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Neutrino mixing: 3ν
Neutrino flavor and mass eigenstates are related by

|να⟩ = Uαi |νi ⟩

Pontecorvo–Maki–Nakagawa–Sakata parametrization of mixing matrix

UPMNS =

[
c12c13 s12c13 s13e iδ

s12c23 − c12s13s23e iδ c12cs3 − s12s13s23e iδ c13s23
s12s23 − c12s13c23e iδ −c12s23 − s12s13c23e iδ c13c23

][
e iα1 0 0
0 e iα2 0
0 0 1

]
,

where cij ≡ cos θij , sij ≡ sin θij , δ ≡ δCP.

Taken from arXiv:2210.11922, Figure 2. Mathematica output
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Mass ordering: m0 = mlightest

Normal mass ordering (NO) Inverted mass ordering (IO)
m1 = m0,

m2 =
√

m20 +∆m221,

m3 =
√

m20 +∆m231,

m1 =
√

m20 −∆m221 −∆m232,

m2 =
√

m20 −∆m232,

m3 = m0,

Taken from https://globalfit.astroparticles.es, updated arXiv:1806.11051, Figure 1

NO or IO ? δCP ̸= 0 ? θ23 > π/4 or θ23 < π/4 ?

Dirac or Majorana ?

∆m221 > 0 |∆m231(32)| > 0 θ13 ̸= 0
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BM, TB, GR, HG, θ13 = 0, early 2010s, (pre)history

UPMNS =

[
c12c13 s12c13 s13e

iδ

s12c23 − c12s13s23e
iδ c12cs3 − s12s13s23e

iδ c13s23
s12s23 − c12s13c23e

iδ −c12s23 − s12s13c23e
iδ c13c23

]
θ13 = 0◦ ⇓ θ23 = 45◦
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Golden Ratio Mixing: tg θ12 = 1/ϕ , ϕ = (1 +

√
5)/2 being the golden ratio.

Based on Biswajit Karmakar talk, link here.
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θ13 ̸= 0, Daya Bay, RENO (2012)
BM, TB, GR, HG disfavored by non-zero θ13.

UPMNS =

[
c12c13 s12c13 s13e

iδ

s12c23 − c12s13s23e
iδ c12cs3 − s12s13s23e

iδ c13s23
s12s23 − c12s13c23e

iδ −c12s23 − s12s13c23e
iδ c13c23

]
θ13 ̸= 0◦ ⇓ θ23 = 45◦

U0 =
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Golden Ratio Mixing: tg θ12 = 1/ϕ , ϕ = (1 +

√
5)/2 being the golden ratio.

Based on Biswajit Karmakar talk, link here.
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Non-zero θ13: Successors of tribimaximal mixing
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Based on Biswajit Karmakar talk, link here.
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TM1 and TM2 mixing schemes, partial µ− τ symmetry
Comparing the corresponding elements of the first column of UPMNS and UTM1 .

|Ue1|2 = c212c
2
13 = 2/3 : θTM112 (θ13) : s212 =

1− 3s213
3− 3s213

,

|Uµ1|2 = |Uτ1|2 = 1/6 : δTM1CP (θ13, θ23) : cos δCP =
(1− 5s213)(2s

2
23 − 1)

4s13s23
√
2(1− 3s213)(1− s223)

.

Comparing the corresponding elements of the second column of UPMNS and UTM2 .

|Ue2|2 = s212c
2
13 = 1/3 : θTM212 (θ13) : s212 =

1

3− 3s213
,

|Uµ2|2 = |Uτ2|2 = 1/3 : δTM2CP (θ13, θ23) : cos δCP = −
(2− 4s213)(2s

2
23 − 1)

4s13s23
√

(2− 3s213)(1− s223)
.

In partial µ-τ reflection symmetry, the mixing matrix symmetry is given by:

|Uµ1| = |Uτ1| (µ1− τ1) : δ
µ1-τ1
CP (θ13, θ12, θ23) : cos δCP =

(c223 − s223)(c
2
12s
2
13 − s212)

4c12s12c23s23s13
,

|Uµ2| = |Uτ2| (µ2− τ2) : δ
µ2-τ2
CP (θ13, θ12, θ23) : cos δCP =

(c223 − s223)(c
2
12 − s212s

2
13)

4c12s12c23s23s13
.

How to confront the mixing schemes with experimental data ?
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Progress and prospects for precision of oscillation data

Figure taken form Peter B. Denton talk, link here. Figure taken form Biswajit Karmakar talk, link here.
See also arXiv:2012.12893, Figure 1 and arXiv:2204.08668, Figure 2.1

θ13 ̸= 0 (!), δCP ̸= 0 (?), θ23 > π/4 or θ23 < π/4 (??).

Prospects for progress in precision.
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NuFIT 5.2 (2022) vs NuFIT 5.3 (2024)

Taken from http://www.nu-fit.org, updated arXiv:2007.14792, Table 3.

Since 2022, increase of NO preference over IO.
No noticeable progress in precision for 3σ ranges.
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NuFIT tabularized ∆χ2 data sets: 1D, 2D, 3D

NO (with SK atm. data, 1D, minimized), θ23 = 48.7◦ at 1.3σ (2nd local minimum, ∆χ2 = 1.71)

IO (with SK atm. data, 1D, minimized), θ23 = 42.4◦ at 0.7σ (2nd local minimum, ∆χ2 = 0.45)
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NuFIT tabularized ∆χ2 data sets: 2D correlations

Presented for ∆χ2 ¬ 9, (with SK atm. data, 2D, minimized).
NO (left panel) and IO (right panel). Plots based on NuFIT 5.3 data sets.
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NuFIT tabularized ∆χ2 data sets: 3D correlation

Presented for ∆χ2 ¬ 9, (with SK atm. data, 3D, minimized).
NO (left panel) and IO (right panel). Plots based on NuFIT 5.3 data sets.

The only (most correlated) 3D data sets provided by NuFIT.
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Confronting Models with correlations at some ∆χ2 level

First, construct ∆χ2 function from available (1D, 2D, 3D) correlated data:

NO : ∆χ2(θ13, θ12, θ23, δCP,∆m221,∆m231),

IO : ∆χ2(θ13, θ12, θ23, δCP,∆m221,∆m232),

Second, insert specific model formulas (model correlations, e.g. TM1 or TM2) :

θ
TM1(2)
12 (θ13),

δ
TM1(2)
CP (θ13, θ

TM1(2)
12 (θ13), θ23),

Third, set ∆χ2 level, (∆χ2 ¬ 9 comparable with table data, can be any)

NO : ∆χ2(θ13, θ
TM1(2)
12 , θ23, δ

TM1(2)
CP ,∆m221,∆m231) ¬ 9,

IO : ∆χ2(θ13, θ
TM1(2)
12 , θ23, δ

TM1(2)
CP ,∆m221,∆m232) ¬ 9.

Complete NuFIT 5.3 (2024) with SK atmospheric 1D, 2D, 3D minimized data sets are used in
this approach.
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∆χ2 function in 3D from NuFIT data 1D vs 2D vs 3D
Here presented for ∆χ2 ¬ 9, NO (upper panel) and IO (lower panel).
Plots based on NuFIT 5.3 data sets with sample intersections.

1D 2D 3D
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Intersections of experimental and model correlations
Here presented for ∆χ2 ¬ 9, NO (left panel) and IO (right panel):

TM1 TM2 TM1 TM2

µ1− τ1 µ2− τ2 µ1− τ1 µ2− τ2

3D projections of 4D intersections for partial µ− τ reflection symmetry.
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TM1 and TM2 vs partial µ− τ reflection symmetry

TM1 and TM2 - 2D projections.

Partial µ− τ reflection symmetry - 2D projections.
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TM1 and TM2 - 1D projections

NuFIT, TM1 and TM2 - 1D projections.

Here presented for ∆χ2 ¬ 9 (3σ ranges), NO (upper panel) and IO (lower panel):
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TM1 and TM2 - preliminary results for mβ
Here presented for ∆χ2 ¬ 9, (left panel) and IO (right panel):

Effective electron neutrino mass:

m2β =

∑
i
m2i |Uei |2∑
i
|Uei |2

=
∑

i
m2i |Uei |2 = c213c

2
12m

2
1 + c213s

2
12m

2
2 + s213m

2
3.
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TM1 and TM2 - preliminary results for mββ

Here presented for ∆χ2 ¬ 9, (left panel) and IO (right panel):

Effective Majorana mass:

mββ =

∣∣∣∑i
miU

2
ei

∣∣∣ = ∣∣∣m1c213c212e i2α1 +m2c213s
2
12e

i2α2 +m3s213e
−i2δCP

∣∣∣.
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Summary

Multidimensional oscillation parameter correlation data raise the construction and testing of
neutrino mixing schemes to a level inaccessible to standard one-dimensional analysis.

With the presented approach, we are able to:

– test models over the full range of parameters at a given ∆χ2 level,

– determine model-specific 3σ ranges (and compare with experimental best-fits),

– impose constraints on parameters that are not explicitly present in the mixing schemes
(e.g. neutrino masses in TM1, TM2, partial µ− τ reflection symmetry),

– find tighter, model-dependent constraints on the effective neutrino masses.

Challenges and limitations:

– NuFIT offers data sets up to 3D,

– the complexity of the problem increases with each additional parameter, and therefore the
computational time increases,

– the size of the data sets increases with each additional parameter, which means that the
memory requirements also increase.

The method is general and can be applied to any model providing analytical expressions
involving the neutrino oscillation parameters.
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Thank you
for your attention.
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TM1 and TM2 - 2D projections
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