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Fluctuations on all length scales
• Fluctuations are ubiquitous phenomena emerging on all length scales.
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Atmosphere

Quantum fluctuations

Nobel Prize in Physics 2021

S. Manabe, K. Hasselmann, G. Parisi

CMB



Fluctuations in equilibrium

Feynman

The subject of thermodynamics is complicated.



Thermodynamic fluctuations
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• Thermodynamic fluctuations: systems possess large number of DOFs; 
small deviation from Gaussian distribution due to the central limit theorem.

• Fluctuations on UV scales renormalize observed quantities 
on IR scales; irrelevant parameters flow to fixed point.

Kadanoff’s block spin coarse-graining procedure in 2D Ising model

WilsonKadanoff

β(u) ≡
du
db

= − (4 − d)u +
3
2

u2 + …

β(u*) = 0 ⟹ uG = 0, uWF ∼ 4 − d



Critical fluctuations
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⟨ϕ(x1)ϕ(x2)⟩ ∼ e− |x1 − x2 |
ξ

Ising model: the phase transition

x>xcrit x=xcrit x<xcrit

Prob≍ x#{+-neighbors}

ξ → ∞

Ising phase diagram

Ising model: the phase transition
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Ising model: the phase transition

x>xcrit x=xcrit x<xcrit

Prob≍ x#{+-neighbors}

Landau

Critical opalescence: ξ ↔ λlight

Supercritical fluids 

In 1822, Charles Cagniard de La Tour discovered the critical point of a 
substance in his famous cannon barrel experiments. Listening to 
discontinuities in the sound of a rolling flint ball in a sealed cannon 
filled with fluids at various temperatures, he observed the critical 
temperature. 

Charles Cagniard’s gun barrel experiments 

for the discovery of critical point (1822)

Near the critical point, systems possess smaller number of effective DOFs 
and non-Gaussian fluctuations become more important (due to CLT).

• Critical point: end point of phase transition curve in relevant parameter space, 
where the correlation length  diverges and universal behavior manifests. 
Smoluchowski, 1908; Einstein, 1910

ξ
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• Defining , the partition function readsϕ = ψ − ⟨ψ⟩

EOS with fluctuations

⟨ϕ⟩ = 0 ⟹ rM + uM3 + H + g(M, r, u) = 0

Seff(ϕ) =
1
4

uϕ4 + uMϕ3

perturbation

+
1
2

(∇ϕ)2 +
1
2

(r + 3uM2)ϕ2 + (rM + uM3) ϕ

Z(J) = e𝒲[J] = ∫ 𝒟ψ e− ∫x (Seff(ψ) + Jψ) = e−V(Seff(⟨ψ⟩)+J⟨ψ⟩) ∫ 𝒟ϕe− ∫x (Seff(ϕ)+Jϕ)

E.g., for Ising model where , Brezin, Wallace, Zia et al, 1970s; Wilson and Kogut, 1974⟨ψ⟩ = M, J = H

δ = 3 + ε + 𝒪(ε2), β =
1
2

−
1
6

ε + 𝒪(ε2), ε = 4 − dwhere

Widom’s scaling relation

one-point diagrams 

H = Mδ f(r/M1/β; u = u*) β(u) ≡
du
db

= − εu +
3
2

u2 + …

four-point diagrams



Fluctuations out of equilibrium

Thermal equilibrium is extremely boring.

Susskind



Hydrodynamic fluctuations
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∂t ψ = ∇ ⋅ (flux [ψ]) where ψ = (
n
ϵ
πi)

large number of locally thermalized 
cells comoving with fluid

fluctuations not equilibrated at large scales

evolution described by a set of 
conservation equations

charge
energy
momentum

noise



Fluctuation dynamics in Brownian motion
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long-time tail⟨v(t)v(0)⟩ ∼ e−μt → D ∼ μ−1

With only dissipation

⟨v(t)v(0)⟩ ∼ t−3/2 → D ∼ t−1/2

With also fluctuations

• Einstein’s formula for diffusion coefficient in  : Einstein, 1905∂tρ = D∇2ρ

D = lim
t→∞

1
2t

⟨Δx2(t)⟩ = ∫
∞

0
dτ⟨v(τ)v(0)⟩

• Long-time behavior:

Correlation function of scattered light intensity 
provides experimental estimate of ⟨v(t)v(0)⟩

Paul et al, 1981, J. Phys. A: Math. Gen. 14 3301

Kubo formula



Fluctuation dynamics in heavy-ion collisions
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Collision events at LHC (CERN)

Is there a CP between QGP and hadron gas phases?

Q2: Is there phase coexistence, i.e., 1st order transition? Likely.

Unfortunately, lattice QCD cannot reach beyond µB ⇠ 2T .

Hadron Gas

Crossover
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The Phases of QCD

1st Order Phase Transition
Critical
Point?

But 1st order transition (and thus C.P.) is ubiquitous in models of QCD:
NJL, RM, Holography, Strong coupl. Lattice QCD, . . .

M. Stephanov QCD Critical Point ASU 2020 10 / 36

In equilibrium;

observables fluctuate 

ensemble-by-ensemble

Out of equilibrium;

observables fluctuate 

event-by-event

• Fluctuating hydrodynamics is a non-equilibrium approach to unraveling 
the equilibrium properties of QCD matters in different phases.

static fluid

Static fluid & static fluctuations
Stephanov, 2011
Mroczek, Acuna, Noronha-Hostler, Parotto, Ratti & Stephanov, 2020
see also talk by Karthein (Tue)
…

Static or uniformly varying fluid & dynamic fluctuations
Berdnikov & Rajagopal 1999
Mukherjee, Venugopalan & Yin, 2015
Nahrgang, Bluhm, Schafer & Bass, 2019
XA, Basar, Stephanov & Yee, 2020
see also talk by Pradeep (Tue), Sogabe (Wed)
…
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• Small bang vs Big bang: extreme initial state; particle synthesis; system 
expands, cools followed by freezeout and thermalization.

History of a heavy-ion collision

initial stage                  QGP               hadronization                   

History of Universe

High statistics;

measured in 

momentum coordinate

Cosmic variance;

measured in 

space coordinate



Theory

EOMs (bottom-up like)
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Starting from phenomenological 
equations with required properties

e.g., Langevin equations in stochastic 
description, Fokker-Planck (FP) 
equations in deterministic description.

Akamatsu et al, 1606.07742

Nahrgang et al, 1804.05728

Singh et al, 1807.05451 

Chattopadhyay et al, 2304.07279

…

EFTs (top-down like)

Starting from effective action with 
first principles

e.g., Martin-Siggia-Rose (MSR), Schwinger-
Keldysh (SK), Hohenberg-Halperin (HH), n-
particle irreducible (nPI), etc.

Glorioso et al, 1805.09331

Jain et al, 2009.01356

Sogabe et al, 2111.14667 

Chao et al, 2302.00720

…



Two bottom-up approaches

Langevin equation          
Newton’s equation + noise
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∂t ψi = Fi (ψ) + ηi

⟨ηi(x1) ηj(x2)⟩ = 2Qij(ψ) δ(4)(x1 − x2)

Langevin

Fokker-Planck equation     
probability evolution equation (Ito’s)

PlanckFokker

Pros: infinite noise regularized analytically; 
multiplicative noise well defined

Cons: millions of equations, albeit one sample

Pros: one equation, albeit millions of samples

Cons: divergence due to infinite noise; ambiguity 
due to multiplicative noise

Stochastic Deterministic

Landau Lifshitz

∂t P = (−Fi P + (Mij P), j ), i

Mij S, j + Mij, j

=

Qij + Ωij

=

 : Onsager matrix (symmetric)

 : Poisson matrix (anti-symmetric)

Qij
Ωijinfinite noisemultiplicative noise

Peq = eSdrift



• The cumulant generating function                                                 expands as

Dynamics of n-point correlators
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kurtosis

↓


sharpness


skewness

↓


lopsidedness

variance

↓


width

+ …+ +

-pt correlators are 
related to cumulants 
by space integration

n

• Evolution equations for generating function  : XA et al, 2009.10742, 2209.15005𝒲

e𝒲[J;t] ≡ Z[J; t] = ∫ 𝒟ψ P[ψ; t] eJiψi

∂t 𝒲 = e−𝒲(Ji Fi + Ji Jj Mij) e𝒲

𝒲 =
∞

∑
i=1

1
n!

Gi1…inJi1…Jin Gi1…in ≡ ⟨ϕi1…ϕin⟩ =
δ(n)𝒲

δJi1…δJin J=0

where .Fi = Fi(δ/δJi), Mij = Mij(δ/δJi)

ϕ ≡ ψ − ⟨ψ⟩

where



• Evolution equations for -pt correlators  : XA et al, 2009.10742, 2212.14029n Gn = Gi1…in

Evolution equations and truncation
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E.g.,  ∂t Gij = Fi,kGkj + Fj,kGki + 2Mij

leading, only trees

+
1
2

Fi,kℓGkℓj +
1
2

Fj,kℓGkℓi + Mij,kℓGkℓ + …

higher order, including loops

∂t Gn = ℱ [⟨ψ⟩, G2, G3, …, Gn, Gn+1, …G∞]

• Introducing the loop expansion parameters , the 
evolution equations can be systematically truncated and iteratively solved:                           
XA et al, 2009.10742 

ε ∼ 1/number of DOFs

∂t Gn = ℱ [⟨ψ⟩, G2, G3, …, Gn ] + Gn ∼ εn−1, Fi ∼ 1, Mij ∼ ε .where𝒪(εn)

Hydrodynamics: 


Holography: 

ε ∼ (ξ/ℓ)3 ∼ correlated volume / fluctuation volume
ε ∼ 1/Nc ∼ 1 / number of colors

   CLT!ϕ ∼ ϵ

need  equations to close the system!∞



Diagram representation
• Truncated equations for -pt correlators (diagrams): XA et al, 2009.10742, 2212.14029n
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Multi-point Wigner function
• For fluctuation fields, we introduced the novel -pt Wigner function XA et al, 2009.10742n
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Wn(x; q1, …, qn) = ∫ d3y1…d3yn e−(iq1y1+…+iqnyn) δ(3) ( y1 + … + yn

n ) Gn(x; y1, …, yn)

“While the bottom-up approach is useful in order to calculate two-point correlation functions, it is not immediately 
obvious how it should be generalized for the calculation of n-point correlation functions.” Romatschke, 2019

∂t Wn = ℱ [⟨ψ⟩, W2, W3, …, Wn ] + 𝒪(ϵn)



An example: charge diffusion near critical point
• Simple charge diffusion problem: XA et al, 2009.10742, 2209.15005 

17

QM22 printed on July 30, 2022 3

( )

( )

( )

diagrammatic ingredients

cumulant evolution equations

Gij… Fi M ij , k…Fi ,  j… Mij 
c Ok •

0

, , ,

°

, , ,

-

@ @

. @

@ @ @
@

@
@

@
'

@ @
@ @ @ @

@

Fig. 1. Diagrammatic representation of Eq. (8) (or Eqs. (10)) for n = 2, 3, 4 in terms of the diagrammatic
ingredients introduced in this figure. The dot on the left hand side denotes the time derivative @t.

3. Non-Gaussian fluctuation dynamics of di↵usive charge

In this section we apply our general formalism to a specific problem – the evolution of
di↵usive charge, using the translation given by Table. 1. In this problem the stochastic vari-
able, charge density n(x), is defined in continuous space, the Onsager matrix Qij is related to
conductivity � through the fluctuation-dissipation relation, and the drift force Fi is given by
the divergence of a di↵usion current whose constitutive relation, �r↵ where ↵ is the chemical
potential per temperature, can be determined by the second law of thermodynamics.

quantities general di↵usive charge

variable  i n(x)

variable index i, j, k, etc. x,y, z, etc.

Onsager matrix Qij rx�ry �
(3)
xy

drift force Fi rx�rx↵

Table 1. Translation of general formalism to the problem of di↵usive charge.

Applying the translation in Table. 1 to Eq. (8) and using Eq. (9), one immediately obtains
the evolution equations for the di↵usive charge cumulants in the wave-vector space. The first
few equations for n = 2, 3, 4 read (cf. Fig. 1):

@tW2(q1) =� 2
⇥
�q21W2(q1) + �q1 · q2

⇤
12

,

@tW3(q1, q2) =� 3
⇥
�q21W3(q1, q2) + �0q21W2(q2)W2(q3) + 2�0q1 · q2W2(q3)

⇤
123

,

@tW
c
4 (q1, q2, q3) =� 4

⇥
�q21W

c
4 (q1, q2, q3) + 3�0q21W2(q2)W3(q3, q4) + �00q21W2(q2)W2(q3)W2(q4)

+3�0q1 · q2W3(q3, q4) + 3�00q1 · q2W2(q3)W2(q4)
⇤
1234

, (10)

where � = �↵0, ↵0 ⌘ @↵/@n and 1 . . . n denotes the sum over all n! permutations of q1, . . . , qn
divided by n!. Eqs. (10) are solved by W eq

2 = 1/↵0, W eq
3 = �↵00/↵03, W c,eq

4 = (3↵002�↵0↵000)/↵05

in equilibrium, as expected from thermodynamic calculations.
In the critical regime where the correlation length ⇠ is still much less than the fluctuation

scale q�1 ⌘ |q|�1 but becomes much larger than all other microscopical lengths such as the

density;  conductivity;  chemical potential; diffusion coefficientn ≡ λ ≡ α ≡ D = λα′ ≡

∂t n = ∇(λ∇α) + η, ⟨η(x)η(y)⟩ = 2∇(x)λ∇(y) δ(3)(x − y)

static fluid

Static fluid & static fluctuations
Stephanov, 2011
Mroczek, Acuna, Noronha-Hostler, Parotto, Ratti & Stephanov, 2020
see also talk by Karthein (Tue)
…

Static or uniformly varying fluid & dynamic fluctuations
Berdnikov & Rajagopal 1999
Mukherjee, Venugopalan & Yin, 2015
Nahrgang, Bluhm, Schafer & Bass, 2019
XA, Basar, Stephanov & Yee, 2020
see also talk by Pradeep (Tue), Sogabe (Wed)
…

...toS

3
I

-

=
·

"-

- I
* *② I

woo K4

.Non-equiliEquili

t

equilibrium
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Evolution of n-point Wigner functions manifests strong memory effect

∂t W2 = − Dq2W2 + λq2

∂t W3 = …



Connection to top-down approach 
• Schwinger-Keldysh formalism Schwinger, Keldysh, 1960s
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KeldyshSchwingerti tf
1
2

Z = ∫ 𝒟ψ1𝒟ψ2𝒟χ1𝒟χ2 e i I0 (ψ1 , χ1) − i I0 (ψ2 , χ2) = ∫ 𝒟ψr𝒟ψa e i ∫τ ℒEFT

ℒEFT(ψr , ψa) = ψaiQ−1
ij (Fj − ·ψrj) + iψaiQ−1

ij ψaj

ψr =
1
2 (ψ1 + ψ2)

ψa = ψ1 − ψ2

P[ψ] = ∫ψr=ψ(t)
𝒟ψr 𝒟ψa J(ψr) ei ∫t

−∞ dτℒEFT

• The effective Lagrangian is constructed following fundamental symmetries:               
Glorioso et al, 1805.09331; Jain et al, 2009.01356

∂t P = (−Fi P + (Qij P), j ), i

which is invariant under KMS transformation

XA et al, in progress

ψ̃ r(−x) → ψr(x), ψ̃ a(−x) → ψa(x) + i ·ψr(x)



Fluctuations in relativistic hydrodynamics

The requirement of general covariance takes away from 

space and time the last remnant of physical objectivity.

Einstein



Relativistic dynamics
Eulerian specification                                                  
more often used in non-relativistic theory
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u ⋅ ∂ ψi = . . .
u ⋅ ∂Gn = . . .

Each fluid cell has its own clock (proper time). 
How to define the analogous equal-time 

correlator  in relativistic theory?Gn

(∂t + v ⋅ ∇) ψi = . . .
(∂t + v ⋅ ∇) Gn = . . .

There is a global time for every observer. 
All correlators  can be measured at the 

same time in the same frame (lab).
Gn

Lagrangian specification                             
more convenient for relativistic theory

u = u(ψ)



Confluent formulation: correlator and derivative
• Confluent formulation: covariant description for the comoving fluctuations. 

See XA et al, 2212.14029 for more details
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Λ(x2-x)

Λ(x1-x) Λ(xn-x) u(xn)
u(x1)

u(x2)

u(x)

x

x2

x1
xn

-

Confluent correlator Ḡ

e1

e2

e1

e2

u(x)

u(x+Δx)

u(x)
φ(x+Δx)

u(x+Δx)

Λ(Δx)φ(x+Δx)

Λ(Δx)

φ(x)
Λ(Δx)   y-1

Λ(Δx)

u(x) u(x)

Λ(Δx)  -1
(x+Δx)φ

(x)φ

u(x+Δx) u(x+Δx)

2

e2

e1(x+Δx)Λ(Δx)φ

e1

e

(a) (b)

o

o

o

Confluent derivative ∇̄

boost all fields (measured at their own 
local rest frame) to one common frame 

(chosen at their midpoint)

the frame at midpoint moves accordingly as the  
points move, the difference of a given field before 
and after the movement is calculated in one same 
frame, with the equal-time constraint preserved by 

introducing the local triad  with 

n

eμ
a a = 1,2,3

Ḡi1…in = Λ j1
i1

(x − x1)…Λ jn
in

(x − xn)Ḡj1…jn
∇̄μḠi1…in = ∂μḠi1…in − n (ω̊a

μb yb
1∂(y1)

a Ḡi1…in + ω̄ j1
μi1

Ḡj1…in)perm.



Confluent formulation: Wigner function
• The confluent -pt Wigner transform between -independent variables 

 and  with .  XA et al, 2212.14029

n x
ya = ea

μ(x) yμ qa a = 1,2,3

22

Wn(x; qa
1 , …, qa

n) = ∫
n

∏
i=1

(d3ya
i e−iqiaya

i ) δ(3) ( 1
n

n

∑
i=1

ya
i ) Ḡn(x + eaya

1 , …, x + eaya
n)

= 0+

x-space

q1x1

x2

xn

q2

qn

q-space

q1 q2 qn+

x

x1 x2+ +x = n
xn+ +

x≡ yn+

y-space

x1

x2

xn
x

x≡ yn+

= 0+

q1

q2

qn

q-space

q1 q2 qn++

u(x)

(a) (b)
= 0+y1 y2 yn++

u(x)

x

u(x) = 0yi u(x) = 0qi& &

.⑧k ⑧É

☒

•

.⑧k

⑧dd ④É

•

.⑧k

•
•



Confluent fluctuation evolution equations
• Fluctuation evolution equations in the impressionistic form: XA et al, in progress
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of which the solutions match thermodynamics with entropy .  
: entropy per baryon; : pressure; : Lagrange multiplier for 

S(m, p, uμ, η)
m p η u2 = − 1.

ℒWn = icsq(Wn − …) − γq2(Wn − …) − ∂ψWn + … where ℒ = u ⋅ ∇̄x + f ⋅ ∇q

For , there are 21+56+126=203 equations (for the 2-pt, 3-pt and 4-pt 
correlators) to solve——bite off more than one can chew!

ϕ = ( δm, δp, δuμ )
Equilibrium solutions in diagrammatic representation

sound dissipation background gradient



Rotating phase approximation
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• Step 1: choose a set of new bases in Fock space s.t. the ideal hydrodynamic 
equations are diagonalized with eigenvalues .λ±(q) = ± cs |q | , λm(q) = λ(i)(q) = 0

Φ =
Φm

Φ±

Φ(i)

∼
δm

δp ± csw ̂q ⋅ δu
t(i) ⋅ δu

i = 1, 2ϕ =
ϕm

ϕp

ϕμ

=
δm
δp
δuμ

• Step 2: for -pt correlators ,n WΦ1…Φn
(q1, …, qn)

As a result, we end up with 7+10+15=32 equations to solve. 
E.g., the 7 independent 2-pt slow modes are .Wmm, Wm(i), W(i)( j), W+−

NB: -pt correlators are analogous to -particle 
quantum states lying in the Fock space.
n n

n

∑
i=1

λΦi
(qi) { = 0 ⟶ slow mode (kept)

≠ 0 ⟶ fast mode (averaged out)

E.g.,  is a slow mode since ;

 is not a slow mode since .

W+−(q1, q2) λ+(q1) + λ−(q2) = cs( |q1 | − |q2 | ) = 0
W+++(q1, q2, q3) λ+(q1) + λ+(q2) + λ+(q3) = cs( |q1 | + |q2 | + |q3 | ) ≠ 0

if



Hydro-kinetic equations 
• The equation for  has a kinetic interpretation:W+−
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ℒW+− ≡ ((u + cs ̂q) ⋅ ∇̄x + f ⋅ ∇q) W+− = − γq2 (W+− −
T
E )

Further developments, other approaches

Stochastic e↵ective actions and

multilicative noise

Chao, Schaefer, [2008.01269]

Covariant Wigner-function for order

parameter 2pt function

W (x, q) =

Z
d
4
y �(u(x) · y)e�iy·q

D
 

⇣
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2

⌘
 

⇣
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An et al. [1912.13456]

Kinetics of hydro fluctuations

W (x, q) =
X

n

wn�(x � xn)�(q � qn)

An et al. [1912.13456]

Evolution of 4th order cumulant

equilibrium KZ scaling equilibrium
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Further developments, other approaches
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Courtesy of Schafer

Bose-Einstein (phonon) distribution  at high n =
1

eE/T − 1
T

Coriolis
  

Inertial "Hubble"

Phonons move on top of an arbitrary fluid with 
acceleration, rotation and expansion XA et al, 1902.09517

fμ = Eaμ + 2Ecs ̂qνωνμ + qν ∇⊥
μ uν + ∇μE

“Finally, after about six months of work off and on, all the pieces suddenly fitted together, 
producing miraculous cancellation, and I was staring at the amazingly simple final result.” C.N. Yang



Fluctuation feedback
• Fluctuations give feedback to the bare quantities order by order in 

gradient expansion:
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Tphysical
μν = T(0)

μν + T(1)
μν + T(2)

μν + …

bare

+

= TR(0)
μν + TR(1)

μν + TR(2)
μν

renormalized

+ T̃(3/2)
μν + T̃(3)

μν + T̃(9/2)
μν + …

long−time tails

where Gn(x) ∼ ∫ d3q1…d3qnδ(3)(q1 + … + qn)Wn(x, q1, …, qn)

δTμν({Gn})

fluctuation

need the solutions from equations for Wigner functions



Renormalization
• Equation for 2-pt functions under RPA:
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ℒW(q) = − γq2(W(q) − W(0)) − ∂ψW(q)
with asymptotic solutions

W(q) =
γq2W(0)

−iω + γq2 + ∂ψ
=

W(0) (1 −
−iω + ∂ψ

γq2
+ …), γq2 ≫ ω, ∂ψ

W(0) γq2

−iω + ∂ψ (1 −
γq2

−iω + ∂ψ
+ …), γq2 ≪ ω, ∂ψ

• Perturbation analysis for  where  gives:W = W(0) + W(neq) W(neq) = W(1) + …

W(1) ∼
∂ψ
γq2

⟹ G(1) = ∫
Λ

d3qW(1) ∼
Λ
γ

∂ψ renormalize transport coefficients

E.g.,

ηR = η +
TΛ

30π2 ( 1
γL

+
7

2γη ), ζR = ζ +
TΛ

18π2 ( 1
γL

(1 − 3 ·T + 3 ·cs)2 +
2
γη

(1 − 3( ·T + c2
s )/2)2 +

9
4γλ

(1 − ·cp)2), λR = λ +
T2n2Λ
3π2w2 (

cpT
(γη + γλ)w

+
c2

s

2γL )

(regularize infinite noise analytically)



Long-time tails
• The remaining non-equilibrium part of 2-pt function:
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the leading contribution (  ) results from 2-pt correlators via                .                k3/2 ∼ t−3/2

( )
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W̃ = W(neq) − W(1) ∼
∂ψ

−iω + γq2 + ∂ψ
−

∂ψ
γq2

subtracting local divergence

⟹ G̃ = ∫q
W̃ ∼

∂ψ
γ3/2

(iω + ∂ψ)1/2 ∼ q3
* ∼ k3/2

• Generically, for arbitrary ,n

G̃ n(x) = ∫ d3q1…d3qnδ(3)(q1 + … + qn)

n−1 independent q integration

W̃n(x, q1, …, qn) ∼ εn−1 ∼ q3(n−1)
* ∼ k3(n−1)/2

γq2
* ∼ csk

E.g., Π(ω) = ζ(ω)∂ ⋅ u ∼ ξ3 (1 − (ωξ3)1/2) ∂ ⋅ u



E.g., for  where , we have .Γ(q) = Dq2 = λα′ q2 λ ∼ ξ, α′ ∼ ξ−2 τrel = 1/Γ(ξ−1) ∼ ξ3

Interplay with background in the critical regime
• Different slow modes may relax with different time scales near critical point 

due to critical slowing down. Stephanov, 1104.1627; Berdnikov et al, 9912274; XA, 2003.02828
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• In the critical regime (  ), Muller-Israel-Stewart theory is an example of 
the single-mode Hydro+, e.g., Stephanov et al, 1712.10305; Du et al, 2107.02302; Abbasi et al, 2112.14747

ΓΠ ∼ ξ−3

∂μTμν
physical ( ψR, W̃ ) = 0

ℒW̃(q) = − Γ(q)W̃(q) − ∂ψRW̃(q)

{
∂μTμν ( ψ, Π ) = 0
·Π = − ΓΠ (Π − ΠNS)

• Hydro+/++: hydrodynamics with parametrically slow modes (e.g., )Γ(q) ∼ ξ−3 ≪ ω



Recap
• Various approaches for fluctuating hydro have been developed, each with 

its own pros and cons, and can be connected with others.


• For the first time we developed a deterministic framework for fluctuation 
dynamics, and formulated it covariantly for hydrodynamics.
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• Hydrodynamic attractors. Work in progress with Spalinski


• Other fluid system: cosmo/astrophysics, SHD/MHD, etc. Extendable to many problems!


• Numerical implementation? We need efforts from the community!

Outlook


