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Introduction
Eikonal approximation in the CGC

High-energy dense-dilute scattering in the CGC : Semiclassical and Eikonal approx.

Dense target represented by a strong semiclassical gluon field A" (z) =< 1/g
= Perturbative expansion in g needs improvement by all order resummation of

(g A" (2))"

Eikonal approx. : limit of infinite boost of A*(z) along z~:

e A#(z) independent on x~ (static limit) due to Lorentz time dilation
= No p* transfer from the target

® Lorentz contraction of A*(x) (shockwave limit)
= Partons from the projectile interact instantly in = with the target,
without transverse motion within the target

® Under a boost of parameter ; along the " —" direction, A~ is enhanced and A7 is
suppressed: A= =0(n) > AL =0(1) > AT=0(1/w)

Background field in the eikonal limit: A*(z ", 27, x) ~ §*~ A~ (27, x) o< 6(z™T)

= Only (gA~(z*,x))" needs all orders resummation = Wilson line along z*
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Introduction
Next-to-Eikonal corrections to the CGC

Next-to-Eikonal (NEik) power corrections to the standard CGC formalism:
e Of order 1/+; at the level of the boosted background field
® Of order 1/s at the level of a cross section

— They arise from relaxing either of the 3 approximations:

@ =~ dependence of A*(z) beyond infinite Lorentz dilation
— Treated as gradient expansion around a common z~ value:

= 00/m)

= Possibility of (small) p™ exchange with the target

® Target with finite width
= transverse motion of the projectile partons within the target

© Interactions with A field taken into account, not only A~

Note: Background quark field of the target also relevant at NEik.
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Introduction

CGC vs TMD approaches

connection between CGC and TMD <= overlaping region between high-energy
limit and correlation limit

For a process with a hard P and a not so hard k transverse momenta, and
center-of-mass energy /s — hierarchy of scales

® CGC result: leading power (eikonal) in the limit |k| ~ |P| < /s
. n

. . 2
- subleading power corrections suppressed as { 2=
S

® TMD factorization: leading power (twist 2) in the limit |k| < |P| ~ /s
n

- subleading power corrections suppressed as (%

e CGCvs TMD: [k| < |P| < /s
- what about power corrections in P2 /s or |P||k|/s beyond the eikonal limit?

Consistency of both approaches shown in the double limit [k| < |P| < /s at leading
power (Dominguez, Marquet, Xiao, Yuan, 2011)

Power corrections in |k|/[P| in the regime |k| < [P| < /s studied from the CGC
approach (Altinoluk, Boussarie, Kotko, 2019)
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NEik quark propagator

Full NEik quark propagator through a gluon background field

Propagator from y before the target to x after the target:

dqtd? dkTd%k o
Sr(=v) = /qfq/i b(g™) o(kTy e givk AT ™) g

(2m)3 (2m)3 2g+
X /dgze_iz'(q_k) {/‘zl: 87:—((1- L) Z/{F<+oc7ff>c:z,z )
278(qt —kT) [ (@ +K) (1) (@) 71 3y (’%+m)
(4T +k+) [7 y Urg ity (ZH#M’” i )] T2kt
+NNEik

Altinoluk, Beuf, Czajka, Tymowska (2021); Altinoluk, Beuf (2022).
See also Kovchegov et al. (2016-- - - ); Chirilli (2019,2021).

® Generalized Eikonal contribution: also includes the NEik non-static corrections:
overall z— dependence of the Wilson line.

+oo 1
Upt,yT; >_1+Z*7’+

+ N
—1i 2Tt AT (2
o [ tA()}

® NEik contributions beyond the shockwave approx or due to A .
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NEik quark propagator

Full NEik quark propagator through a gluon background field

Propagator from y before the target to x after the target:

dgtd’q dktd’k 4y —iweg iy-k M) 4
———— 0(qg")O(kT)e e — "
(2m)3 (27)3 2q+

X /d2zeiiz'(q7k) {/dzieiz_(q*—ik*—) ZAF(+ oo,—oo;z,zi)
278(qT —kt kI , k+
wé(q ) [7 (a ) L{g%(z)—iug)(z)-kh 4’Y 9] u;g,)”( )] }( m)

(™ +kT) 2 2k
+NNEik

Sp(z,y) =

Altinoluk, Beuf, Czajka, Tymowska (2021); Altinoluk, Beuf (2022).
See also Kovchegov et al. (2016-- - - ); Chirilli (2019,2021).

NEik correction due to the overall transverse drift of the quark during its interaction with the
target:

(1) (z) /dz+Z/[F(+oo z )F}Z/{p( 700;2)

:271/dz+ 2t MF(+oo,z 1 2Z) gt~]:j7(z+.z)1/{p(z+,foo;z)

A. Czajka (NCBJ, Warsaw) DIS dijets production at NEik 2PiNTS 6/20



NEik quark propagator

Full NEik quark propagator through a gluon background field

Propagator from y before the target to x after the target:
dgtd®q [ dktd?k —izq _iy-k ™)

S R — 7/79 okt ix-q jiy-k \A T )+
F(z,y) )3 @n)? (@) 8(k™)e e 2t 7

X /d2ze_iz'(q_k) {/dz_eizi(qu_kJr) UF(+ oo,foo;z,z_)

2r8(qT—kT) [ (ol +KI) (1) (2) R I (F+m)
(gt +kt) [_ g drp @il @ uF@J()] okt

+NNEik

Altinoluk, Beuf, Czajka, Tymowska (2021); Altinoluk, Beuf (2022).
See also Kovchegov et al. (2016-- - - ); Chirilli (2019,2021).

NEik correction due to the transverse Brownian motion of the quark during its interaction with
the target:

Mg?)(z): /dz+MF(+oo z )F'ngup( +,7oo;z)

z
- /der/ dz't (z+77:/+)7/{F(+OO,Z+,Z)gt»Fyi(z+,z)

x Up(zt, 2 Vi) gt F T ) up (2", —o0i2)
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NEik quark propagator

Full NEik quark propagator through a gluon background field

Propagator from y before the target to x after the target:

dqtTd?q
Se = /

(2m)3
X /dgz et (ak) {/dz_eizi(q+_k+) L{F(+ o, 7oo;z,z_)

218(qt —kT) [ (@l +K)) | (1) L (2) 7] 3y (F+m)
(a++k+) [7 2 Ur@UE (Z)Jrfu‘”f(z)] 2K+

+NNEik

dktd?k oo ink (4 m)
0(gTYo(kT)e 1 d ivk +
G P T ey

Altinoluk, Beuf, Czajka, Tymowska (2021); Altinoluk, Beuf (2022).
See also Kovchegov et al. (2016-- - - ); Chirilli (2019,2021).

NEik coupling between the light-front helicity of the quark and the longitudinal chromomagnetic
field of the target F;;:

Mi(j)”(z) = /dz+uF(+ oo,z+;z) gt-Fij(z+,z) Up (z+, 700;2)
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NEik DIS dijet

DIS dijet at NEik accuracy: S-matrix for 7}

ki v ki hy

e
¥ kool

DIS dijet cross section calculated at NEik accuracy, at LO in a5 in the CGC.
(Altinoluk, Beuf, Czajka, Tymowska, (2023))

® Second diagram vanishes in v} case, but matters in . case.

S-matrix at NEik accuracy: S, = GGen. Eik 4 gdyn. target | gdec. ong | gdec. ong

NP2, T Pagae; 91327}, q132+77}, q132+77},
Gen BIK _ 50 °°F ooy b (aF+k —kF) (@t +k3 —kT) / vkl —iwlky
1324 77F, o v 4(qt)2 v,
R T I
x Ko (Q |v7w|) / db~ 0T (ki kg —a [ (v,b )U ( ) - 1]

+ g+
dyn. target o4+ o+ (k1 —k3) 2 —ivk / 2 _iwk
S §°F =2ms(k +ky — —L @@ 1 27 [q 1 [ d*w 2
i) mo(ky + q )1Q U( v u(2) @2 ve e

(@)

X l:KO (Qlv-wl) - P [v—w|K1 (Q \V*W|)} [UF (V»b7)$M} (w, bf)]

b~ =0

A. Czajka (NCBJ, Warsaw) DIS dijets production at NEik 2PiNTS 7/20



NEik DIS dijet

DIS dijet at NEik accuracy: S-matrix for 7}

Fa v ki hy

e
v kol

DIS dijet cross section calculated at NEik accuracy, at LO in a5 in the CGC.
(Altinoluk, Beuf, Czajka, Tymowska, (2023))
® Second diagram vanishes in v} case, but matters in 7. case.

. . dyn. target dec. on dec. on ¢
S-matrix at NEik accuracy: S, = §Gen. Eik 4 gdy + S S
Yo Pqaaeny = q1q2<—vL q1d2+7], 13247 P+ Q13247

+
dec. on g _ + ot eef ko / 2 —iv-kl/ 2. —iwkg —_
SQ1<12<*’YL =278(k{ +ky —q ) 5 (-1) @2 d°ve d°we Ko (Qv—wl])

. v, 2] (f—k]) i
x a(yt ”Tu;%( v) =it (v) + U () (%gawj)]u}(wmz)

Similar structure for the decoration on the anti-quark line.
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Back-to-back limit at amplitude level

Change of variables and back-to-back limit

Back-to-back limit of dijets is conveniently expressed in terms of:

(dijet momentum imbalance) k = k; + ko and (relative momentum) P = (22k; — z1ks)

21 =k (ki +k3) and zo =k /(k{ + ki) = 1—2 such that

back-to-back correlation limit: |k| < |P|

In coordinate space:

(conjugate to k) b = (21v + zow) and (conjugateto P) r=v —w

such that

back-to-back correlation limit: |r| < |b|

A. Czajka (NCBJ, Warsaw) DIS dijets production at NEik 2PiNTS 8/20



Back-to-back limit at amplitude level

Small r expansion for the eikonal contribution

Open dipole from the Generalized Eikonal term forr = v —w — 0:

/ e—ib-k [UF (b + 2o, bf)z/{;* (b A bi) B 1]

b
= [ bk [7i(l+mr~k)rjt“'/dv+u,q (+00,vT3b,b7) ,, 9F; (v, b,b7)
b

2 a’a

1 ’or
7§r"'rj o' ¢b /(1'1:*/{111,'Jr U (+oo, I;A:bAb’) , g}'lfa(v*,b,b’)

XUz (+00, wh;b, bf)b/b gflfh('w*, b,b7) +0 (\r|3)
= Oth order in the r expansion trivial — first order in r is the leading power

= interplay between subleading power corrections — terms of order r? needed as well!
= order |r|? correction: contributions with either one or two field strength F
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Back-to-back limit at amplitude level

Small r limit for the non-static and helicity-dependent

NEik correction

For the open decorated dipole due to the dynamics of the target:

[uF(b+ 22 r,b*)ﬁu} (b — r,b*)]

— 9ita’ +. +— (7t
T 2it /Z+ Z/114(4- 00, z ’b)a/a.(]]:u (27, b)
= involves the longitudinal chromoelectric field 7+~ instead of the transverse field ij
For the term with Z/l}s)” decorating the quark line:

’
uff;)ij(b + zor) l/{;(b — z1r) = t° /z+ Z/{A(+ oo, z+; b)a/a _q}";fj(z+, b)

= involves the longitudinal chromomagnetic field 7;; instead of .Fj*

Emergence of 7+~ and Fi; — NEik suppression with respect to ]-'Jf
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Back-to-back limit at amplitude level

Small r limit for the NEik corrections in Z/l}l; and Z/ll(f)

Terms with I/II(TI)J and L{;,Q) decorating the quark line (remembering that |r| ~ 1/|P|):

bk i (21— 2z2) 1
/be i [7 (PJ+#kJ)u;‘;)j(bjLzZr)u;(bfzﬂ)

+ %ug;)j (b + 2zo1) 95Ul (b — z11) — i tUP (b + zor) Ul (b — zlr)]

(1) t _ 949 + +. -+
L{F;j(b)Z/{F(b) = 2it® /z+ 2 uA(+oo,z ,b)a,agf‘_%l (=T, b)

(2) T _ _al b Ayt +, a —, +
uP o) = = [T et (oo stib) L a7 T ()

s

a’a

xta (+ 00, 2 5B) oFY ()

vb Y
ul) by o,uf(b) = 262"’ /dﬁ/d/* =T Up (o0, 2T5b) g1y 974~ (=7 b)
X Uz (00, Pa b)yry g}—hl “ (', b)
= like in the GEik term — contributions with either 1 or 2 F

= now with an extra factor 2% or (2 —2/t) — NEik suppression with the target width

= similar results for decorations on the antiquark line
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Results at cross section level

Back-to-back cross section: (Generalized) Eikonal piece

Squaring the single 7 part of the Generalized Eikonal contribution in the back-to-back limit:

FIF~

A0 uo ST ) L kikS [ 4PPI (PK/ + k'P7)
—rL =g*(ees)?Q*(q" + ki — k)2 (q" — K + k3 1 2 [ —— — 2(23—2 =
aPS. | e (eer) Q7 oA g ) (P2+ Q2) (22=21) P2+ QY
(k- P)PPJ <k2>] Ab~ (ki +hf g —ik(b-b’)
+16(29—21)—"T—"— 40 2q+> d(Ab7)et + ) et
P2+ Q% Pt Jop s
_ Ab Ab~ Ab~ U
(P (S [l (S s oostin 5| A (B
Strict Eikonal result found by neglecting Ab~ in the fields:
do. ey
s = (2q")2md (k! +kf — ) (ees)*g* 404 Q”
Strict.Eik
PP (P +K'PI) (k-P)PPJ K2
®rrom 2 ) e g 6 T T Ps
P2 +Q?) P2+ Q7 [P2+Q%p P

X / eik(b=b) / <}_';'7(z'+,b/) Z/(L(+oc,z/+;b/)Z/(A(+OCAZ+;b)] Fg7(2+,b)>
b’ ot ab

o Correlator related to twist-2 gluon TMDs in the target, with momentum fraction x = 0 and transverse momentum k,
with a future staple gauge link.

e Kinematical twist 3 corrections, suppressed by an extra |k|/|P| in the back-to-back dijet limit |k| < |P|
o Not shown here: Genuine twist 3 corrections, involving a correlator of the type (F~F F )
o Difference between Gen. Eik and strict Eik. : involves correlator (F ~F ~F*+~) or k(F ~F*+)

= NEik correction but twist 4: beyond our accuracy here!
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Results at cross section level

Back-to-back cross section: twist 2 TMDs contribution

Including all contributions of the form (F ~F ), of order Eik or NEik, and twist 2 or twist 3:

d(T 'rjj'rjj

Wiz = (2¢M)208(k{ + k3§ — ¢ (eey)?g?42323Q

N RN SRS DN 41 01 5 NG
P2+ Q2) 2221 P2+ Q7 =) P2+ Q2P P8

, P! 2
% / ik (b-D) [1 st — P NNEik}
Jop St ot 2qtz129

x (Fi( ) [Ul(+oo, 2B Ua(+00,27:D) | F=(%,b)

o NEik corrections and kinematic twist 3 corrections to the (¥~ F ") contribution factorize from each other!
® Result of the same form can be obtained for transverse photon case.

2PiNTS
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Results at cross section level

Back-to-back cross section: twist 2 TMDs contribution

Introducing notation: TMD (F* Fr?) correlator in unpolarized target:

T (3 k) = P{ (21)‘5 /d2zefzk-z /d2+ exPig, 2t <Pm
XL (2T)7 -

FE(0) {ML (400, 0;0) Ua (+oc, P z) ]abffv(z+. z)|PmT>

_ 1 —ik(b—b') / ixPL (=) [ gt pn [t Ay +. o+
L [ (2] ).

doy —q1. TR (P2+Q2)
L7914 _ .2 0] . NEi i—ij—
421 2P Pk Gom (s Lfc“’(zl’P’k){[H amwz N Elk] [Xq) (X’k)}} .
o
= Qo Qs eﬁc;{L<zl,P,k){ [x @f*?f*(xk)] ‘ . +NNEik}
et

Non-zero value of momentum fraction x in the twist 2 gluon TMDs recovered from NEik corrections!
Standard parametrization of '~V ~(x,k) (with the target mass M):

i 37 ag Kl L1
i) (x,k):?fl(x,k)-%— k'k: —7(5 W}Ll (x,k)
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Results at cross section level

-back cross section: twist 3 TMDs from NEik

From the interference between the non-static NEik correction and the strict Eikonal amplitudes: terms in (F*~F )

FF
. _ e
d"wL,T%mqe

dz d’P d’k

5 1 . y
= Qlem 0 €5 Q(ITC’z',L(ZhP) [x I (x, k) +x T (x, k)}

NEik x=0

= NEik. correction beyond the static approximation for the target involves a twist-3 gluon TMD, (Mulders, Rodrigues

(2001)) with momentum fraction x = 0.

From the interference between the NEik correction with Z/[gzj and the strict Eikonal amplitude: terms in <]-‘f.1]-':>

F - Fii
. _ YL
doy; —a

dz d?P d’k

_aemage,Q +cTﬂL<zl P) [x & (x, k) + x U (x, k)]

NEik x=0

e Contribution from another type of twist-3 gluon TMD, (Mulders, Rodrigues (2001)), still with x = 0.
© Note: term absent in the v}: Ci7'(z, P) = 0 due to Dirac algebra.

Parametrization (from Lorcé, Pasquini (2013)):

N . 2%
(k) + T (k) = 5 fH(xk)
tar
. : "
D17 (x, k) + @9 (x, k) = ¢l ¢ln IQDL? g9(x, k)

tar
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Results at cross section level

Final result: (FF) contributions to the cross sections

d | FF
Oy =012

dz d’°P d?k

9 =4
= Qem€} 0t {C;fL(zl, P.Xk) x f{(x,k) + Cplp, (21, P, k) xhif(x, k)
Eik+NEik

1 3 1 -
+ 3 Ot (1. P x P00 00) 4 55 O (21, Pk x g (x, k)H

1= [P2407)
Tz W2

Contribution from longitudinal photon exchange:

g 2 2,2 4P2 22
e (1. P X :{f&rizé;z {p2 4 (22—2)(k-P) [—1 n m} } +0 (ng )
ko 4Q? 2323 k2 2(k-P)?

C}L (21,P, k) = [P2+Zé§]24 W{ ( <kzP2) — 1) P2

e 1 i (527 o( )

2107 | kP Bs
Lo ’ (22—21)(k-P)[P24+-m?] Q%k?
i i = -0t I o ()

€7 (2, P,k) =0
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Results at cross section level

Final result: (FF) contributions to the cross sections

FF
Aoy aqg g h?
P = aeme? g { C (21, PLK) x f(x, k) + 'y (21, P, K) x 19 (x, k)
! Eik+NEik
L opte 1g L ogto g
+ WCT,L (z1,P. k) x f9(x, k) + WCT,L(Zl’P’k) xg9(x, k) o
< [P2107)
212 W
Contribution from transverse photon exchange:
57 2[(+23)Q*—m?] [, 4p?
cy Pk=—-——"——<(P —21)(k'P) | -1+ ———
7 (21, P, k) P24 + (2—21)(k-P) | -1+ P07
(224 22) 2(z9—21)(k-P) k2
+ P2+ Q22 1+ [P2+Q7 +0 P6

e (G +25)Q2—m?] 1 [ (20 P)?
Crt (21,P k) = — [P2+Q2t M2 k2PpP? 1)

#Goma)0eB) |14 o (et )] } +0 (1)

| _ A=) P)

C{«lig(zh P.k { [P>+Q% + (21 + 25)Q%| P* - Q%] + szQz} +0 <k2 )

[P2+Q2 Pt
—1g _ . k2
o) pag = 2R o (1)
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Results at cross section level

Back-to-back cross section: 3 F correlators

Leftover contributions in (]—'J]—'f]—l’), of order Eik or NEik, starting at twist 3.

Various terms in the cross section, with a correlator of the form:

2Re trp(ta/tb/tcl) / e~ ik (b=b") {1 + IM ()('L‘+ ' wt— I,'/+)
129

b,b’ vttt 2(1

X (Ua (00,0 1B g5 (01 ) Un (400, 0% 1B g%~ (0, B) Un (00, wH s )y g7~ (w, b))
with several possible functions ¢ in the NEik correction.

In the TMD formalism, such 3 fields correlator should in principle depend on two different momentum
fractions x; and xo via phase factors. However: not yet studied in the gluon case in the TMD literature.

Not entirely clear at the moment how to resum the NEik corrections unambiguously in order to recover this
dependence on x; and xo.
Note: trp (t¥2¥) = (dV'¢ +i fo¥<') /4

® Antisymmetric piece in f® 'V'e’. Eikonal contribution cancel = starts at NEik only

® Symmetric piece in d?'V: both Eik and NEik terms. But still unclear how to interpret in terms of
dependence on x; and xa.
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Summary

To further understand the interplay between CGC and TMD, we studied the NEik DIS dijet
cross-section in the back-to-back jets limit, including twist 3 power corrections. Various types of
contributions are obtained:

® (F,7F,7): twist 2 gluon TMDs f{ and h;?
® Factorization of kinematic twist 3 and of NEik corrections
® NEik correction is the first order correction in the Taylor expansion of the TMDs

around x =0
= x dependence of the TMDs recovered by resumming terms of all powers beyond

the eikonal approximation

® Twist 3 gluon TMDs found as contributions to the cross section at NEik and twist 3 order:

® 119, of the type (F,” Ft)
® 19, of the type (F,~ Fy ), for ;. case

® 3 fields twist 3 correlators (]—'i_fj_fl_>: beyond TMD partonic distributions
® Symmetric part in da'v’e already appear in Eikonal contributions
® NEik corrections should be related to the dependence on x1, x2
® Antisymmetric part in f“,b/c, starts only at NEik order
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Recap: Corrections beyond the static approximation

® Relative z~ dependence along the same propagator : NNEik, higher twist ?

® Relative 2z~ dependence between Wilson lines in the amplitude: NEik, twist 3
— f19 twist 3 gluon TMD

® Relative 2z~ dependence between amplitude and cc. amplitude: NEik, twist 4

— Associated with the overall k* exchange with the target

® OQverall z— dependence at cross section level:

— Disappear when performing target average, in (semi-)inclusive processes.

All these non-static corrections can be written as insertions of the longitudinal chromoelectric

field 1+~ of the target.
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Backup

More about NEik corrections beyond the static approx

Effect of relative z— dependence of A~ insertions along one propagator:

ATz +A827) AT () = Az 0-AT(27) \ /ﬁ

® Slow z~ dependence from time dilation:

0_A" L A~
Yt

® Small Az~ displacement of the trajectory
within the target width L*:

‘ S

- - 1
Az~ P Ast < L*:O(—)
pt P ¥t

3+

Double power suppression, beyond static approx and beyond shockwave approx:

= NNEik effect within a single propagator!
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Backup

More about NEik corrections beyond the static approx

Effect of relative z— dependence of A~ insertions along one propagator is NNEik.

However, dependence on average z ™~ is x
suppressed only once. \

= Use Wilson lines with overall z— dependence

1
O_Up (400, —00;2,27 ) x — Up(+00, —00;2,27 )
Yt

Up(+o0, —00:2,27)

— Accounts for NEik effects beyond static
approx
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Backup

More about NEik corrections beyond the static approx

Effect of relative z— dependence of A~ insertions along one propagator is NNEik.

However, dependence on average z~ is T
suppressed only once. \

= Use Wilson lines with overall z~ dependence

1
O_Up (400, —00;2,27 ) x — Up(+00, —00;2,27)
Yt

Up(+00, —00i%,7)

— Accounts for NEik effects beyond static
approx

In particular: NEik corrections induced by the

difference in z— between different Wilson lines.
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