60.

+ 3270.1280248942741557G(1, 0, 1,0, 1; ) — 4058.9661951739347446G (1,0, 1, 1, 1; ) + 3217.4910347551300097G(1,1,0,0, 1; ) — 6236.12T8178734984458G (1, 1,0, 1, 1; z) — 8691.8316002260284903G (1,1, 1,0, 1;2) + 11100,

— 332.31068957972035145iG (0,0, 1, 1,0, 15 2) 4 223.40214425527418585iG (0,0, 1, 1, 1, 1; 2) + 185.703032412196666981G (0, 1,0, 0,0, 1; ) — T42.81212064878666794iG(0,1,0,0, 1, 1 2) — 1027 11,0,1,0,1;2) + 960

0,0,0,0,1;2) + 18 4

1,0,1,1,1;2) — 1010.8947027551156910iG(0, 1, 1,0, 0, 1; ) + 1329

10591G(0,1,1,1,0, 1 ) — 803.608577021096743381G (0, 1, 1,1, 1, 1; =) + 66.3225115757845239231G(1,0,0,0,0, 1; z) — 265.20004630313809569iG (1,0,0,0,1, 1; z)

L 1,1,0,1, 13 2) + 1840

— 914.55252804502860831iG (1, 0,0, 1,0, 1; ) + 1061.16018521255238281G(1,0,0,1, 1, 13 2) — 1743,9320885027341133iG(1, 0,1, 0,0, 1; ) + 2250.7766033718874224iG (1,0, 1,0, 1, 1; 2) + 3222, 57503088233013081G (1,0, 1,1, 0, 1: 2) — 2234.0214425527418585iG (1,0, 1,1, 1, 1; 2) — 1174.2575207417849304iG (1, 1, 0, 0,0, 15 ) + 2485.34885483002531751G (1, 1,0, 0, 1, 1; 2) + 4227.88558003106396711G (1, 1,0, 1,0, 1; ) — 3909.5375244672082523iG (1, 1,0, 1, 1, 1; 2) + 4642.5758103049166746iG (1, 1,1, 0,0, 1: ) — 5978, 799885631 7753987iG (1,1, 1,0, 1, 1; 2)

— 8483.6064280040872075¢G (1, 1,1, 1,0, 1; ) 4 6255.26003014767720371G(1,1,1,1, 1, 1 2) — 1.1111111111111111111G(0, 0,0,0,0, 1, 1; z) + 8 SSS8S8S888888888880G (0, 0,0,0,1, 1, 1: 2) + 10.111111111111111111G(0,0,0,1,0, 1, 15 ) — 53.333333333333333333G (0, 0,0,1, 1,1, 1; 2) + 50.111111111111111111G(0,0,1,0,0, 1, 1; ) — 152 SS888888888888880G(0, 0, 1,0, 1,1, 1;2) — 105.77777777777777778G(0,0,1,1,0, 1, 1; ) + 284.44444444444444444G(0, 0,1, 1,1, 1, 1 2) + 59.111111111111111111G(0, 1,0,0,0, 1, 1; 2) — 472, SS858888888888889G(0, 1, 0,0, 1,1, 11 )

— 327.11111111111111111G(0, 1,0, 1,0, 1, 1; 2) + 917.33333333333333333G (0, 1,0, 1, 1, 1, 1; 2) — 821.77777777777777778G(0, 1, 1,0, 0,1, 1; ) + 846.22222222222222222G(0, 1, 1,0, 1, 1, 1; ) + 585.77777777777777778G (0, 1,1, 1,0, 1, 1; 2) — 1422.2222222222222222G(0, 1, 1,1, 1,1, 1; ) + 21.111111111111111111G(1,0,0,0,0, 1, 1; =) — 168.88888888888888889G (1, 0,0, 0,1, 1, 15 2) — 291.111111111111111116G(1,0,0, 1,0, 1, 1; =) + 1013.3333333383833338G(1,0,0,1, 1, 1, 1; ) — 555.11111111111111111G(1,0,1,0,0,1, 1; )

1432, 8888888888888889G (1,0, 1,0, 1, 1, 1; ¢) + 1025.777777777TT777T78G(1,0,1,1,0, 1, 1; ¢) — 2844.4444444444444444G(1,0,1, 1, 1, 1, 1; &) — 373.7777777T777777778G(1,1,0,0,0, 1, 1; 7) + 1582,2222222222222222G(1, 1,0, 0, 1, 1, 1; ) + 1345.7777777777777778G (1, 1,0, 1,0, 1, 1; ©) — 3733.3333333333333333G (1, 1,0, 1, 1, 1, 1; ) + 1477.7777777777777778G (1,1, 1,0, 0, 1, 1; ) — 3806.2222222222222222G(1,1,1,0,1, 1, 1; ) — 2700.4444444444444444G(1, 1, 1, 1,0, 1, 1; ) + 6656.0000000000000000G (1, 1, 1,1, 1, 1, 15 2))e”

— 14021 1,1,1:2) + 16. 0,0,152) — 86. 0,1, 1;2)

— 468

(0,0, 1) + (256.61688851155190596 —

89

)G(0, 1, 15.2) + (417, )G(1,0,1; ) — (673.7751

75811142)G(0, 15 &) — (170. — 1128, 115) - (56 — 84.45141 )

+ ((635.4226627 +572.3701511 (152) — (150. + 306

,0,1,0, 1) — 55.850536063818546462iG(0, 0, 1, 1, 1; %) + 185.70303241219666698iG(0, 1,0, 0, 1; ) — 240.1 11,0,1,1; ) — 33 L1,1,0,152)

43 L) -3 0.0,0,152) +1

— 348.72602217182400453G (0, 1,0, 1; ) + 426.95177557305077284G (0, 1, 1, 1 ) — 312.537472701 1,00, 15 2) + 869 165910G (1,0, 1, 1; ) + 1348.8450348155456779G (1, 1,0, 1; ) —

+228.402144255274185851G (0, 1, 1, 1, 1; ) + 66.8225115757845239231G(1, 0, 0, 0, 1; ) — 265.29004630813809569:G (1,0, 0, 1, 1; 2) — 562.69415084297185560iG (1, 0, 1,0, 1; ) + 558.50536063818546462¢G (1, 0,1, 1, 1; ) — 621.33721370998132088iG (1, 1, 0, 0, 1; ) + 977.38438111682456308iG (1, 1,

+59.111111111111111111G(0, 1, 0,0, 1, 1; 2) — 152.88888888888888889G (0, 1,0, 1,1, 1; @) — 105.77777777777777778G (0,1, 1,0, 1, 15 ) + 284.44444444444444444G (0, 1,1, 1,1, 1 ) + 21.111111111111111111G(1, 0,0,0, 1, 1; ) — 168.88S88888888888889G (1, 0, 0,1, 1, 15 2) — 179.11111111111111111G(1, 0, 1,0, 1, 1; =) + 533.33333333333333333G (1, 0,1, 1, 1, 13 2) — 197.

10,0, 1,1 2) + 60.
0,1,1; ) + 1494.6999714079438497iG (1, 1, 1,0, 1; ) — 1563.8150097869193009iG (1,1, 1,1, 1;2) — L.I111111111111111111G(0, 0,0, 0, 1, 1; ) + 8. 8S88S8S888888888889G (0, 0, 0,1, 1, 15 2) + 19.111111111111111111G(0, 0, 1, 0, 1, 1; =) — 53.333333333333383333G (0,0, 1,1, 1, 1; )

1,1,0,1,1,1;2) + 475, 77777777777777778G(1, 1, 1,0, 1, 1; ) — 1166,2222222222222222G(1, 1,1, 1,1, 1; 2))e®

(1,1,0,0,1, 1, 2) + 6

L)

0,0,12) +13 401595463661 0,1,1;2) + 60 11,0, 15) —

115 - 180,

+ ((190.03792111911401413 — 204 )G(1 ) - (56. —34.45 )G(0, 1 2) + (75. — 137, )G(1, 152) + 16 ,0,1;2) — 86.

1G(1,0,150) + L1 L) -8

+66.322511575784523923iG (1,0, 0, 1; %) — 130.626340150546366151G(1, 0, 1, 1 ) — 244.34609527920614077iG (1, 1, 0, 1; ) + 390.95375244672982523iG (1, 1,1, 1;¢) — 1.1111111111111111111G(0, 0,0, 1, 1; =) + 8.8888888888888888889G (0, 0,1, 1, 15 ) + 19.111111111111111111G(0, 1,0, 1, 1; @) — 53.333333333333333333G (0, 1,1, 1, 15 2) + 21.111111111111111111G(1, 0,0, 1, 1; ) — 88.8S8888888888888889G (1, 0, 1, 1, 15 2) — 77.777777777777777778G(1, 1,0, 1, 1 2) + 167. 1111111111116 (1, 1, 1, 1, 13 2))e”

1.1;2) + 34 8.

+( 3 154)G(157) + 16. 1) — 110 1,152) -8 s 0,1;2) + 13.96263401

1iz))e? —

1,12) -6 1

+ (2234368’ L1 @) + 240 4077iG(1, 1;2) — 1.1111111111111111111G(0, 1, 1;2) — 5. 1111111111111111111G(1, 1, 1; 2))e? + (3.

1,0,1; @) — 97.738438111682456308iG(1, 1, 1; ) — 1.1111111111111111111G(0, 0, 1, 15 =) + 5.8588588588888888889G (0, 1, 1, 1; @) + 11.111111111111111111G(1, 0, 1, 1; ) — 10.666666666666666667G (1,1, 1, 1; z))e®

Lim)e




kinematic limits

e.g. Disc; & = Cut, &/ alone gives u—0 limit at fixed Log accuracy to any subleading power
lim &/ (x) ~ ¢; ;(x) G(1,1,x) + ¢4 ;(x) G(0,1,x) + ¢_ ((x) G(...,0,x)
I

X—
Leading Log Next-to-Leading Log \ suppressed

recursive appro aCh lower-loop amplitudes
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is it always possible to reconstruct
an integral from its maximal cut ?

YES

[PB, Otaifi, Tancredi]

ongoing

trade-off 1n properties

many cut propagators — simpler IBPs & DEQs

genealogical constraints — possible simplifications
[Caron-Huot, Dixon, McLeod, Hippel 1609.00669]
[Hannesdottir, Lippstreu, McLeod, Polackova 2406.05943]

iterative Cauchy formula — multivariate complex analysis

Landau singularities — nontrivial analytic structure

[Helmer, Papathanasiou, [Correia 2212.06157]
Tellander 2402.14787]

[Correia, Giroux,
Mizera 2503.16601]

how do amplitudes factorize on anomalous thresholds ?



https://arxiv.org/abs/2402.14787
https://arxiv.org/abs/2406.05943
https://arxiv.org/abs/2212.06157
https://arxiv.org/abs/1609.00669
https://arxiv.org/abs/2503.16601

with each new scale,
more complicated analytic structure

n-point

gg — gggg @ 2 loops

pp — ttH @ 2 loops

45

123

where does i1t end ?

a.k.a. the finite functional basis problem




. [PB, Tong-Zhi Yang 2503.16299]
[PB, Tong-Zhi Yang 2408.06325] + ongoing with Frellesvig, Marzucca,
Morales, Seefeld, Wilhelm

On the finite basis of two-loop ‘t Hooft-Veltman
On the finite basis topologies for multi-loop high-multiplicity Feynman integrals Feynman integrals

Piotr Bargieta ©»* and Tong-Zhi Yang ©1f

! Physik-Institut, Universitit Ziirich, Winterthurerstrasse 190, 8057 Zirich, Switzerland
Piotr Bargieta ©* Tong-Zhi Yang ©%

In this work, we systematically analyse Feynman integrals in the ‘t Hooft-Veltman scheme. We * Physik-Tnstitut, Universitit Ziirich, Winterthurerstrasse 190, 8057 Ziirich, Switzerland

write an explicit reduction resulting from partial fractioning the high-multiplicity integrands to a E-mail: piotr.bargielaGphysik.uzh.ch, tongzhi.yangephysik.uzh.ch

finite basis of topologies at any given loop order. We find all of these finite basis topologies at two

loops in four external dimensions. Their maximal cut and the leading singularity are expressed in ABSTIII‘ACT: II“ “:SFW"rk’ we i“"eztlig“e t;‘e Lﬁ"}ilte zasslt"l"’l"gil‘:s of t“""lll""g di‘(’i‘e“(;

. . . . . sionally regularized Feynman integrals in the ‘t Hooft-Veltman scheme in the Standar

terms Of the Gram determinant and Baikov polyr}omlal. By performlng an Integ'rat}on By Parts Model. We present a functionally distinct finite basis of Master Integrals which spans the

reduction without any cut constraint on a numerical probe for one of these topologies, we show whole transcendental space of all two-loop Feynman integrals with external momenta in

that the computational complexity drops significantly compared to the Conventional Dimensional four dimensions. We also indicate that all the two-loop Master Integrals, in an appropriate

Regularization scheme. Formally, our work implies an upper bound on the rigidity of special func- basis, with m°‘le “;‘m 18 ﬁ;’mmms ?Obm’t °°“mz‘1te t°hthe ﬁmt? f‘f OEI“fYt t\‘;v‘l"1°°l’

. . . . . . . . . tteri ity . iti it ] icati t] t - Velt:

tions appearing in the iterated integral solutions at each loop order in perturbative Quantum Field scatiering smprude. m accition, we eaborate off The appreation of bie © Foofl- venan
R . . R R N R decomposition to improve the performance of numerical evaluation of Feynman integrals

Theory. Phenomenologically, the integrand-level reduction we present will substantially simplify the using AMFlow and DCT packages. Moreover, we analyze the spectrum of special func-

task of pl‘OVidiIlg high—precision predictions for future h1gh—mult1phc1ty collider observables. tions and the corresponding geometries appearing in any two-loop scattering amplitude.

Our work will allow for a reduction in the computational complexity required for providing
high-precision predictions for future high-multiplicity collider observables, both analytically
and numerically.



https://arxiv.org/abs/2408.06325
https://arxiv.org/abs/2503.16299

1-loop n-point : linearly related to subsectors of 5-point Q <> / \ Q

o z”: d tadpole.;, N Z”‘: N bubble,i,.i;, N z”: d triangle.i,.i.i, N Z”‘: N bOX.iinisi, N z”: N pentagon.iisisi.is
1,n - ’
i=1 2 i i iy =1 2 ilg i iy, i iy =1 2 ir@ i29 i3 iy iy iny iy = 1 2 il'@ izg i3@ I )iy, iy by is = 1 2 i19 iz'@ i3@ i49 Is
| # 1y I # iy I F 1y, I # iy
beyond 1-loop : new integrals with each new leg ?

° : - - _
1-100p . “no” 1.e. up to 5 -pOlIlt [Passarino, Veltman, Ossola, Papadopoulos, Pittau]
® 2-loop massless planar in d=4-2¢ : “also no” i.e. up to 11 denominators [Gluza, Kajda, Kosower 1009.0472]
¢ 2—100p n d=d0-2€ : “also no” [Kleiss, Malamos, Papadopoulos, Verheyen 1206.4180]

® 2-loop in d=4 : “also no” i.e. up to 8 denominators [Feng, Huang 1209.3747]

[Bourjaily, Herrmann, Langer, Trnka 2007.13905]

L-loop in d=4 : “also no"

[PB, Tong-Zhi Yang 2408.06323]

® L-loop in d=d-2¢ : “also no"

(for integer d, & propagator powers)



https://arxiv.org/abs/1009.0472
https://arxiv.org/abs/1206.4180
https://arxiv.org/abs/1209.3747
https://arxiv.org/abs/2007.13905
https://arxiv.org/abs/2408.06325

1

consider an integral .#, . =
. YO 2k 4 p )2k + pro)2(k + pro3)2(k + prosa)2(k + Prozas)?

only 4 momenta span the external space ps = f,p; + fopr + bip3 + Pupy

1
k*(k + p1)*(k + p12)*(k + p123)*(k + pioza)*(k + Z; zipi)*

then, the integrand becomes % | ( =

thus, only 5 linearly independent propagators at 1 loop
4

(k + Z Zipi)2 = 0y + a1k2 + az(k +p1)2 + a3(k + p12)2 + a4(k + p123)2 + a5(k + p1234)2
i=1

therefore, can partial fraction

6 a
Z — |pinch denom 1

i=1

o))




independent external momenta {p;} : (n-1) in Conventional Dimensional Regularization scheme (CDR)
at most 4 in 't Hooft-Veltman scheme (tHV)

® scalar products {k; - k;, k; - p;} involving loop momenta {k;, k,} : at most 11 in tHV

generalized propagators : denominators & Irreducible Scalar Products (ISPs)

generalized CDR

generalized tHV

kinematics denominators CDR ISPs tHV ISPs Dropagators propagators
2-loop 4-point 7 2 2 9 9
2-loop 5-point 8 3 3 11 1"
2-loop 6-point 9 4 2 13 1"
2-loop 7-point 10 5 1 15 1"
2-loop 8-point 1" 6 o) 17 1"
2-loop 9-point 12 7 o 19 1"

only 11 independent

A}

= partial fraction




explicit example : consider the 2-loop 8-point topology

it has 17 CDR generalized propagators

{ky — k. ki, ko, ky + prs kg + pros ki + Pross kg + Prosas Ko + Prosas ko + Piosass K + Prozaser ko + P1osaser- ki — Ps» ky — Pe> ki — D7 ko — P1> ky — Pas ky — 3}

apply tHV momentum decomposition p;., = )’ p, o
i1 etWP- -

4 det({py, ...

’ﬁiapja- . -,P4} : {pl" ..

. P4})

then, only 11 independent tHV generalized propagators

DPa} - AD1s- -

.Pa})

4 4 4
{ky = ko, kys ko ky + Py kg + Pros Ky + Pioss ky + Prosas ko + Progas kp + ij 29, ky + ij 210, ko + ij 211}

j=1

CDR

tHV

D2

31.4m/3126MI1/13.9G

6.8m/2368MI/1.88G

D3

51.5m/3302MI/18.19G

10.1m/2368M1/2.9G

N3

115.2m/4497MI/25.7G

5.7m/2358M1/2.59G

N4

321.3m/6742M1/56.4G

7.6m/2368MI/4.3G

N5

908.9m/9779MI /137G

12.5m/2368M1/7.35G{l

N6

20.1m/2368MI/10.34G | -

j=1 j=1

1-off-shell all-internally-massless
no cut propagators

one numerical probe, one finite field

[Smirnov, Chukharev 1901.07808)]

with FIRE6



https://arxiv.org/abs/1901.07808

Auxiliary Mass Flow (AMFlow) [Liu, Ma 2201.11669]

numerical evaluator of Feynman integrals
provides very high precision

requires multiple internal IBP reductions

tHV for IBP

decompose external legs in 4 dimensions

beyond 5-point, IBP performance improved

explicit example : 2-loop 6-point 2-off-shell all-internally-massless U

AMFlow setup : no cut, 1-digit numerical sample, 20-digit precision,
5 leading €” orders, 16 cores, Kira backend [Klappert, Lange, Maierhdfer, Usovitsch 2008.06494]

tHV : 30h

CDR : didn't finish in 1 week



https://arxiv.org/abs/2201.11669
https://arxiv.org/abs/2008.06494

planar [Gluza, Kajda, Kosower 1009.0472]

v = Zpinehes '/\/;ed,l,a %\_/(é w w
_{_./\/'red’ZJ2 E ﬁ +'/\/’red,5,€)5 : fﬁ +JV‘red,8,fg : /\ /\ —i_'/\/‘l‘ed,ll,;llE ﬁ
partial fraction fwf M W M

lower dimensions : less denominators e.g. 7 in d=2-2¢

higher loops : 12p@3L, 17p@A4L, ... (loop-by-loop approach analogous but much more topologies)



https://arxiv.org/abs/1009.0472

84 graphically distinct subsectors

of the 12 finite basis topologies
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347 functionally distinct Master Integrals
(274 for massless internal lines)




integrate out 1 Baikov variable on the maximal cut of each sector

of polynomials degree : ongoing :
encountered i all ; 6 L
under the = vanish in
square root ﬁ genus two Loop-By—Loop
, Baikov
i representation
: [Frellesvig,
| Papadopoulos
4 ® x x 1701.07356]
: elliptic
3
. X X
GPL
K i hyper-surfaces
Calabi-Yau 1
v-fold *
[review | | | | | | | | | | | | | | | | | | | | variables
2203.07088] 1 2 3 4

there are also 3 sectors with iterated roots



https://arxiv.org/abs/1701.07356
https://arxiv.org/abs/2203.07088
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which of them contribute to the amplitude finite part ?




functionally distinct basis : tadpole, bubble, triangle, box, pentagon

note : only 4 independent propagators in d=4
pentagon : the one Master Integral in its top sector can be chosen to be evanescent ~ O(¢)
[Bern, Dixon, Kosower 9306240]

indeed : dimension-shift relation [Baikov, Tarasov 1996]

15(4D’Sing) = ¢ a(fin) IS(6D’ﬁn) + subsectors($1n&)

amplitude finite part : no contribution from the Master Integral in the pentagon top sector

I = a;Myden,; + O€)



https://arxiv.org/abs/hep-ph/9306240

= Dpinches Vred, Ly

consider : the 12 finite basis topologies % @
N LN

note : only 8 independent propagators in d=4 @ |

will show : all of their subsectors with more than 8 denominators are evanescent ~ "« "

IBP setup : drop all subsectors with 8 or less denominators, fix a generic example numerical probe
for a mixed on/off-shell all-internally-massless kinematics \

recently proven for 2-loop 6-point planar massless

Master Integrals : choose them to be finite
g [Abreu, Monni, Page, Usovitsch 2412.19884]

IR : dimensionally shift Laporta Masters into 6 dimensions
UV : linearize all the numerators in Laporta Masters

IBP reduction : evanescence shown for all integrals allowed in a renormalizable theory

j@D.sing) _ ai(ﬁn) Ml.(6D’ﬁn) + subsectors(S1N8)

amplitude finite part : no contribution from Master Integrals with more than 8 denominators

A = a;M_gden; + O(€)



https://arxiv.org/abs/2412.19884

o A O L e TN
A e e R ST T e e
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242 contributing to the finite amplitude part %%ILﬁﬁi?ﬁm@?ﬁkﬁQ\ﬁiiﬁf}%j( JE@”
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169 if only massless internal lines {ﬁﬁf%ﬁip@iﬁ? EEs &ﬁﬁﬁ@jﬁl)ﬁﬁ}yﬁ}ﬁ} ’%ﬁ |
oy R e e i 2

to sum up

however

for practical e-expansion, combinatorial growth for all degenerate values of kinematics

do we really need to compute them in dimensional regularization ?

a.k.a. the locally finite basis problem




[PB 2504.xxxxx]



https://inspirehep.net/authors/1986599

numerical approaches

. B . . .
real-virtual matching for loop-induced amplitudes [Anastasiou, Karlen, Sterman, Venkata 2403.13712]

® Loop Tree Duality for local numerical evaluation [Kermanschah, Vicini 2407.18051]

analytic approaches

[Manteuffel, Panzer, Schabinger 1510.06758)]

® locally finite Masters for bare amplitudes

[Gambuti, Kosower, Novichkov, Tancredi 2311.16907]

® locally finite integrals for bare amplitudes

[PB 2504.xxxxx]

® Jocally finite Masters for amplitude finite part



https://arxiv.org/abs/1510.06758
https://arxiv.org/abs/2311.16907
https://arxiv.org/abs/2403.13712
https://inspirehep.net/authors/1986599
https://arxiv.org/abs/2407.18051

6D 4D 4D 4D
locally finite globally finite
O(e”) O(e™) O(e™) O(e™)

cannot put d=4 at the integrand level
but need an € regulator
because the singularities
only happen to cancel when combined together

can put d=6 at the integrand level
without any regulators
and the numerical evaluation will converge




Hpare = ZFeynDiags = g(5ng) 4 g(tm) O(e)

[Catani, Becher, Neubert]

predicted by

® UV : high-energy

® IR : low-energy soft and collinear

singularities cancel against real radiation
=> only care about the finite part of the amplitude




gfin) _ Hyare — /(S1N8) — 60

bare amplitude arises from Feynman diagrams, so can IBP reduce it to Masters M,
Hpare = biM,
now, want to do the same for the finite part

to this end, find a set of integrals I; with e-independent coefficients a;

such that they match all of the predicted amplitude poles in €
o/(sing) _ a1,

then, the whole finite part can also be IBP reduced to a Master basis
) =

since the coefficients ¢; and Masters M; can be singular term by term,

the whole expression is only globally finite

(note that the obtained finite part depends on the renormalization and regularization scheme choice)




Qf(ﬁn) = Ci Mi {ﬁ\%ﬂﬁ/v
now, want the globally finite part of the amplitude to become also locally finite | >§/ J >;< ><?/

® to this end, find a Master basis of locally finite integrals M (fin) with finite coefficients c(ﬁn) |

[ i

® for example, focus on 2-loop QCD leading color contribution to the color factor (T3T*); ;, of

919> = 8384
® consider the following Master basis (and the corresponding subtraction terms) [Gam'fgﬁgrfcﬁsgﬁ?lﬁggé‘jhk‘”’
k k k ° o
F={ [ 27172) g "PP2ra) G(k1p3p4)G< 2””’2> Gy s pa) (ky = 1) (ky = py? Ky +pa)? ¢ X
ki D3 P4 ka P12 D3 P1P2 P4 1 _, 5 5 - 4
k2 kl
M(ﬁn) - {F19F29k2 .p1F27F37k1 .p1F37k2 .p1F39F47F5} U {F17F2’k2 .p1F2’F3’k1 .plFS} |x1234
® in this basis, for gluon helicity states :
(=,—=)and (+,+) : ¢; ~ O(e?) => Mi(ﬁn) form a finite basis => can numerically put d=4

(—+)and (+,—) : ¢; ~ O(e™!) => Ml.(ﬁn) form a quasi-finite basis => must expand Mi(ﬁn) to O(e)



https://arxiv.org/abs/2311.16907

fin) _ (fin) y(5n)

does locally finite Master basis
always exists ? YES [Chetyrkin, Faisst, Sturm, Tentyukov 0601165]

how to choose locally finite Master basis and subtraction integrals
s.t. coefficients finite ?

how to choose locally finite Master basis and subtraction integrals
s.t. virtual correction minimized so real corrections dominate ?

is it possible to only use integrand-level identities

s.t. subtraction term matching avoided ?



https://arxiv.org/pdf/hep-ph/0601165




can constrain the analytic structure of amplitudes

® tHV decomposition induces integrand reduction

® special functions for all 2-loop Masters analyzed

ggggggg

® IBP efficiency and numerical evaluation improved

can exploit the analytic and singular structure of amplitudes

2 3 2 1 3 :{Cj} 4
. : : : J . (2) = + %fooz cj ﬁ_:c—lz dx I ()

® dispersion relations in Integrated Unitarity 1 >®< o >i< o ) ( 2 2 —,
2 3
1 4

® can make an example 2-loop amplitude analytically locally-finite

a2 grgterer) = ™ ™)




THANK YOU






i pdl2

integral definition : L N d%k
=1

i=1

cut propagator : — 27 5(D) 6*(q) = 8(¢*) 0(qp)

D+ ie

L
cut integral : Cutuy = D, L) = D, [(Hdez> 11 2| 11 612767 @,
=1

{c}€B, {¢)€8, i#{c) me{c;}

less subsectors : /2€ I S S SO

: L 0 S , 0 0
Integration-By-Parts [(HD%) 5 <q”H ; > =0 Piu Pl <p,, —— P >I{ni} =0

: > Pn, 0Py
identities (IBPs) : '

[Laporta 0102033] [Chetyrkin, Tkachov 1981] [Gehrmann, Remiddi 9912329]
) ) ) . . . canonical . . .
Differential Equations (DEQ) : 9, Mi(x,€) = A;(x, €) Mi(X, €) » 0, M{(X,€) = € Ai(X) Mi (X, €)
[Kotikov 1991] [Henn 1304.1806]
Master Integrals (MlIs)

— can solve cut integrals with DEQ



https://arxiv.org/abs/hep-ph/9912329
https://arxiv.org/abs/1304.1806
https://arxiv.org/abs/hep-ph/0102033

discontinuity :

from now on, focus on specific
kinematics :

branch cuts :

Harmonic Polylogarithms (HPLs) :
[Remiddi, Vermaseren 9905237]

discontinuities of HPLs algorithmic

from monodromy matrices :

[Bourjaily, Hannesdottir, McLeod,
Schwartz, Vergu 2007.13747]

unitarity : 1

Discyf(x) = f(x + ie) — f(x — ie)

x=-= 4-point massless
t>0 u>0 s >0
x<0 x>1 pushed to oo

*d
G(an,...,al;x)=J < G(a,_

0 £~ Gn

Disco=(1 - 4,) - M _, .,
Disc,=-(0-)-_,,,
Disco =1 —lly- M) - M_,,.

4 Discy = Cut,

Disc; = Cut,

Lo O3 2)

o, € {0,1}

[x

[x
NV
0 1
4
2 (Disc,, = Cuty)



https://arxiv.org/abs/2007.13747
https://arxiv.org/abs/hep-ph/9905237

Harmonic Polylog :

vector of derivatives :

connection matrix :

variation matrix :

general solution :

monodromy matrices :

discontinuities :

following :

[Bourjaily, Hannesdottir, McLeod,
Schwartz, Vergu 2007.13747]

G(a,,...,a;x) a, € {0,1}

o 1 ifi=0,
o OflG(anH_i,...,an,x) ifn>i>0

dx
=T 4 01, s.t. dY =7 - w
ﬂy =Peh” collects all n + 1 solutions for 77

_N # of 1
<ﬂ—>x)l-j - ]; (_ 1) G(an—i’ s ikt 1o x) 6i+k,j
= G = 1
.ﬂo = '%00’
%1 = ‘%—)1 ﬂolﬂ:}l .

Disco=(1 - 4,) - &

—Xx°

Disc,=-(0-))-H_,,,
Disco =(1—lly- M) - M_,,.



https://arxiv.org/abs/2007.13747

example ansatz :

impose e.g. Discy = 0 :

Discy =27i (2 G(1;x) + 3 G(0; x) + 5 «i)

now only constant unconstrained :

impose fixed value e.g. {, at x=0 :

c11G(L,15%) + ¢, G(1,05x) + ¢ 1 G(0,1; x) + ¢4 G(0,0; x) + ¢; G(1;x) + ¢, G(0; %) + ¢

11 G(L,1x)+0+¢,GO,1;0)+0+¢;G(1;x) +0+¢

=1 Qri(=G(1;x) + im) + ¢y (=271 G(0,x)) + ¢; (—27i) + 0

-2G(1,1;x)—3G0,1;x) = 7in G(1;x)+ ¢

-2G(1,1;x) =3GO0,1;x) =7in G(1;x) + &,




i=1 Iy oeniy =1 L7, iA "9D(n,L)
i # b
with
D(N(L’dO)’L)

(=B;,.;)" P = a0+ e
. . = Ll aD(N(L,do),L)+1,’i1 T aD(N(LadO)aL)'i'la":A i>D(N(L,d0),L) - ai,O ai,j J
1y,°°,1 .
Dt By i Bioei o Bino QD(N(L,do),L)+2,i1 **° QD(N(L,do),L)+2,i4 =1
A =D(n,L) - D(N(L,d,), L) ®D(n,L),is e XD (n,L),ia

Qi j>D(N(L,dy),L) = 0

partial fractions implemented in Mathematica package Apart [Feng 1204.2314]



https://arxiv.org/abs/1204.2314

no ISPs = maximal cut localizes [Bosma, Sogaard, Zhang 1704.04255]

true for finite basis topologies ¢

" dk; dk, o GG
t _ . N
e.g. at 2 loops Imax = J 2 20 dgzm 8§(2V) = c(d) P
with
) Qri)'!l G =det({p,..., Pat - Apys- s Ps})
c

447921 ((d — 4)/12)I'((d — 5)/2) B, = det({k;, ky, p1s s pa} - (kiskps P 4D gy o, 11

leading singularity for higher-loop finite basis topologies S =



https://arxiv.org/abs/1704.04255

