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MOtIV&tIOﬂ (Why kr-factorization?) iﬁ

High-energy factorization (or kr-factorization)

1 2 1 21
acto = [[ax [ SRk [ [ SR ) acig o s

e originally for heavy quark production (Collins, Ellis 1991, Catani Ciafaloni, Hautmann 1991 1994)

e unintegrated PDF (UPDF) F(x,k, ) resums In(1/x)

e partonic cross section depends explicitly on k, (and k,) = not trivial to define,
requires initial-state “offshell” or “spacelike” gluons, or “reggeons”

e partonic cross section contains certain higher-twist corrections

e used for studying gluon saturation, particular the “hybrid” form for ITMD factorization
(Kotko, Kutak, Marquet, Petreska, Sapeta, AvH 2015, Altinoluk, Boussarie, Kotko 2019)

T 32 1 .
100 = 3 5 [ [ ER 0 (k) [ ae0) a0 ks, )
i Y0 0

us

e having non-zero k, in the initial state has advantages when exact kinematics is required
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CO”II’lear faCtOrIZHtIOH at NLO general Sudakov decomposition: K* = xP* + x¢P* + K" iﬁ

positive-rapidity initial state: k" = xP*

doto — Z dxdx f;(x) (%) dBi(x, X) negative-rapidity initial-state: ki’ = xP*
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CO”II’IGBF faCtOrIZHtIOH at NLO general Sudakov decomposition: K* = xgP* + xxP* + K* iﬁ

positive-rapidity initial state: k" = xP*

doto — Z J dxdx f;(x) (%) dBi(x, X) negative-rapidity initial-state: ki’ = xP*

i1

for example: 3 jets

hadrsn
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CO”II’lear faCtOrIZHtIOH at NLO general Sudakov decomposition: K* = xP* + x¢P* + K" iﬁ

positive-rapidity initial state: k" = xP*

Z dxdx fi(x) f:(x) dBi(x, X) negative-rapidity initial-state: ki’ = XP*
s (4m)°
Qe = — ———
2 T'(1—¢€)

NLO Z J dXde ( ){ |:CL€ qu(X X) + Qe dRu(X X)
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Collinear factorization at NLO

general Sudakov decomposition: K* = xP* + x¢P* + K" iﬁ
positive-rapidity initial state: k" = xP* »
xP*
% (4m)°
O 2nT(1—e)

doto — Z J dxdx f;(x) (%) dBi(x, X) negative-rapidity initial-state: ki’ =

doNLo — Z J dxdx fi(x) fl()_(){ [ae dVi(x,X) + a. an(xn‘c)}

AN \

~ N Real contribution,
Virtual contribution,

i,1

containing the square of

containing the interference of real-radiation graphs,

1-loop graphs with tree-level graphs integrated over the radiation
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CO”|near faCtOrlzatIOH at NLO general Sudakov decomposition: K* = xP* + x¢P* + K" iﬁ

positive-rapidity initial state: k" = xP*

Z dxdx f;(x) (%) dBi(x, X) negative-rapidity initial-state: ki’ = XP*
s (4m)°
Qe = —
2 T'(1—¢€)

NLO Z J dXde ( ){ |:(1€ qu(X X) + Qe dRu(X X):|

finite

1 , 1 35 (X /zZ
o L[ S s [ e M an

i/
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CO”|near faCtOrlzatIOH at NLO general Sudakov decomposition: K* = xP* + x¢P* + K" iﬁ

positive-rapidity initial state: k" = xP*

Z dxdx fi(x) f:(X) dB(x, %) negative-rapidity initial-state: ki’ = XPH
o (4m)E
Ae = —
2 T'(1—¢€)
GNLO Zdedxf fi(x ){ [ae dVi(x,x) + ae dRi(x, X)}
finite
[ Td fi 1 'dz fu (%/z
| X | Foule) bz) ] | Zow@ 02) 4B (x,5)
| € x Z fi(x) ek z fr(x)

[ oy (xme) | 8fr (X, pp) .
+ a. fi(X) + f{b_() :| dBﬁ(X)X) }

fi(x) = filx, wr) = fi(x) + ac 8fi(x, ur) + O(af)
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CO”|near faCtOrlzatIOH at NLO general Sudakov decomposition: K* = xP* + x¢P* + K" iﬁ

positive-rapidity initial state: k" = xP*

Z dxdx f;(x) (%) dBi(x, X) negative-rapidity initial-state: ki’ = XP*
s (4m)°
Qe = —
2 T'(1—¢€)

NLO Z J dXde ( ){ |:(1€ qu(X X) + Qe dRu(X X):|

finite

+ ae _ Inij Z J] dz Pii(z) M + |”5 Z J] dTi Par () f ()_(_/Z) } dBa(x, X)
I F

x Z fi(x) — )i Z fr(X)

r fin fin(g _
5 (x, r) | SN (x, ) ] B 2 }

T TR f(x)
2 fin 1/ \° 'dz
fi(x) = filx, pr) = filx) + ae 8fi(x, pur) + O(a;) 8Fi(x, pr) = OF"(x, pe) + < (F) ZJ — Puwlz)f (x/z)
F x
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CO”|near faCtOrlzatIOH at NLO general Sudakov decomposition: K* = xP* + x¢P* + K" iﬁ

positive-rapidity initial state: k" = xP*

Z dxdx f;(x) (%) dBi(x, X) negative-rapidity initial-state: ki’ = XP*
s (4m)°
Qe = —
2 T'(1—¢€)

NLO Z J dXde ( ){ |:(1€ qu(X X) T Qe dRu(X X):|

finite

+ ae _ Inij Z J] dz Pii(z) M + In%j Z J] dTi Par () f ()_(_/Z) } dBa(x, X)
I F

x Z fi(x) — )i Z fr(X)

+ ae

[ offn(x, up) 8T (X, p) _
f() g8l }

1
J % Pi(2) fir (x/2)

) 1 2\ €
fi(x) = fi(x, wr) = fi(x) + ae 8fi(x, ur) + O(of) 5 (x, ) = 51" (x, ) + . (&z) >

g =
i

do ddfiin (x, ur) dz dfy(x, )
— =0 —r = - iPu i’ : =
dinu? = dInpz ; J; () fu(x/z) = dInp?

Andreas van Hameren 060225 Hybrid high-energy factorization and evolution al



CO”II’lear faCtOrIZHtIOH at NLO general Sudakov decomposition: K* = xP* + x¢P* + K" iﬁ

positive-rapidity initial state: k" = xP*

Z dxdx fi(x) f:(x) dBi(x, X) negative-rapidity initial-state: ki’ = XP*
o (4m)E
Qe = — ———
2 T'(1—¢€)
( r a
oMo ZJddef e N
We want to establish the same for hybrid ky-factorization, which
has leading-order formula ot ()_(/2)
do'® =) J de = de F(x,k, ) (%) dBu(x, k., X) '
- s
and involves both a UPDF and matrix elements explicitly depend-
ing on k.
N V- (Mdz
fi(x) = fi(x, mp) = fi(x) + ae OTi(X, pup) + U1&3) OTX ) = 0T ) + | 7 ) LJ — Pwl2)fo (x/z)
F

do d&flin (x, wr) dz dfi(x, pr) Z dz
—:O 1 ) _ — _:Pu i’ —’: c _iPu "
dinp? - dinpf 1Z JX @fu(x/z) = dngg—© v L (2) fu (x/2 1)
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Off-shell, or space-like, matrix elements QURIEEENLIE WAL U R s ﬂ?

A space-like gluon is indicated with “x" and has momentum

ki =xP* 4+ k! .

A tree-level matrix element with a space-like initial-state gluon is
understood to be defined with the help of auxiliary partons as (AvH,
Kotko, Kutak 2012)

2 2
X |k | x5 |2 A—oo |77 |2
QZC—:/\Z ‘Mﬁ’ (km Ki; q/\»{p}n) =3 }Mﬂ (k*» kf;{p}n)
with
G=d=0 \ Ki-ah 2k
4 2\
The example of auxiliary AP q=(A—x)P—k,
quarks, for the gluonic con- xP +k, 000, 0000 P
tribution to dijet production, A—o0 xP + %P+ k,
and neglecting momentum Q0QQ P } <P+ XP +k -5 000S 0000 p,
components of O(A™"). xp Q00 20Q pa - xp>
- J
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Off-shell, or space-like, matrix elements QURIEEENLIE WAL U R s ﬂ?

A space-like gluon is indicated with “x" and has momentum

. — 2. .
The matrix element ‘Mﬁ‘ is independent

ki = xPH + k" . of the type of auxiliary parton 1 used, partly
thanks to the color correction factor Ci(=
A tree-level matrix element with a space-like initial-state gluon is 2Ca, 2Cs).

understood to be defined with the help of auxiliary partons as (AvH,

The factor 1/g? corrects the power of the
Kotko, Kutak 2012)

coupling constant.

2 2
Xk = 2 A—oo |+ |2 The factor |k, |* assures a smooth on-shell
———— M| (ka, ki3 — Mgl (K, ks +
ggci/\z ‘ u’ ( /\)kt q/\»{p}n) } *1| ( *)kt {p}n) limit |kJ_| 0.
with The factor x assures that M,; only depends
kf\ — qf\ =0 , ki—qh Ao | pr + kM. on xP, not x separately.
4 N\
The example of auxiliary AP qg=(A—-xP—k,
quarks, for the gluonic con- xP +k, 000, 0000 P
tribution to dijet production, A—o0 xP + %P+ k,
and neglecting momentum Q0QQ P } <P+ XP +k <P 000 0000 p,
components of O(A™"). xp Q00 20Q pa i
- J
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Off-shell, or space-like, matrix elements QURIEEENLIE WAL U R s ﬂ?

A space-like gluon is indicated with “x" and has momentum

k' =xP* 4+ k! . The limit can be applied on expressions of

matrix elements...
A tree-level matrix element with a space-like initial-state gluon is

understood to be defined with the help of auxiliary partons as (AvH,
Kotko, Kutak 2012)

...but the result of the limit can also be
obtained directly by using eikonal Feynman
rules for the auxiliary parton.

Xk, ? — oo —
ZlTj|\2 ‘Mﬁlz(k/\,kf; qas () = }M*i|2(k*,]<f;{13}n) And this is (at tree level) identical to using
Sh Lipatov's effective action.

with

Ki=qi=0 , Ki—gy "= xPr ki,

Ve N
The example of auxiliary AP q=(A—x)P—k,
quarks, for the gluonic con- xP + kL-QQQ Q_QJQ,Q P1
tribution to dijet production, A—0o0 % xP + %P + k.
and neglecting momentum 0008 &-&Q—Q b1 } xP+ %P +k, %P Q0 Q% QQQQ P2
components of O(A™"). xp O Q0 p2

\_ J
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Embedding in collinear factorization (CF) s

Consider hadron collisions, with production of the final state of interest H:
_ P projectile hadron
h(AP) +h(P) = H+X

We assume that there is a natural rapidity Y|, associated with J{, which separates
the event into “target” and “projectile” parts. Then we can define

P
x=3 0(y<V)Bs | == 8y <V.)py.
j j

We can associate rapidity scale py (Collins-Soper scale) to the rapidity Y, as
=vxe ™ & Yy=Ih— | vi=(P+P)
Hy
Due to IRC-safety of variables x and k, the hadronic differential cross section
do$F 1 Yoo detf _
2k, (x, Kiy.. ) = Z L dX fi(X) L dx f(x) a2k (7\X,x;x, Kiy.. )

1,1

AP target hadron

should be computable in CF, at least up to NLO, and in the limit:

A—oo , x,k,—fixed.
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kT-factorizable cross section A = AX must go to co ﬂ,%

absolute kinematic minimum: X > x/A

8o 1
do'© = J dX £(X) d6-°(AX) +J dX f(X) d6"°(AX)

x/A do

/‘ o Aox[k |

[non kT—factorizabIeJ oo = Aty s, A=Ay — 0
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kT-factorizable cross section A = AX must go to co gl,%

absolute kinematic minimum: X > x/A

rapidity 4

o o
= =

Y.+ InA — g g YAX — x)
= 0000 Yy Y =TT > Yok S X > 6

Yotk +— & — — —— — — L
= .
g | The rapidity yq of the auxiliary parton must be large enough
3 : in order to guarantee that X is large enough.
= !
S .
d |

vx S :
Yy=nh— — &/ - — — — — —
* Hy g I
8o 1
dot© = J dX f(X) d6-°(AX) +J dX f(X) d6-°(AX)
d d X/?\ 50
g g /
}\oX’k ’
non kr-fact.  LO (non Ki-factorizable | o= 0 Moo
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kT-factorizable cross section A = AX must go to co <g|§

rapidity 4
o o o
Y, +InA — g g g
) *QQQQ *QQQQ
Yu—}_lnAO - g - - - - - - — — — " " " " T T
g | |
=] ! |
] ! I
=] | I
d | |
g | |
2 : |
vX
=P Bl S
% [ %QQQQ
b=y =y =y

non kr-fact. LO NLO projectile
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kT-factorizable cross section

rapidity 4

Y, +InA —
Y, +1In)o

Yu+ln7\1 —

Y,=In— —
* Hy

{
0Q000000Q0QQ0QQQA0C0Q0Q0Q

Q00

non ky-fact.

=y =y =y =y
LO NLO target NLO Green’s  NLO projectile

function
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A = AX must go to oo i";
< < < <
: 2 ot S =
*,Q.Q.Q_Q *,Q.Q_Q_%Q\/Q’ *,Q_Q_Q_Q *,Q_Q_Q_Q
N - - - T - @k - 7| 777777
B
—_— - — 4+ — — — —+ — — — |— — — A=A >=A — 00

It turns out that an-
other rapidity sepa-
rator A; is needed
to consistently de-
fine the target and
Green's function con-
tributions.




Born contribution ﬂ’%

Given the rapidity separator Yy, which separates the event into “target” and
P@ projectile hadron

“projectile” parts, we define

)

X:Ze(9j<Yu)% ) kL:_Ze(U)’<Yu)PJ'L
]. ,

The kr-factorizable Born level differential cross section is defined as
doi™® ({p}n) ‘ ‘ d&g (AX, %5 {p}n)
_— = dX fi(X) | dxfy(x =
dXdzkl ; LO ( ) L X (X) dXdeL
A — oo is guaranteed to be equivalent to A = AX — oo, and we get

CF,B !
el otk X[ actio) a8l sifoh)

where dB,; is the usual Born-level “partonic off-shell” cross section, and with
1
Ci AP target hadron
FLO Sk _ Xfl X KL
( 0y L) Zjéod ( )27_[2|kL|2 )

i

a “proto UPDF". The Born contribution is independent of Y.
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Vlrtual Cont”bunon Blanco, Giachino, AvH, Kotko 2023, AvH, Motyka, Ziarko 2022 iﬁ
5

{p}n )\—>oo O('SC unf . =. fam . S .
W ZJ aX(X) 5 |2J ax f5(%) | AVA (6, X%, Ky % {ph) + AVE™ (€53, k1, X3Pl |

000020000 | 200020000
QQ,QQ Q00

000 QQ@Q 00002000
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Vlrtual Cont”bunon Blanco, Giachino, AvH, Kotko 2023, AvH, Motyka, Ziarko 2022 iﬁ
5

{p}n )\—>oo O('SC unf . =. fam . S .
W ZJ aX(X) 5 |2J ax f5(%) | AVA (6, X%, Ky % {ph) + AVE™ (€53, k1, X3Pl |

5 v 1 3+7IZ+80+ 1 [1 +31+4] {21_'_10}
‘2 A - o/a= _ T3 T1g 3
AVir(e,A) = dB, x acNe( = | [ZlnZ 4V €6 3 I Neler 2e e 7
Ik, [ € X 1w
273
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V|rtua| Contr|but|0n Blanco, Giachino, AvH, Kotko 2023, AvH, Motyka, Ziarko 2022 iﬁ
5

A 7\—>00 ZJ de (XSC1 J de( )|:dviuinf(€>}\X;Xvklﬂz;{p}n) +dVEm<€;X,kL,§(;{‘p}n)i|

dxd?k 2 272k, 2
5 . v 113+7IZ+80+1[1+31+4] {21_'_10}
2 N - @/a= 7 7 T3 T1g 2 3
dV%nf(€, /\) — dB*{ % aeNc [ “Ins _’_»\71 € 6 3; 18 N 2¢ 3e 9
Ik, [ € X o1 m
TTe 3
dVia{m(e) is simply the rest of the virtual contribution.
It does exhibit auxiliary parton universality, o Bo _ 1IN 2Tgny
does not depend on A, 2 6 3

and has a smooth on-shell limit for [k, | — 0.
After UV subtraction in the MS scheme on the familiar virtual contribution dVvfm

dvfamUVssibie) — qyfam(e) — dB,; x ae% x [Born-level-power-of-o]

the pole part follows the well-known universal formula for one-loop amplitudes (Kunszt et al. 1994 | Catani 1998bh)
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Virtual contribution tls

{p}n )\—>oo O('SC unf . =. fam . S .
W ZJ aX(X) 5 |2J ax f5(%) | AVA (6, X%, Ky % {ph) + AVE™ (€53, k1, X3Pl |

dvi (e, A)
fam
avii"(e) By 1IN, 2Ty
Yo= 7776 T3
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Virtual contribution tls

{p}n 7\—>oo (XSC un _ am _
W ZJ dX fi(X Ik |2J dx fr(x ){dVﬁf(e,AX;x,kL,x;{p}n)—I—dV; (e;x,kL,x;{p}n)}

W\ Ne vy
dvirf(e, A) — dB,; x a. [<_2) —zc + -2 ]
uy /) € €
dvproj( ) _dvfam( ) + dB,. "Lz ENC+Y9
s (& Ry - Vel X e W) e el _Bo 1INe 2Ty
Y= 3 7% 3

Move (soft-)collinear divergence, associated with the positive-rapidity initial state, from the familiary to the unfa-
miliar contribution. Amount of moved soft divergence set by py.
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Virtual contribution tls

{p}n )\—>oo Xs C un _ am _
_Eﬂﬁ?__ Z;[de |kPJ(1f(ﬂm@quxmxmxﬁm@4«w;(axxhxﬁmg}

ar, 1\ N 2NcInA
dvit{ e, Ay A, y) = dV{j{nf(Q/\) —dBa x ae &2 — + Yo + > ]
)@ e T\kE) e
[ 2NcInA
Green _ 1
dv*i (€>7\1) - dB*I X Q¢ i (|kJ_|2) c :|
- I\ €
proj _ fam _ i & ﬁ
dVi~ (e, py) =dV3i"(e) +dBﬂ><ae_(u%) . + e} . T TN, 2T,
Yo= 72 776 3

Move (soft-)collinear divergence, associated with the positive-rapidity initial state, from the familiary to the unfa-
miliar contribution. Amount of moved soft divergence set by py.

Move an amount of soft divergence set by A; from the unfamiliar contribution to the Green's function contribution.
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Virtual contribution tls

{p}n 7\—>oo (XSC un _ am _
W ZJ aXHi(X) 7o |2J dx fi(x ){dVﬁf(e,AX;x,kL,x;{p}n)—I—dV; (e;x,kL,x;{p}n)}

r 2 eNc 2 eZNcl A
dVitiarg(ey /\) 7\1) FLY) = dv%nf(e) A) o dB*{ e <i) @ ﬁ * (|leL ’2> : ]]
i 1

wr) e e €
- 2 N¢€
W 2N |n7\1
dveen (e A) = dB.; x a. 5 <
L k.| €
- I\ €
j K Nc Yg
dvP(e =dvhm(e dBux ac||— | = + 2.
rapidity " ( ’ HY) *1 ( ) + * ¢ L u% €2 _I— € Yo = @ _ ]]Nc . ZTRT‘Lf
Y, +InA % ’ 2 6 3
g 0000 QQQQ(Q/@’ 0000 0000
Votldo— & — — — 1= — — T — g\m 77777777
g >
Yothh+— & — — —1— — — 4+ — — — 4 — — i~ — —
g 1
g | 2000
d I
vx g | | | |
Y»:]“;**%***\***T***ﬁ***\***
0

non kr-fact. LO NLO target NLO Green’s  NLO projectile
function
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Real projectile contribution ﬂ,%

rapidity 4 f )
< < < < <
| *QQQQ *QQQQS/Q’ *QQQQ *QQQQ
tT g T T O . v | _T_ . _
Y. +1nAo S | [ O [ |
g | | 0} | |
V70T S VI S
g | | | |
g | | ¢2000 |
S l l l l
vX
= T e i I
% [ % [ % [ %QQQQ
S S S S S
non kr-fact. LO NLO target NLO Green’s| NLO projectile
function
\ J
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Real projectile contribution

Familiar real contribution

Includes collinear divergence
associated with the positive-
rapidity initial state.

No restriction in rapidity on
the radiation.

AP
QQQQ P
0000 T
<P 00000 p,

qg=(A—x)P—k,

A—00
_ —
xP + %P +k,

Andreas van

Hameren 060225 Hybrid high-energy factoriz:

xP+k, _QQQ Q_'Q_,Q,Q P1
%&Q&Q T

iy

}xP+>‘d3+kL




Real projectile contribution ﬁ’;

Andreas van

Familiar real contribution

Includes collinear divergence
associated with the positive-
rapidity initial state.

No restriction in rapidity on
the radiation.

Real projectile contribution

Remove this collinear region,
but only for the radiation ra-
pidity above Y,.

Hameren 060225 Hybrid high-energy factoriz:

AP q=(A—x)P—k,

xP +k, QQQ QQQQ P
QQQQ P A—op QQ%QQ_Q_Q T } XP +xP +k,
QQQQ T } XP 4+ %P +k, <p 000 2000 p,
<p 0000 p,

QTP
xP + kl -QQQ Q_.Q,Q,Q P1 xP + k«L_ Q’Q—Q'
o i panam | o, <y)
xp 000000 P, <5 00080000 p,




Real projectile contribution ﬁ’;

Andreas var

Familiar real contribution

Includes collinear divergence
associated with the positive-
rapidity initial state.

No restriction in rapidity on
the radiation.

Real projectile contribution

Remove this collinear region,
but only for the radiation ra-
pidity above Y,.

The radiative matrix element
in this collinear region is given
by

in Hameren 060225 Hybrid high-energy factorization and evolution ai

AP q=(A—x)P—k,

xP+k, QQQ Q_'Q_,Q,Q P1
QQQQ P A—op QQ%QQ_Q_Q T } XP +xP +k,
QQQQ T } XP 4+ %P +k, <p 000 2000 p,
<p 0000 p,

QTP
Pk, 200020000 P XP 1k, 0o
%@QQQ T QQQ%%@ Pl xe(Y, <y
<p 0000000 p, 5 00000000 p;
— 2 Trs0 4N, )
‘M*I} (k*)kﬁT){P}n) — 95 |T |2(.| —XT/X 2 |M*1‘ XrP_TL)k'T){p}n)
2N,
z(1—2z)



Complete finite projectile contribution ﬂ?

The negative-rapidity-side PDF needs to be renormalized fi(%) = iR, 1p) + Qe (i)e Z [ﬂ;ﬂ ® fﬁ/} (%)
like usual to arrive at a finite result ) € " '




Complete finite projectile contribution ﬂ?

The negative—rapidity—sid.e PDF needs to be renormalized £(%) o fol% ) 4 a. (ij)e Z [Tﬁ/ . f{/} -
like usual to arrive at a finite result € \H:/ =

complete finite projectile contribution = |resolved contribution]

+ |unresolved independent of g, ]Jy]

+ |remnants of collinear cancelIations/subtractions} (LL]‘:, I.Ly)
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Complete finite projectile contribution

The negative-rapidity-side PDF needs to be renormalized
like usual to arrive at a finite result

complete finite projectile contribution = |resolved contribution]

+ |unresolved independent of g, ]Jy]

[+ remnants of collinear cancelIations/subtractions} (LL]‘:, I.Ly)J

contract (x, k, )-dependent differential cross
section with “test UPDF" F(x,k,)

d’r,

12 _2N. J‘ dz

m J, 22(1 —2z)

|

Ir, |2

"

X
_)kl +TL

) (i<

Andreas van Ha




UPDF evolution from the projectile point of view ﬂ’%

The cross section should be independent of wy order by order in .

Expand the UPDF as  F(x,k,;py) = FO(x, k,) + %st FO (%, k5 py) + O(o) Flx, ko5 my) = xF(x, k.; py)

dF(x, kmy) N (d?r. o Ir, | 1_
) — _C F(O) ] L k e
dlnu%( T J |rL|2 <X|: + Ly y Ko +71, |T‘l| < Wy

X) - e(HY - |TL’) F© (%, ki)}
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UPDF evolution from the projectile point of view ﬂ’%

The cross section should be independent of wy order by order in .

Expand the UPDF as  F(x,k,;py) = FO(x, k,) + %st FO (%, k5 py) + O(o) Flx, ko5 my) = xF(x, k.; py)

A

dF(x,k ;py)  asNe J d’r, | . v, | 1—
— Flx|1+ 2]k 1y )0
dlnli% 21 ) r | 1T uy |’ LTy Irul <

X) — 0y — Ir.]) Flx, ko uv)}
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UPDF evolution from the projectile point of view ﬂ’%

Andreas var

The cross section should be independent of wy order by order in .

Expand the UPDF as  F(x,k,;py) = FO(x, k,) + %st FO (%, k5 py) + O(o) Flx, ko5 my) = xF(x, k.; py)
dF(x, kisuy)  aNe [dPr, |- v, | , 1—x . ,
d’lnu% ~ o J v |2 F{x T+ ™ Ko+ 15y |0 < uy — 0y — Irol) Fix, ko py)

~

Flx, ko py) = J d>26x, e F(x, x,; py)

kim0 dF(%,05py)  oNe J1 dz - /x
- (X0,
- dinpd n J, z(1—2z), <z’ ’PLY>
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UPDF evolution from the projectile point of view ﬂ’%

Andreas var

The cross section should be independent of wy order by order in .

Expand the UPDF as  F(x,k,;py) = FO(x, k,) + %st FO (%, k5 py) + O(o) Flx, ko5 my) = xF(x, k.; py)
dF(x, kisuy)  aNe [dPr, |- v, | , 1—x . ,
d’lnu% ~ o J v |2 F{x T+ ™ Ko+ 15y |0 < uy — 0y — Irol) Fix, ko py)

~

Flx, ko py) = J d>26x, e F(x, x,; py)

kim0 dF(%,05py)  oNe J1 dz - /x
- (X0,
- dinpd n J, z(1—2z), <z’ ’PLY>

d O 1=
k| <py = WF(M Xihy) = o [—Ncln(uile)}F(x,xl; Hy) X, =x./(27)

LO Collins-Soper-Sterman equation
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Real target impact factor contribution ﬁ’;

rapidity 4 - ~
[« [« [« (= (=
S ?QQQQ ?QQQQS/Q’ *QQQQ *QQQQ
T T T o 1T T
Y, + InAg S : , > i :
o>
g | | 0&\ | |
d | | | |
Yo+ sy +— & — — —1— — b+ — — oA + — — —1— — —
g | | | |
S | | 00000 |
= | | | |
vX
R - i il e SR
% : % : % : %QQQQ
S = S = =)
non kr-fact. LO NLO target .O Green’s  NLO projectile
\ / 1ction
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Real target impact factor contribution ﬂ?

AP q
Almost identical to the unfamiliar real contribution 0007 + } (A=x)P—k,

of AvH, Motyka, Ziarko 2022, but with a different x0(Y.+InA; <yy)

FT QQQQ P -
phase space restriction: Yy, > Y, + InA <5 000 0000 p, } XP + %P +k,
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Real target impact factor contribution ﬂ’%

AP q
Almost identical to the unfamiliar real contribution 0007 r } (A=x)P—k,
of AvH, Motyka, Ziarko 2022, but with a different 0000 x0(Y.+InA; <yy)
P1 =
<5 0909220000 p, } XP + %P + k.

phase space restriction: Yy, > Y, + InA

For the matrix element in the “triple-A" limit we have: Auxiliary and radiative momenta

Xk P — 2 o — 2
g4C'/\2 |Mﬁ| (k/\>kT;T/\a q/\a{p}n) Ai) 2z(1 —2z) Qi(z,7.) ‘M*T| (k*,ka{P}n) k,;l\ = APH
X ™= Z(A —x)P* + ¥ + %, P*
where _
=1 —2z)(A—x)P* — kMt —1H X, P"
Qi(z,7,) = Pi(z) ( Cq |kL|2 Cq“ - Z)Z ‘kﬂz Crzz |kL|2 ) n ( ) ) K
I ' P, + k2 ok P+ zk P P 4z, 2 ) where X, X, are such that ¢* = r* = 0, and
with vanish as 1/A. These momenta satisfy.
1 1— -2 -1 A—ro0
ka, ga quarks, o gluon: Pi(z) = 2 + % y €q=N¢, ¢ = N ki —Th — d} =3 xP* 4+ k4
1 1
ka, qa,Ta gluons: ?1(2) = 2 + i -2+ 2(1 - Z) y Cq=0C=WN¢
. 1 z(1—z 1 —1
ka gluon, qa,TA g-gbar pair:  Pi(z) = 77 (] — e) y Ca= 5, & =5
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Real target impact factor contribution efe
»
. . .. 0L AP q
Almost identical to the unfamiliar real contribution 0007 + } (A=x)P—k,
of AvH, Motyka, Ziarko 2022, but with a different x0(Y.+InA; <yy)

QQQQ P

phase space restriction: Yy, > Y, + InA <5 000 0000 p, } XP + %P +k,

2 €
ar| 88 1 4 /\IJ'Y _
dR"®(e, A, A = dBx eNe| — — — - Ry
n (e) ) 1) p’Y) X a (|kL’2> |:€2 € nA]X|kl| + :|

— 3 20t 7 1 1 3

fa=e- 3t Nt e ™
jz_14_111_27t2+67_nf 2+10_1 1_1
92 e2 3 9 N3¢ 9 N2\3¢ 6
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Real plus virtual target impact factor contribution ﬂ’%

Andreas van

Combining the virtual target IF contribution and the real target IF contribution, we get

dvg‘rg(e) /\» 7\1> HY) + dRErg(e) /\» 7\1) I”LY) = dB*f X Qe [V+:R]Earg(€’ /\’ 7\]’ HY)

with

1/ w2\ Apy Y u? Ne o 1§
V4+RIPE (e, A, A = — L — 2N 29 4 2yl 2K — —SIn? Y
VEREZE (e A A ) e(MZ) {3 "kl ] T e T T 2 " kP
and 1IN,  2Ten
g 3N N g _TNe  ne g L

AT T 0 deT e TN T eNe© (6T 5n

(E-3)-5

The impact factor corrections from [Ciafaloni, Colferai 1998] are still there, like in the unfamiliar contribution from
[AvH, Motyka, Ziarko 2022, but the logarithm is different.
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Target collinear counter term ﬂ?

We need to include the collinear do5FE ({phn) ! ! doB (AX, x;{ph)
. — = dXfi(X)0(X >0 dx fi(x = :
counter term for the target-side dxd2k, Z J (X) ( 0) Jo X fi(x) dxd?k

collinear PDF
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Target collinear counter term ﬂ?

We need to include the collinear do‘%F»B ({P}n) 1 e dfrﬁ(?\X,i;{p}n)
counter term for the target-side dxd2k, Z L dXf;(X) (X > &) Jo dx fi(x) dxdZk,
collinear PDF " /
1 1 2\ €
Qe (W Aox|k, | Ax[k, |
dXf(X)0(X >d dX—( = P ® 1.0 X)0(X >2d =0y =01 =
L (Xj6(x > °)+L €<u%),z[ © o] (X 6(X > 81) A 0T T Ay
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Target collinear counter term ﬂ?

We need to include the collinear doshB ({P}n) 1 L dfrﬁ(?\X,i;{p}n)
counter term for the target-side dxd2k, Z L dXf,(X) 8 (X > &) Jo dx fi(x) dxdZk,
collinear PDF /
1 1 2\ €
ac /1 Aox|k | Ax|k, |
Jo dX fi(X) B(X > 60) + L dX f (E) Z [?ﬁ/ ® fi/9>50] (X) B(X > 61) 7\;1; =0y > & = Auyl
rapidity
*mw(mm %@m %@QQQ
Y, +In Ao —— - — == — — 7 =% — 4 - = — = — —
1 ﬁ&&‘ 1 1
Y, +InA —— ———%———#:———:———
E :,Qm |
POl T S S S N
Hy
% % % “2e
= = g
non kr-fact. LO NLO target NLO Green’s  NLO projectile

function
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Target collinear counter term ﬂ?

We need to include the collinear do$HB ({P}n) 1 1 dfr?(?\X x:{p} )

. JREA S e dX f'l X)0(X > 5 dx fT = i P EA) n
counter term for the target-side dxd?k, ; L (X) ( 0) Jo X fy(X) dxdZk,
collinear PDF ’ /

] PN Aox[K | Arxlk, |
“O dX fi(X) 0(X > &) +J ax =< (_2) D [P @i, (X)O(X > 61)} OMYL =8y = b1 = ;\uyl

il

Complete ﬁnite target impaCt faCtor Contribution after proper coupling constant renormalization

Apy W w? M Ne o Wy
I 4 2¥gIne = + 2K + 3" — 5l
Mxlko] | e Y9I R k. P

[\74—9{—8]:3% (/\, 7\1, Ly, UF 5 X, kl) = |:81.EO) — ZNCIn




Real Green’s function contribution ﬁ’;

rapidity 4 - N
vy | S = = 3 3
= ?QQQQ ? QQ(Q/Q *QQQQ ?QQQQ
Yo+l - S — — —T— T — — _ - = —
wT1InAg = I I g\ I I
g I I ( I I
d | | | |
Yu—f—h'l)\] T a - - - - - - + - - — + - — )\ — -/ —
g | | | |
S | | 00000 |
= | | | |
vX
R - e e S B I
% : % : % : %QQQQ
S = S = =)
non kr-fact. LO NLO target NLO Green’s | NLO projectile
function
. S
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Real Green’s function contribution ﬂ?

AP

05y o} A—xP -k

target xO0(Y, +1InA <y,
9 0000 pr (YatInds <)

5 0006 Q(&_sz}xP+>zl3+kL

4 M
AP g=(A-A"2—x)P—k, —1,
, , QQQQ r=AY2P 41,
Green’s function x0(Yy <yr < Yu+Inh)
Q0QQ P1 -
AN J/
xP + k. 000 QQQQ P xP + k., 00, aQoQ P
projectie :%@mr _ 2002000071 | gy, <)
xp QU000 P <5 000020000 ps
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Real Green’s function contribution ﬂ?

The radiation has rapidity between AP q=A—-A""—x)P—k, —1,
Y. and Y, +1In A, with longitudinal 000Q r=A2P 41,
momentum becoming infinite, but 0000 P x0(Yu <yr <Yi+Ink)

slower than the auxiliary partons. p 0008 2000 p, } XP+XP+k,
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Real Green’s function contribution ﬁ’;

The radiation has rapidity between AP q=A—-A""—x)P—k, —1,

Y. and Y, +1In A, with longitudinal 000Q r=A2P 41,

momentum becoming infinite, but 0000 P . x0(Yy <yr <Yy +Inky)
slower than the auxiliary partons. 5P 00QS Q00 p, } XP+XP+k,

Multi-Regge kinematics (MRK):

Kh = APH |
h = VAPH 1t +%P* | X, such that 1* = 0
qh = (A= VA —x)P* — k! — 1" £ X,P* | R such that g =0

For the matrix element in this limit we have:

Zk 2 o
M‘Mﬁf(k/\»kﬂfmq/\,ﬁ)}n) 2% 4N

k. — 2
ggci/\z = |2 |M*i‘ (k*)kfa{p}n) )

o+ k.
for either case ka, qa quarks, T4 gluon, and ka, ga, Ta gluons. The universal factor appearing is the square of Lipatov's
vertex for the gluon emission in MRK. The limit z — O of the target expressions gives the same result, since that limit
overlaps with MRK if e.g. z~ 1/VA.
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Unintegrated PDF il?

dG%SEOthI\;II’_g?}—Green ({p}ﬂ) LO+NLO 1 B B B
dXdsz =|F () ; JO dx fT(X) dB.« (X> kl» X5 {p}n)

o‘SCi ] ar,
[Z J dX fi(X> PLF) |:1 + ae[v‘i‘jz_e]: g(AX>}\1) My, Hr 5 X, kl) + ae[’v‘i‘:R_e]Green (}\1, HF;kL)] }

272K g,




Unintegrated PDF ﬂ’%

dG}?SEOth'\:nI'_?&-Green ({p}n) | LO-NLO ] 1 B B -
dxgdzkl = F + () ; JO dX f{(X) dB*{ (X, kL’ X ; {p}n)

“SC1 | ar reen
Z 272k, |2 ,[ AXTi(X, ur) [1 + ac[V+R—CIE (AX, Aty fy, 1%, K1) + ac[V+R—E]O" (A, LLF;kl)]
i + )

A — oo for x-fixed, is equivalent to x — 0 for A =1

set Ay = (Xpy)/(xlk.[)
set py = [k, |
Y

1
X
F(x, ki, py = k. |) = ZJ dX fi(X, ue) J a2k, L (K, ur) G (k’i,kh 2 HF)

X

i
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Unintegrated PDF ﬂ’%

dG}?:Eoth'\elnl'_g?}—Green {p}n) . FLO+NLO ]d*f 2\ dB S
dXdsz o () ; 0 X T(X) *T(X> vay{p}n)

Z 2 2|k |2 J de (X> PLF) |:1 + ae[v‘i‘jz_e];arg (7\X,7\1, Hyy LF 5 X, kl) + ae[’v‘i‘:R_e]Green (}\h HF;kL)]

A — oo for x-fixed, is equivalent to x — 0 for A =1

set Ay = (Xpy)/(xlk.[)
set py = [k, |

\

X
dX fi(X) HF) J dz_zekili (ki) FLF) G (ki> kL) ;» H'F>

Flx oy py = [kul) = Zf

i X

g 3N, +N

/9= 3

s Ci o [0y, MF p () 2 22

Ii(k 1+ —=1J."l 2v,l 2K : Q)

( 1) FLF) 7 2|k ’2{ + It |:31 n‘kﬂz + Yg n‘k ’2 + +31 + ((xs) g, = 11;\1c %—%e
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Unintegrated PDF ﬂ’%

dG}?SEOth'\:nI'_?}—Green ({p}n) | LO-NLO ] 1 B B -
dxgdzkl = F + () ; JO dX f{(X) dB*{ (X, kl’ X ; {p}n)

“SC1 | ar reen
Z 272k, |2 ,[ AXTi(X, ur) [1 + ac[V+R—CIE (AX, Aty fy, 1%, K1) + ac[V+R—E]O" (A, uF;kl)]
i + )

A — oo for x-fixed, is equivalent to x — 0 for A =1

set Ay = (Xpy)/(xlk.[)
set py = [k, |
Y

1
X
F(x, ki, py = k. |) = ZJ dX fi(X, ue) J a2k, L (K7, ur) G (ki,km 2 HF)

X

i

1
G(K K.,y 1) = 6<“€J(k1—kn+aej

d
72 J d**q, [KBFKL (ki) ql)—e(H%—\kUZ) KerkL (0> qL)i| G (qu Ky, g, HF)
y

' ple 1 (2-2¢) (1.1 Tle | 7 |—¢
Kerx (K, q.) :4NCZTIe m+5 (kL*qL)?|qL|
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Unintegrated PDF ﬂ’%

dG}?E;EOth'\elnl'_?&-Green ({p}n) | LO-NLO ] 1 B B -
dxgdzkl = F + () ; JO dX f{(X) dB*{ (X, kL) X ; {p}n)

“SC1 | ar reen
Z 272k, |2 J AXTi(X, ur) [1 + ac[V+R—CIE (AX, Aty fy, 1%, K1) + ac[V+R—E]O" (A, HF;kl)]
i + )

A — oo for x-fixed, is equivalent to x — 0 for A =1

set Ay = (Xpy)/(xlk.[)
set py = [k, |
\

1
X
F(x, ki, py = k. |) = ZJ dX fi(X, ue) J a2k, L (K, ur) G (k’i,kh 2 HF>

X

i

'd
G (ki» k.,y, HF) = 6(2’26)(ki—kl)—|—a€ J 7Z J dzfzeqi [KBFKL (ki) ql)—e(u%—lkilz) KerkL (O> qL):| G (ql’ k., %) HF)
y

The initial condition F(x,x,, uy = [k.|) resums In(X/x),
while the py-evolution resums In(py/[k,|).
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Conclusions i

e We have derived a scheme for NLO computations in HEF for arbitrary processes.

e The ambiguity of the separation between projectile and target contributions is resolved with a rapidity scale py,
the evolution of UPDF with respect to which is similar to the CSS evolution.

e This result brings the notion of UPDF of HEF formalism closer to the notion of the TMD PDF in the standard
TMD formalism.

e \We have derived the matching formula between UPDF and collinear PDF at the NLO in &g and generalized it to
all orders at the scale uy = |k, |, thus providing a first-principle initial condition for the UPDF evolution.

e The BFKL-Collins-Ellis evolution of the Green's function in this initial condition is resumming the logarithms of
partonic center of mass energy In(1/x) ~ In(8/u?), which corresponds to the original formulation of HEF.
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