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Recent activities to look into entanglements, etc. in HEP 

• pp → tt̄

• H → WW, ZZ

•  (@ )H → τ+τ− e+e− colliders

❖ Experimental observation of entanglement and Bell-ineq violation @ LHC 

Y. Afik and J. R. M. de Nova ’21, ’22, M. Fabbrichesi, R. Floreanini, G. Panizzo ‘21

Z. Dong, D. Gonçalves, K. Kong, A. Navarro ‘23

A. J. Barr ’21, J.A. Aguilar-Saavedra, A. Bernal, J.A. Casas, J.M. Moreno ’22, 
A. Bernal, P. Caban, J. Rembieliński ’23, M. Fabbrichesi, R. Floreanini, E. 
Gabrielli, Luca Marzola ‘23

M. Fabbrichesi, R. Floreanini, E. Gabrielli 22, M. Altakach, 
P. Lamba, F. Maltoni, K. Mawatari, KS ’22, K. Ma, T. Li ‘23 

Colliders are natural/unique place testing Bell-inequality at the weak scale!
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Figure 2: (a): Calibration curve for the dependence between the particle-level value of ⇡ and the detector-level value
of ⇡, in the signal region. The yellow band represents the statistical uncertainty, while the grey band represents
the total uncertainty obtained by adding the statistical and systematic uncertainties in quadrature. The measured
values and expected values from Powheg + Pythia8 (hvq) are marked with black and red circles, respectively, and the
entanglement limit is shown as a dashed line. (b): The particle-level ⇡ results in the signal and validation regions
compared with various MC models. The entanglement limit shown is a conversion from its parton-level value of
⇡ = �1/3 to the corresponding value at particle level, and the uncertainties which are considered for the band are
described in the text.

absence of these effects in the MC simulation used to derive the calibration curve is expected to be minimal.
Additionally, the impact of the enhancement of the cross-section due to pseudo-bound-state effects on the
calibration curve and particle-level measurement has been assessed in a stress test, and found to be small
compared to the modelling uncertainties already included in the measurement.

In the signal region the P�����+P����� and P�����+H����� generators yield different predictions. The
size of the observed difference is consistent with changing the method of shower ordering and is discussed
in detail in Methods A.6.

In the signal region, the observed and expected significances with respect to the entanglement limit are
well beyond five standard deviations, independently of the MC model used to correct the entanglement
limit to account for the fiducial phase space of the measurement. This is illustrated in Figure 2(b), where
the hypothesis of no entanglement is shown. The observed result in the region with 340 < <

C C̄
< 380 GeV

establishes the formation of entangled CC̄ states. This constitutes the first observation of entanglement in a
quark–antiquark pair.

Apart from the fundamental interest in testing quantum entanglement in a new environment, this
measurement in top quarks paves the way to use high-energy colliders, such as the LHC, as a laboratory to
study quantum information and foundational problems in quantum mechanics. From a quantum information
perspective, high energy colliders are particularly interesting due to their relativistic nature, and the richness
of the interactions and symmetries that can be probed there. Furthermore, highly demanding measurements,
such as measuring quantum discord and reconstructing the steering ellipsoid, can be naturally implemented
at the LHC due to the vast number of available CC̄ events [45]. From a high-energy physics perspective,
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EUROPEAN ORGANISATION FOR NUCLEAR RESEARCH (CERN)

Submitted to: Nature CERN-EP-2023-230
November 20, 2023

Observation of quantum entanglement in top-quark

pairs using the ATLAS detector

The ATLAS Collaboration

We report the highest-energy observation of entanglement, in top–antitop quark events
produced at the Large Hadron Collider, using a proton–proton collision data set with a
center-of-mass energy of

p
B = 13 TeV and an integrated luminosity of 140 fb�1 recorded

with the ATLAS experiment. Spin entanglement is detected from the measurement of a
single observable ⇡, inferred from the angle between the charged leptons in their parent top-
and antitop-quark rest frames. The observable is measured in a narrow interval around the
top–antitop quark production threshold, where the entanglement detection is expected to be
significant. It is reported in a fiducial phase space defined with stable particles to minimize the
uncertainties that stem from limitations of the Monte Carlo event generators and the parton
shower model in modelling top-quark pair production. The entanglement marker is measured
to be ⇡ = �0.547 ± 0.002 (stat.) ± 0.021 (syst.) for 340 < <

C C̄
< 380 GeV. The observed

result is more than five standard deviations from a scenario without entanglement and hence
constitutes both the first observation of entanglement in a pair of quarks and the highest-energy
observation of entanglement to date.

© 2023 CERN for the benefit of the ATLAS Collaboration.
Reproduction of this article or parts of it is allowed as specified in the CC-BY-4.0 license.
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Recent activities to look into entanglements, etc. in HEP 

❖ Exploiting entanglement to look for new physics

R. Aoude, E. Madge, F. Maltoni, L. Mantani ’22, C. Severi, E. Vryonidou ’22

-  Constraining higher dim. operators

(a)

(b) (c)

(d) (e)

Figure 1: Change from the SM value for spin observables for the operators OtG (1a),
O

(8,3)
Qq (1b), O(1,3)

Qq (1c), O(8,1)
Qq (1d), O(1,1)

Qq (1e), inclusive in tt̄ phase space. Dashed lines
indicate results at LO, continuous lines indicate NLO. The shaded region around each curve
represents the combination of scale and MC uncertainty. The MC uncertainty is always
sub-leading compared to scale variation. Only curves that deviate appreciably from zero
are shown.

– 14 –

entanglement

[2]. We will assume the flavor symmetry as in [29]:

U(2)Q ⇥ U(2)u ⇥ U(3)d, (2.1)

that implies new physics couples predominantly to top quarks. This is rooted on the unusu-
ally large value of the SM top Yukawa coupling yt ⇡ 0.993, signaling a special relationship
between the two heaviest SM particles, and hinting at the presence of new physics close to
the electroweak scale.

We focus on operators containing at least one top quark field, assuming other operators
are well enough constrained from measurements not involving tops. All such operators are
considered, in a systematic approach, with the exception of those that enter top production
only in virtual corrections, and those only entering in highly suppressed contributions (e.g.
bb̄ ! tt̄).

2.1 Two-fermion operators

One can write down three dimension-six operators modifying the top-gluon interaction
and thus tt̄ production. To highlight the chiral properties of the induced tt̄g vertex these
can be written as:

Ogt = t TA�
µ
D

⌫
tG

A
µ⌫ , (2.2)

OgQ = QTA�
µ
D

⌫
QG

A
µ⌫ , (2.3)

OtG = gS QTA'̃�
µ⌫
tG

A
µ⌫ = gS QuG,33. (2.4)

The second equality is in terms of the Warsaw basis [30]. Once the additional symmetry
(2.1) and the EOM are enforced, only OtG and O

†
tG survive, as standard manipulations

yield:

Ogt +O
†
gt = gs

⇣
four-quarks

⌘
(2.5)

OgQ +O
†
gQ = gs

⇣
four-quarks

⌘
(2.6)

Ogt �O
†
gt = O

†
gQ �OgQ =

yt

gS
(OtG �O

†
tG) (2.7)

This shows that Ogt and OgQ reduce to four-fermion operators; more specifically, they
reduce to operators composed of two light quarks and two tops, that will be considered
in the following, and to operators with four top quark fields, that we will neglect due to
their large suppression in the process at hand. The only surviving operator, OtG, has the
effect of deforming the top quark color charge distribution, producing a chromo-magnetic
and chromo-electric dipole moment proportional to <(ctG) and =(ctG) respectively.

On top of the two-fermion operators listed above, there are five operators involving two

– 4 –



Recent activities to look into entanglements, etc. in HEP 

R. Aoude, E. Madge, F. Maltoni, L. Mantani ’22, C. Severi, E. Vryonidou ’22

M. Eckstein, 

P. Horodecki ‘21

-  Looking for beyond Quantum Mechanics

Testing QM at high energy colliders

large small
distance

Quantum 
Mechanics 
(Nonlocal) ?Quantum 

Mechanics 
(Local)

✤ Bell inequalities/Entanglement have not been tested at the TeV energy scale:

➡ LHC (and FCCee/hh) provides the unique opportunity for this test

✤ Detection of Entanglement/Bell violation requires a detailed analysis of spin 
correlation:
➡ provides a very good test for the Standard Model (sensitive to BSM) 

Motivation

Experimentally test CPTP-ness of the quantum process

❖ Exploiting entanglement to look for new physics

-  Constraining higher dim. operators

→ Can be done with ILC with polarised beam, e.g. e+e− → tt̄
C. Altomonte, A. Barr, M. Eckstein, P. Horodecki, KS in progress
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R. Aoude, E. Madge, F. Maltoni, L. Mantani ’22, C. Severi, E. Vryonidou ’22

❖ Entanglement as a model building principle
M. Carena, I. Low, C. Wagner, M-L. Xiao ‘23

general 2HDM
minimising entanglement in 
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SM-like Higgs boson
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-  Constraining higher dim. operators

-  Looking for beyond Quantum Mechanics
M. Eckstein, 

P. Horodecki ‘21Experimentally test CPTP-ness of the quantum process

❖ Entanglement entropy of proton K. Kutak ’23 



So far, the majority focus on two-particle entanglement

what about three-particle entanglement?
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3-particle entanglement has a much richer structure that 2-PE !

A

B C
• “Genuine” 3-particle entanglement 

F3

• Ent. btw 2-individual particles

• Ent. btw one-to-other

F3

C2
A(BC) ≥ C2

AB + C2
AC• “Monogamy”

(non-separable even partially)
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A

B C
• “Genuine” 3-particle entanglement 

• Ent. btw 2-individual particles

• Ent. btw one-to-other

F3

C2
A(BC) ≥ C2

AB + C2
AC• “Monogamy”

(non-separable even partially)

X

3-body decay: X → ABC

3-particle entanglement has a much richer structure that 2-PE !
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explore all possible Lorentz invariant interactions

3-Particle Entanglement



How to quantify entanglement?

*) LOCC: Local Operation and Classical Communication

Ex.) Concurrence [ for 2 qubit system ]
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Three-body Entanglement in Particle Decays

Kazuki Sakurai⇤
Institute of Theoretical Physics, Faculty of Physics,

University of Warsaw, ul. Pasteura 5, PL-02-093 Warsaw, Poland

Michael Spannowsky†

Institute for Particle Physics Phenomenology, Department of Physics,

Durham University, Durham DH1 3LE, U.K.

Abstract
Quantum entanglement has long served as a foundational pillar in understanding quantum mechanics, with a predominant

focus on two-particle systems. We extend the study of entanglement into the realm of three-body decays, offering a more
intricate understanding of quantum correlations. We introduce a novel approach for three-particle systems by utilising the
principles of entanglement monotone concurrence and the monogamy property. Our findings highlight the potential of studying
deviations from the Standard Model and emphasise its significance in particle phenomenology. This work paves the way for
new insights into particle physics through multi-particle quantum entanglement, particularly in decays of heavy fermions and
hadrons.

I. INTRODUCTION

The study of quantum entanglement has been a corner-
stone of quantum mechanics, providing profound insights
into the non-local correlations between quantum systems
[1, 2]. Historically, much of the focus has been on two-
particle entanglement, particularly in the context of the
Bell inequalities [3, 4]. However, as the field of quantum
mechanics evolves, it becomes imperative to explore more
complex systems, specifically, the realm of multi-particle
entanglement.

Recent research has delved into the intricacies of two-
particle entanglement in the context of particle physics.
Bi-partite systems have been explored for top-anti-top
quarks [5–10], the Higgs boson [11–13], gauge bosons [14–
17] and leptons [18], revealing that the quantum infor-
mation properties of their spin states at proton colliders
are accessible in current data. Furthermore, some stud-
ies emphasised the importance of quantum observables
in probing the underlying dynamics of quantum systems
[19–21].

Given the advancements in studying two-particle en-
tanglement, reflected by the large number of entangle-
ment measures for bipartite systems [22–26], extending
this research to three-particle systems is a natural yet
surprisingly underexplored advancement. The study of
three-particle entanglement presents a richer tapestry of
quantum correlations and offers the potential to uncover
new insights into the fundamental nature of quantum me-
chanics. Moreover, extending the Bell inequality tests to
three particles can provide a more robust framework for
testing the foundational principles of quantum mechanics
and exploring potential deviations from the predictions
of the Standard Model.

⇤Electronic address: kazuki.sakurai@fuw.edu.pl
†Electronic address: michael.spannowsky@durham.ac.uk

By building on the entanglement monotone concur-

rence and the monogamy property, we propose an ap-
proach to extend entanglement to three particles, chart-
ing a course for future explorations in the realm of multi-
particle quantum entanglement in particle phenomenol-
ogy. Extending the concept of entanglement to three
particles will bolster its applicability to uncharted terri-
tories in particle phenomenology, e.g. the decay of heavy
fermions and hadrons. This exploration into hadron de-
cays offers a fresh perspective and a deeper understand-
ing of the intricate quantum interactions within these
systems.

Additionally, the introduction of the three-particle en-
tanglement measure presents a new observable. This
novel measure holds significant promise in aiding the
search for unknown heavy resonances and potentially
discovering new physics. Thus, for a comprehensive
assessment of the expected three-particle entanglement
in three-body decays, we calculate its value for the ef-
fective Lorentz structures generated by (pseudo)scalars,
(pseudo)vectors and (pseudo)tensors exchanges, respec-
tively.

II. DEFINITION OF ENTANGLEMENT

Entanglement can be quantified by a class of non-
negative functions called entanglement monotones [26,
27], whose values do not increase under local opera-
tions and classical communication (LOCC). A particu-
larly convenient entanglement monotone is concurrence

[25, 28]. For a mixed state ⇢ of two qubits the concur-
rence is defined as

C[⇢] = max(0, ⌘1 � ⌘2 � ⌘3 � ⌘4) 2 [0, 1], (1)

where ⌘i (⌘i > ⌘j for i < j) are the eigenvalues of the
matrix R ⌘

pp
⇢⇢̃

p
⇢ with ⇢̃ ⌘ (�y ⌦ �y)⇢⇤(�y ⌦ �y).

For separable states C = 0, while C = 1 for maxi-
mally entangled states. For a pure state of two qubits,

1
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  are eigenvalues of   with  . η1 ≥ η2 ≥ η3 ≥ η4 ρρ̃ ρ̃ ≡ (σy ⊗ σy)ρ*(σy ⊗ σy)
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Abstract
Quantum entanglement has long served as a foundational pillar in understanding quantum mechanics, with a predominant

focus on two-particle systems. We extend the study of entanglement into the realm of three-body decays, offering a more
intricate understanding of quantum correlations. We introduce a novel approach for three-particle systems by utilising the
principles of entanglement monotone concurrence and the monogamy property. Our findings highlight the potential of studying
deviations from the Standard Model and emphasise its significance in particle phenomenology. This work paves the way for
new insights into particle physics through multi-particle quantum entanglement, particularly in decays of heavy fermions and
hadrons.

I. INTRODUCTION

The study of quantum entanglement has been a corner-
stone of quantum mechanics, providing profound insights
into the non-local correlations between quantum systems
[1, 2]. Historically, much of the focus has been on two-
particle entanglement, particularly in the context of the
Bell inequalities [3, 4]. However, as the field of quantum
mechanics evolves, it becomes imperative to explore more
complex systems, specifically, the realm of multi-particle
entanglement.

Recent research has delved into the intricacies of two-
particle entanglement in the context of particle physics.
Bi-partite systems have been explored for top-anti-top
quarks [5–10], the Higgs boson [11–13], gauge bosons [14–
17] and leptons [18], revealing that the quantum infor-
mation properties of their spin states at proton colliders
are accessible in current data. Furthermore, some stud-
ies emphasised the importance of quantum observables
in probing the underlying dynamics of quantum systems
[19–21].

Given the advancements in studying two-particle en-
tanglement, reflected by the large number of entangle-
ment measures for bipartite systems [22–26], extending
this research to three-particle systems is a natural yet
surprisingly underexplored advancement. The study of
three-particle entanglement presents a richer tapestry of
quantum correlations and offers the potential to uncover
new insights into the fundamental nature of quantum me-
chanics. Moreover, extending the Bell inequality tests to
three particles can provide a more robust framework for
testing the foundational principles of quantum mechanics
and exploring potential deviations from the predictions
of the Standard Model.

⇤Electronic address: kazuki.sakurai@fuw.edu.pl
†Electronic address: michael.spannowsky@durham.ac.uk

By building on the entanglement monotone concur-

rence and the monogamy property, we propose an ap-
proach to extend entanglement to three particles, chart-
ing a course for future explorations in the realm of multi-
particle quantum entanglement in particle phenomenol-
ogy. Extending the concept of entanglement to three
particles will bolster its applicability to uncharted terri-
tories in particle phenomenology, e.g. the decay of heavy
fermions and hadrons. This exploration into hadron de-
cays offers a fresh perspective and a deeper understand-
ing of the intricate quantum interactions within these
systems.

Additionally, the introduction of the three-particle en-
tanglement measure presents a new observable. This
novel measure holds significant promise in aiding the
search for unknown heavy resonances and potentially
discovering new physics. Thus, for a comprehensive
assessment of the expected three-particle entanglement
in three-body decays, we calculate its value for the ef-
fective Lorentz structures generated by (pseudo)scalars,
(pseudo)vectors and (pseudo)tensors exchanges, respec-
tively.

II. DEFINITION OF ENTANGLEMENT

Entanglement can be quantified by a class of non-
negative functions called entanglement monotones [26,
27], whose values do not increase under local opera-
tions and classical communication (LOCC). A particu-
larly convenient entanglement monotone is concurrence

[25, 28]. For a mixed state ⇢ of two qubits the concur-
rence is defined as

C[⇢] = max(0, ⌘1 � ⌘2 � ⌘3 � ⌘4) 2 [0, 1], (1)

where ⌘i (⌘i > ⌘j for i < j) are the eigenvalues of the
matrix R ⌘

pp
⇢⇢̃

p
⇢ with ⇢̃ ⌘ (�y ⌦ �y)⇢⇤(�y ⌦ �y).

For separable states C = 0, while C = 1 for maxi-
mally entangled states. For a pure state of two qubits,
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  are eigenvalues of   with  . η1 ≥ η2 ≥ η3 ≥ η4 ρρ̃ ρ̃ ≡ (σy ⊗ σy)ρ*(σy ⊗ σy)

• For a pure state , the concurrence can be computed as|ψ⟩ ∈ ℋA ⊗ ℋB
| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and
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Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)
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Abstract
Quantum entanglement has long served as a foundational pillar in understanding quantum mechanics, with a predominant

focus on two-particle systems. We extend the study of entanglement into the realm of three-body decays, offering a more
intricate understanding of quantum correlations. We introduce a novel approach for three-particle systems by utilising the
principles of entanglement monotone concurrence and the monogamy property. Our findings highlight the potential of studying
deviations from the Standard Model and emphasise its significance in particle phenomenology. This work paves the way for
new insights into particle physics through multi-particle quantum entanglement, particularly in decays of heavy fermions and
hadrons.

I. INTRODUCTION

The study of quantum entanglement has been a corner-
stone of quantum mechanics, providing profound insights
into the non-local correlations between quantum systems
[1, 2]. Historically, much of the focus has been on two-
particle entanglement, particularly in the context of the
Bell inequalities [3, 4]. However, as the field of quantum
mechanics evolves, it becomes imperative to explore more
complex systems, specifically, the realm of multi-particle
entanglement.

Recent research has delved into the intricacies of two-
particle entanglement in the context of particle physics.
Bi-partite systems have been explored for top-anti-top
quarks [5–10], the Higgs boson [11–13], gauge bosons [14–
17] and leptons [18], revealing that the quantum infor-
mation properties of their spin states at proton colliders
are accessible in current data. Furthermore, some stud-
ies emphasised the importance of quantum observables
in probing the underlying dynamics of quantum systems
[19–21].

Given the advancements in studying two-particle en-
tanglement, reflected by the large number of entangle-
ment measures for bipartite systems [22–26], extending
this research to three-particle systems is a natural yet
surprisingly underexplored advancement. The study of
three-particle entanglement presents a richer tapestry of
quantum correlations and offers the potential to uncover
new insights into the fundamental nature of quantum me-
chanics. Moreover, extending the Bell inequality tests to
three particles can provide a more robust framework for
testing the foundational principles of quantum mechanics
and exploring potential deviations from the predictions
of the Standard Model.

⇤Electronic address: kazuki.sakurai@fuw.edu.pl
†Electronic address: michael.spannowsky@durham.ac.uk

By building on the entanglement monotone concur-

rence and the monogamy property, we propose an ap-
proach to extend entanglement to three particles, chart-
ing a course for future explorations in the realm of multi-
particle quantum entanglement in particle phenomenol-
ogy. Extending the concept of entanglement to three
particles will bolster its applicability to uncharted terri-
tories in particle phenomenology, e.g. the decay of heavy
fermions and hadrons. This exploration into hadron de-
cays offers a fresh perspective and a deeper understand-
ing of the intricate quantum interactions within these
systems.

Additionally, the introduction of the three-particle en-
tanglement measure presents a new observable. This
novel measure holds significant promise in aiding the
search for unknown heavy resonances and potentially
discovering new physics. Thus, for a comprehensive
assessment of the expected three-particle entanglement
in three-body decays, we calculate its value for the ef-
fective Lorentz structures generated by (pseudo)scalars,
(pseudo)vectors and (pseudo)tensors exchanges, respec-
tively.

II. DEFINITION OF ENTANGLEMENT

Entanglement can be quantified by a class of non-
negative functions called entanglement monotones [26,
27], whose values do not increase under local opera-
tions and classical communication (LOCC). A particu-
larly convenient entanglement monotone is concurrence

[25, 28]. For a mixed state ⇢ of two qubits the concur-
rence is defined as

C[⇢] = max(0, ⌘1 � ⌘2 � ⌘3 � ⌘4) 2 [0, 1], (1)

where ⌘i (⌘i > ⌘j for i < j) are the eigenvalues of the
matrix R ⌘

pp
⇢⇢̃

p
⇢ with ⇢̃ ⌘ (�y ⌦ �y)⇢⇤(�y ⌦ �y).

For separable states C = 0, while C = 1 for maxi-
mally entangled states. For a pure state of two qubits,
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| i =
X

a,b,c

cabc · |aiA ⌦ |biB ⌦ |ciC

How to compute the entanglement btw. 2-individual qubits?
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Abstract
Quantum entanglement has long served as a foundational pillar in understanding quantum mechanics, with a predominant

focus on two-particle systems. We extend the study of entanglement into the realm of three-body decays, offering a more
intricate understanding of quantum correlations. We introduce a novel approach for three-particle systems by utilising the
principles of entanglement monotone concurrence and the monogamy property. Our findings highlight the potential of studying
deviations from the Standard Model and emphasise its significance in particle phenomenology. This work paves the way for
new insights into particle physics through multi-particle quantum entanglement, particularly in decays of heavy fermions and
hadrons.

I. INTRODUCTION

The study of quantum entanglement has been a corner-
stone of quantum mechanics, providing profound insights
into the non-local correlations between quantum systems
[1, 2]. Historically, much of the focus has been on two-
particle entanglement, particularly in the context of the
Bell inequalities [3, 4]. However, as the field of quantum
mechanics evolves, it becomes imperative to explore more
complex systems, specifically, the realm of multi-particle
entanglement.

Recent research has delved into the intricacies of two-
particle entanglement in the context of particle physics.
Bi-partite systems have been explored for top-anti-top
quarks [5–10], the Higgs boson [11–13], gauge bosons [14–
17] and leptons [18], revealing that the quantum infor-
mation properties of their spin states at proton colliders
are accessible in current data. Furthermore, some stud-
ies emphasised the importance of quantum observables
in probing the underlying dynamics of quantum systems
[19–21].

Given the advancements in studying two-particle en-
tanglement, reflected by the large number of entangle-
ment measures for bipartite systems [22–26], extending
this research to three-particle systems is a natural yet
surprisingly underexplored advancement. The study of
three-particle entanglement presents a richer tapestry of
quantum correlations and offers the potential to uncover
new insights into the fundamental nature of quantum me-
chanics. Moreover, extending the Bell inequality tests to
three particles can provide a more robust framework for
testing the foundational principles of quantum mechanics
and exploring potential deviations from the predictions
of the Standard Model.

⇤Electronic address: kazuki.sakurai@fuw.edu.pl
†Electronic address: michael.spannowsky@durham.ac.uk

By building on the entanglement monotone concur-

rence and the monogamy property, we propose an ap-
proach to extend entanglement to three particles, chart-
ing a course for future explorations in the realm of multi-
particle quantum entanglement in particle phenomenol-
ogy. Extending the concept of entanglement to three
particles will bolster its applicability to uncharted terri-
tories in particle phenomenology, e.g. the decay of heavy
fermions and hadrons. This exploration into hadron de-
cays offers a fresh perspective and a deeper understand-
ing of the intricate quantum interactions within these
systems.

Additionally, the introduction of the three-particle en-
tanglement measure presents a new observable. This
novel measure holds significant promise in aiding the
search for unknown heavy resonances and potentially
discovering new physics. Thus, for a comprehensive
assessment of the expected three-particle entanglement
in three-body decays, we calculate its value for the ef-
fective Lorentz structures generated by (pseudo)scalars,
(pseudo)vectors and (pseudo)tensors exchanges, respec-
tively.

II. DEFINITION OF ENTANGLEMENT

Entanglement can be quantified by a class of non-
negative functions called entanglement monotones [26,
27], whose values do not increase under local opera-
tions and classical communication (LOCC). A particu-
larly convenient entanglement monotone is concurrence

[25, 28]. For a mixed state ⇢ of two qubits the concur-
rence is defined as

C[⇢] = max(0, ⌘1 � ⌘2 � ⌘3 � ⌘4) 2 [0, 1], (1)

where ⌘i (⌘i > ⌘j for i < j) are the eigenvalues of the
matrix R ⌘

pp
⇢⇢̃

p
⇢ with ⇢̃ ⌘ (�y ⌦ �y)⇢⇤(�y ⌦ �y).

For separable states C = 0, while C = 1 for maxi-
mally entangled states. For a pure state of two qubits,
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X

a,b,c

cabc · |aiA ⌦ |biB ⌦ |ciC

How to compute the entanglement btw. 2-individual qubits?
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trace out A
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Abstract
Quantum entanglement has long served as a foundational pillar in understanding quantum mechanics, with a predominant

focus on two-particle systems. We extend the study of entanglement into the realm of three-body decays, offering a more
intricate understanding of quantum correlations. We introduce a novel approach for three-particle systems by utilising the
principles of entanglement monotone concurrence and the monogamy property. Our findings highlight the potential of studying
deviations from the Standard Model and emphasise its significance in particle phenomenology. This work paves the way for
new insights into particle physics through multi-particle quantum entanglement, particularly in decays of heavy fermions and
hadrons.

I. INTRODUCTION

The study of quantum entanglement has been a corner-
stone of quantum mechanics, providing profound insights
into the non-local correlations between quantum systems
[1, 2]. Historically, much of the focus has been on two-
particle entanglement, particularly in the context of the
Bell inequalities [3, 4]. However, as the field of quantum
mechanics evolves, it becomes imperative to explore more
complex systems, specifically, the realm of multi-particle
entanglement.

Recent research has delved into the intricacies of two-
particle entanglement in the context of particle physics.
Bi-partite systems have been explored for top-anti-top
quarks [5–10], the Higgs boson [11–13], gauge bosons [14–
17] and leptons [18], revealing that the quantum infor-
mation properties of their spin states at proton colliders
are accessible in current data. Furthermore, some stud-
ies emphasised the importance of quantum observables
in probing the underlying dynamics of quantum systems
[19–21].

Given the advancements in studying two-particle en-
tanglement, reflected by the large number of entangle-
ment measures for bipartite systems [22–26], extending
this research to three-particle systems is a natural yet
surprisingly underexplored advancement. The study of
three-particle entanglement presents a richer tapestry of
quantum correlations and offers the potential to uncover
new insights into the fundamental nature of quantum me-
chanics. Moreover, extending the Bell inequality tests to
three particles can provide a more robust framework for
testing the foundational principles of quantum mechanics
and exploring potential deviations from the predictions
of the Standard Model.
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†Electronic address: michael.spannowsky@durham.ac.uk

By building on the entanglement monotone concur-

rence and the monogamy property, we propose an ap-
proach to extend entanglement to three particles, chart-
ing a course for future explorations in the realm of multi-
particle quantum entanglement in particle phenomenol-
ogy. Extending the concept of entanglement to three
particles will bolster its applicability to uncharted terri-
tories in particle phenomenology, e.g. the decay of heavy
fermions and hadrons. This exploration into hadron de-
cays offers a fresh perspective and a deeper understand-
ing of the intricate quantum interactions within these
systems.

Additionally, the introduction of the three-particle en-
tanglement measure presents a new observable. This
novel measure holds significant promise in aiding the
search for unknown heavy resonances and potentially
discovering new physics. Thus, for a comprehensive
assessment of the expected three-particle entanglement
in three-body decays, we calculate its value for the ef-
fective Lorentz structures generated by (pseudo)scalars,
(pseudo)vectors and (pseudo)tensors exchanges, respec-
tively.

II. DEFINITION OF ENTANGLEMENT

Entanglement can be quantified by a class of non-
negative functions called entanglement monotones [26,
27], whose values do not increase under local opera-
tions and classical communication (LOCC). A particu-
larly convenient entanglement monotone is concurrence

[25, 28]. For a mixed state ⇢ of two qubits the concur-
rence is defined as

C[⇢] = max(0, ⌘1 � ⌘2 � ⌘3 � ⌘4) 2 [0, 1], (1)

where ⌘i (⌘i > ⌘j for i < j) are the eigenvalues of the
matrix R ⌘

pp
⇢⇢̃

p
⇢ with ⇢̃ ⌘ (�y ⌦ �y)⇢⇤(�y ⌦ �y).

For separable states C = 0, while C = 1 for maxi-
mally entangled states. For a pure state of two qubits,
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a, b, c 2 [0, 1]

How to quantify entanglement?
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Abstract
Quantum entanglement has long served as a foundational pillar in understanding quantum mechanics, with a predominant

focus on two-particle systems. We extend the study of entanglement into the realm of three-body decays, offering a more
intricate understanding of quantum correlations. We introduce a novel approach for three-particle systems by utilising the
principles of entanglement monotone concurrence and the monogamy property. Our findings highlight the potential of studying
deviations from the Standard Model and emphasise its significance in particle phenomenology. This work paves the way for
new insights into particle physics through multi-particle quantum entanglement, particularly in decays of heavy fermions and
hadrons.

I. INTRODUCTION

The study of quantum entanglement has been a corner-
stone of quantum mechanics, providing profound insights
into the non-local correlations between quantum systems
[1, 2]. Historically, much of the focus has been on two-
particle entanglement, particularly in the context of the
Bell inequalities [3, 4]. However, as the field of quantum
mechanics evolves, it becomes imperative to explore more
complex systems, specifically, the realm of multi-particle
entanglement.

Recent research has delved into the intricacies of two-
particle entanglement in the context of particle physics.
Bi-partite systems have been explored for top-anti-top
quarks [5–10], the Higgs boson [11–13], gauge bosons [14–
17] and leptons [18], revealing that the quantum infor-
mation properties of their spin states at proton colliders
are accessible in current data. Furthermore, some stud-
ies emphasised the importance of quantum observables
in probing the underlying dynamics of quantum systems
[19–21].

Given the advancements in studying two-particle en-
tanglement, reflected by the large number of entangle-
ment measures for bipartite systems [22–26], extending
this research to three-particle systems is a natural yet
surprisingly underexplored advancement. The study of
three-particle entanglement presents a richer tapestry of
quantum correlations and offers the potential to uncover
new insights into the fundamental nature of quantum me-
chanics. Moreover, extending the Bell inequality tests to
three particles can provide a more robust framework for
testing the foundational principles of quantum mechanics
and exploring potential deviations from the predictions
of the Standard Model.

⇤Electronic address: kazuki.sakurai@fuw.edu.pl
†Electronic address: michael.spannowsky@durham.ac.uk

By building on the entanglement monotone concur-

rence and the monogamy property, we propose an ap-
proach to extend entanglement to three particles, chart-
ing a course for future explorations in the realm of multi-
particle quantum entanglement in particle phenomenol-
ogy. Extending the concept of entanglement to three
particles will bolster its applicability to uncharted terri-
tories in particle phenomenology, e.g. the decay of heavy
fermions and hadrons. This exploration into hadron de-
cays offers a fresh perspective and a deeper understand-
ing of the intricate quantum interactions within these
systems.

Additionally, the introduction of the three-particle en-
tanglement measure presents a new observable. This
novel measure holds significant promise in aiding the
search for unknown heavy resonances and potentially
discovering new physics. Thus, for a comprehensive
assessment of the expected three-particle entanglement
in three-body decays, we calculate its value for the ef-
fective Lorentz structures generated by (pseudo)scalars,
(pseudo)vectors and (pseudo)tensors exchanges, respec-
tively.

II. DEFINITION OF ENTANGLEMENT

Entanglement can be quantified by a class of non-
negative functions called entanglement monotones [26,
27], whose values do not increase under local opera-
tions and classical communication (LOCC). A particu-
larly convenient entanglement monotone is concurrence

[25, 28]. For a mixed state ⇢ of two qubits the concur-
rence is defined as

C[⇢] = max(0, ⌘1 � ⌘2 � ⌘3 � ⌘4) 2 [0, 1], (1)

where ⌘i (⌘i > ⌘j for i < j) are the eigenvalues of the
matrix R ⌘

pp
⇢⇢̃

p
⇢ with ⇢̃ ⌘ (�y ⌦ �y)⇢⇤(�y ⌦ �y).

For separable states C = 0, while C = 1 for maxi-
mally entangled states. For a pure state of two qubits,
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<latexit sha1_base64="PkA4RgYr3zSZt7MTM33nxSVVGbM="></latexit>

| i =
X

a,b,c

cabc · |aiA ⌦ |biB ⌦ |ciC

How to compute the entanglement btw. 2-individual qubits?

<latexit sha1_base64="Y2Getks8NKNXOSAlfnBhdQ6MHGk=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0VwVRLxtRFqu3FZoS9oQphMJ+3QySTMTISS5kfc+CtuXCjiwo34N07bLLT1wOUezrmXmXv8mFGpLOvbKKysrq1vFDdLW9s7u3vm/kFbRonApIUjFomujyRhlJOWooqRbiwICn1GOv6oPvU7D0RIGvGmGsfEDdGA04BipLTkmeeOGEZeWqtn8AamjghhU2TeLZxApyEpdATiA0agw/I+FSeeWbYq1gxwmdg5KYMcDc/8dPoRTkLCFWZIyp5txcpNkVAUM5KVnESSGOERGpCephyFRLrp7LoMnmilD4NI6OIKztTfGykKpRyHvp4MkRrKRW8q/uf1EhVcuynlcaIIx/OHgoRBFcFpVLBPBcGKjTVBWFD9V4iHSCCsdKAlHYK9ePIyaZ9V7MvKxf15uVrL4yiCI3AMToENrkAV3IEGaAEMHsEzeAVvxpPxYrwbH/PRgpHvHII/ML5+AF/roOA=</latexit>

⇢BC = TrA| ih |⇒
trace out A

  are eigenvalues of   with  . η1 ≥ η2 ≥ η3 ≥ η4 ρρ̃ ρ̃ ≡ (σy ⊗ σy)ρ*(σy ⊗ σy)

A

B C

CAB

CBC

CAC

<latexit sha1_base64="a0aYHeowBhiQqf7kz2ue4GHsM9Q=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEF6UkUh/LohuXFewD0lAm00k7dDIJMxOhhn6JGxeKuPVT3Pk3TtsstPXAhcM593LvPUHCmdKO820V1tY3NreK26Wd3b39sn1w2FZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOML6d+Z1HKhWLxYOeJNSP8FCwkBGsjdS3y7gaVAnqMYE8p+r6fbvi1Jw50Cpxc1KBHM2+/dUbxCSNqNCEY6U810m0n2GpGeF0WuqliiaYjPGQeoYKHFHlZ/PDp+jUKAMUxtKU0Giu/p7IcKTUJApMZ4T1SC17M/E/z0t1eO1nTCSppoIsFoUpRzpGsxTQgElKNJ8Ygolk5lZERlhiok1WJROCu/zyKmmf19zL2sV9vdK4yeMowjGcwBm4cAUNuIMmtIBACs/wCm/Wk/VivVsfi9aClc8cwR9Ynz8xV5GB</latexit>

a, b, c 2 [0, 1]

CAB, CBC, CAC

How to quantify entanglement?



A

B C

CA(BC)

<latexit sha1_base64="PkA4RgYr3zSZt7MTM33nxSVVGbM="></latexit>

| i =
X

a,b,c

cabc · |aiA ⌦ |biB ⌦ |ciC

<latexit sha1_base64="a0aYHeowBhiQqf7kz2ue4GHsM9Q=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEF6UkUh/LohuXFewD0lAm00k7dDIJMxOhhn6JGxeKuPVT3Pk3TtsstPXAhcM593LvPUHCmdKO820V1tY3NreK26Wd3b39sn1w2FZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOML6d+Z1HKhWLxYOeJNSP8FCwkBGsjdS3y7gaVAnqMYE8p+r6fbvi1Jw50Cpxc1KBHM2+/dUbxCSNqNCEY6U810m0n2GpGeF0WuqliiaYjPGQeoYKHFHlZ/PDp+jUKAMUxtKU0Giu/p7IcKTUJApMZ4T1SC17M/E/z0t1eO1nTCSppoIsFoUpRzpGsxTQgElKNJ8Ygolk5lZERlhiok1WJROCu/zyKmmf19zL2sV9vdK4yeMowjGcwBm4cAUNuIMmtIBACs/wCm/Wk/VivVsfi9aClc8cwR9Ynz8xV5GB</latexit>

a, b, c 2 [0, 1]

How to calculate entanglement btw A and (BC) ?



A

B C

CA(BC)

<latexit sha1_base64="PkA4RgYr3zSZt7MTM33nxSVVGbM="></latexit>

| i =
X

a,b,c

cabc · |aiA ⌦ |biB ⌦ |ciC

• For a pure state , the concurrence can be computed as|Ψ⟩ ∈ ℋA ⊗ ℋBC

<latexit sha1_base64="a0aYHeowBhiQqf7kz2ue4GHsM9Q=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEF6UkUh/LohuXFewD0lAm00k7dDIJMxOhhn6JGxeKuPVT3Pk3TtsstPXAhcM593LvPUHCmdKO820V1tY3NreK26Wd3b39sn1w2FZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOML6d+Z1HKhWLxYOeJNSP8FCwkBGsjdS3y7gaVAnqMYE8p+r6fbvi1Jw50Cpxc1KBHM2+/dUbxCSNqNCEY6U810m0n2GpGeF0WuqliiaYjPGQeoYKHFHlZ/PDp+jUKAMUxtKU0Giu/p7IcKTUJApMZ4T1SC17M/E/z0t1eO1nTCSppoIsFoUpRzpGsxTQgElKNJ8Ygolk5lZERlhiok1WJROCu/zyKmmf19zL2sV9vdK4yeMowjGcwBm4cAUNuIMmtIBACs/wCm/Wk/VivVsfi9aClc8cwR9Ynz8xV5GB</latexit>

a, b, c 2 [0, 1]

<latexit sha1_base64="DVFmrA6nM/nIak2MX82FQiH3Gao="></latexit>

C[| i] =
q

2(1� Tr⇢2BC)
<latexit sha1_base64="D02y88MerSku+FMAUX/GVljhl9g="></latexit>

⇢BC ⌘ TrA| ih |

How to calculate entanglement btw A and (BC) ?



A

B C

CA(BC)

<latexit sha1_base64="PkA4RgYr3zSZt7MTM33nxSVVGbM="></latexit>

| i =
X

a,b,c

cabc · |aiA ⌦ |biB ⌦ |ciC

• For a pure state , the concurrence can be computed as|Ψ⟩ ∈ ℋA ⊗ ℋBC

<latexit sha1_base64="a0aYHeowBhiQqf7kz2ue4GHsM9Q=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEF6UkUh/LohuXFewD0lAm00k7dDIJMxOhhn6JGxeKuPVT3Pk3TtsstPXAhcM593LvPUHCmdKO820V1tY3NreK26Wd3b39sn1w2FZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOML6d+Z1HKhWLxYOeJNSP8FCwkBGsjdS3y7gaVAnqMYE8p+r6fbvi1Jw50Cpxc1KBHM2+/dUbxCSNqNCEY6U810m0n2GpGeF0WuqliiaYjPGQeoYKHFHlZ/PDp+jUKAMUxtKU0Giu/p7IcKTUJApMZ4T1SC17M/E/z0t1eO1nTCSppoIsFoUpRzpGsxTQgElKNJ8Ygolk5lZERlhiok1WJROCu/zyKmmf19zL2sV9vdK4yeMowjGcwBm4cAUNuIMmtIBACs/wCm/Wk/VivVsfi9aClc8cwR9Ynz8xV5GB</latexit>

a, b, c 2 [0, 1]

<latexit sha1_base64="5Of2sKTlMO4UTGHzdCzH7/igTFk=">AAACEnicbVA5T8MwGHXKVcoVYGSxqJDapUoQ11jahbFI9JCaKHJch1p1nGA7laoov4GFv8LCAEKsTGz8G9w2A7Q8ydLTe9/l58eMSmVZ30ZhZXVtfaO4Wdra3tndM/cPOjJKBCZtHLFI9HwkCaOctBVVjPRiQVDoM9L1R82p3x0TIWnE79QkJm6I7jkNKEZKS55ZTZ3ZkFTrhCuUQS0gBpuZl15XGs1qlkGHPCR07Jllq2bNAJeJnZMyyNHyzC9nEOEk1GMxQ1L2bStWboqEopiRrOQkksQIj/TivqYchUS66eyaDJ5oZQCDSOjHFZypvztSFEo5CX1dGSI1lIveVPzP6ycquHJTyuNEEY7ni4KEQRXBaT5wQAXBik00QVhQfSvEQyQQVjrFkg7BXvzyMumc1uyL2vntWbneyOMogiNwDCrABpegDm5AC7QBBo/gGbyCN+PJeDHejY95acHIew7BHxifPws4nbI=</latexit>

CA(BC) ⌘
<latexit sha1_base64="DVFmrA6nM/nIak2MX82FQiH3Gao="></latexit>

C[| i] =
q

2(1� Tr⇢2BC)
<latexit sha1_base64="D02y88MerSku+FMAUX/GVljhl9g="></latexit>

⇢BC ⌘ TrA| ih |

How to calculate entanglement btw A and (BC) ?



A

B C

CA(BC)

<latexit sha1_base64="PkA4RgYr3zSZt7MTM33nxSVVGbM="></latexit>

| i =
X

a,b,c

cabc · |aiA ⌦ |biB ⌦ |ciC

• For a pure state , the concurrence can be computed as|Ψ⟩ ∈ ℋA ⊗ ℋBC

A

B C

CC(AB)

A

B C

CB(AC)

<latexit sha1_base64="a0aYHeowBhiQqf7kz2ue4GHsM9Q=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEF6UkUh/LohuXFewD0lAm00k7dDIJMxOhhn6JGxeKuPVT3Pk3TtsstPXAhcM593LvPUHCmdKO820V1tY3NreK26Wd3b39sn1w2FZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOML6d+Z1HKhWLxYOeJNSP8FCwkBGsjdS3y7gaVAnqMYE8p+r6fbvi1Jw50Cpxc1KBHM2+/dUbxCSNqNCEY6U810m0n2GpGeF0WuqliiaYjPGQeoYKHFHlZ/PDp+jUKAMUxtKU0Giu/p7IcKTUJApMZ4T1SC17M/E/z0t1eO1nTCSppoIsFoUpRzpGsxTQgElKNJ8Ygolk5lZERlhiok1WJROCu/zyKmmf19zL2sV9vdK4yeMowjGcwBm4cAUNuIMmtIBACs/wCm/Wk/VivVsfi9aClc8cwR9Ynz8xV5GB</latexit>

a, b, c 2 [0, 1]

<latexit sha1_base64="4ev8n4KH29h/XC/hC+QqVj2vKoQ="></latexit>

C[| i] =
q

2(1� Tr⇢2AC)

<latexit sha1_base64="zrjJpvwT2DmBpKmdzhFq2ycc3HM="></latexit>

C[| i] =
q

2(1� Tr⇢2AB)
<latexit sha1_base64="wl6E5rhKyZ2gp+Fm1/jih7dSjFQ="></latexit>

⇢AB ⌘ TrC | ih |

<latexit sha1_base64="5Of2sKTlMO4UTGHzdCzH7/igTFk=">AAACEnicbVA5T8MwGHXKVcoVYGSxqJDapUoQ11jahbFI9JCaKHJch1p1nGA7laoov4GFv8LCAEKsTGz8G9w2A7Q8ydLTe9/l58eMSmVZ30ZhZXVtfaO4Wdra3tndM/cPOjJKBCZtHLFI9HwkCaOctBVVjPRiQVDoM9L1R82p3x0TIWnE79QkJm6I7jkNKEZKS55ZTZ3ZkFTrhCuUQS0gBpuZl15XGs1qlkGHPCR07Jllq2bNAJeJnZMyyNHyzC9nEOEk1GMxQ1L2bStWboqEopiRrOQkksQIj/TivqYchUS66eyaDJ5oZQCDSOjHFZypvztSFEo5CX1dGSI1lIveVPzP6ycquHJTyuNEEY7ni4KEQRXBaT5wQAXBik00QVhQfSvEQyQQVjrFkg7BXvzyMumc1uyL2vntWbneyOMogiNwDCrABpegDm5AC7QBBo/gGbyCN+PJeDHejY95acHIew7BHxifPws4nbI=</latexit>

CA(BC) ⌘

<latexit sha1_base64="mJURhlRml+xNWYugaTe4QPXmPJc=">AAACD3icbVC7TsMwFHV4lvIKMLJYVKCyVAniNZZ2YSwSfUhNVTnubWvVeWA7laoof8DCr7AwgBArKxt/g5tmgJYjWTo+597r6+OGnEllWd/G0vLK6tp6biO/ubW9s2vu7TdkEAkKdRrwQLRcIoEzH+qKKQ6tUADxXA5Nd1Sd+s0xCMkC/15NQuh4ZOCzPqNEaalrnsROOiR2eQQJ1jfCcTXpxpXiTfU0SbADDxEbd82CVbJS4EViZ6SAMtS65pfTC2jkga8oJ1K2bStUnZgIxSiHJO9EEkJCR2QAbU194oHsxOkqCT7WSg/3A6GPr3Cq/u6IiSflxHN1pUfUUM57U/E/rx2p/nUnZn4YKfDp7KF+xLEK8DQc3GMCqOITTQgVTO+K6ZAIQpWOMK9DsOe/vEgaZyX7snRxd14oV7I4cugQHaEistEVKqNbVEN1RNEjekav6M14Ml6Md+NjVrpkZD0H6A+Mzx+W/Jxf</latexit>

CB(AC) ⌘

<latexit sha1_base64="i3hdT/zgicVwhgN5S8o3JDZNRu4=">AAACDnicbVC7TsMwFHV4lvIKMLJYVJXKUiWI11jahbFI9CG1UeS4t61V54HtVKqifAELv8LCAEKszGz8DW7aAVqOZOn4nHuvr48XcSaVZX0bK6tr6xubua389s7u3r55cNiUYSwoNGjIQ9H2iATOAmgopji0IwHE9zi0vFFt6rfGICQLg3s1icDxySBgfUaJ0pJrFpNuNiQR0EuxvhCOa6mb1Eo31dM0xV14iNnYNQtW2cqAl4k9JwU0R901v7q9kMY+BIpyImXHtiLlJEQoRjmk+W4sISJ0RAbQ0TQgPkgnyTZJcVErPdwPhT6Bwpn6uyMhvpQT39OVPlFDuehNxf+8Tqz6107CgihWENDZQ/2YYxXiaTa4xwRQxSeaECqY3hXTIRGEKp1gXodgL355mTTPyvZl+eLuvFCpzuPIoWN0gkrIRleogm5RHTUQRY/oGb2iN+PJeDHejY9Z6Yox7zlCf2B8/gC8xJvo</latexit>

CC(AB) ⌘

<latexit sha1_base64="DVFmrA6nM/nIak2MX82FQiH3Gao="></latexit>

C[| i] =
q

2(1� Tr⇢2BC)
<latexit sha1_base64="D02y88MerSku+FMAUX/GVljhl9g="></latexit>

⇢BC ⌘ TrA| ih |

How to calculate entanglement btw A and (BC) ?

<latexit sha1_base64="l9HElqFDoz6SH3isYE9Zy4kPx7k="></latexit>

⇢AC ⌘ TrB | ih |



• A-(BC) entanglement limits A-B and A-C entanglements

Monogamy

A

B C

A

B C

A

B C
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[Coffman, Kundu, Wootters ’99]
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• A-(BC) entanglement limits A-B and A-C entanglements

Monogamy

A

B C

A

B C

A

B C

C2
A(BC) ≥ C2

AB + C2
AC

≥ +

[Coffman, Kundu, Wootters ’99]



• Coffman-Kundu-Wootters (CKW) monogamy inequality

• A-(BC) entanglement limits A-B and A-C entanglements

Monogamy

A

B C

A

B C

A

B C

C2
A(BC) ≥ C2

AB + C2
AC

≥ +

C2
B(AC) ≥ C2

BA + C2
BC

C2
C(AB) ≥ C2

CA + C2
CB

[Coffman, Kundu, Wootters ’99]



• Coffman-Kundu-Wootters (CKW) monogamy inequality

• A-(BC) entanglement limits A-B and A-C entanglements

Monogamy

A

B C

A

B C

A

B C

C2
A(BC) ≥ C2

AB + C2
AC

≥ +

C2
B(AC) ≥ C2

BA + C2
BC

C2
C(AB) ≥ C2

CA + C2
CB

[Coffman, Kundu, Wootters ’99]



• Coffman-Kundu-Wootters (CKW) monogamy inequality

• A-(BC) entanglement limits A-B and A-C entanglements

Monogamy

A

B C

A

B C

A

B C

C2
A(BC) ≥ C2

AB + C2
AC

≥ +

C2
B(AC) ≥ C2

BA + C2
BC

C2
C(AB) ≥ C2

CA + C2
CB

C2
A(BC) + C2

B(AC) ≥ C2
C(AB)

[Coffman, Kundu, Wootters ’99]



• Coffman-Kundu-Wootters (CKW) monogamy inequality

• A-(BC) entanglement limits A-B and A-C entanglements

Monogamy

A

B C

A

B C

A

B C

C2
A(BC) ≥ C2

AB + C2
AC

≥ +

C2
B(AC) ≥ C2

BA + C2
BC

C2
C(AB) ≥ C2

CA + C2
CB

CA(BC) + CB(AC) ≥ CC(AB)

⇒C2
A(BC) + C2

B(AC) ≥ C2
C(AB)

[Coffman, Kundu, Wootters ’99]



CA(BC) + CB(AC) ≥ CC(AB)

CA(BC)
B C

A

CC(AB) CB(AC)⇒

“concurrence triangle”



CA(BC) + CB(AC) ≥ CC(AB)

CA(BC)
B C

A

CC(AB) CB(AC)⇒

“concurrence triangle”

A

B C

F3

Genuine Multi-particle Entanglement (GME) measure:

(1) vanish for all product and biseparable states   unseparable even partially  

(2) positive for all non-biseparable states

(3) not increase under LOCC

⇒
<latexit sha1_base64="1a6TGrIvoLgiOxXpZQOvKE/de2U=">AAACLXicbVDLSgMxFM3UV62vqks3F4tQEcqM+FrW1oXLCvYBnVIyadqGZjJDkhHKtD/kxl8RwUVF3Pobpg+htp4kcDjnXnLv8ULOlLbtkZVYWV1b30hupra2d3b30vsHFRVEktAyCXggax5WlDNBy5ppTmuhpNj3OK16veLYrz5RqVggHnU/pA0fdwRrM4K1kZrpuwG4oWLgSiw6nDZvwQ0086lKZQdgm/NrxIXiEM5gAA6YO6+eQjOdsXP2BLBMnBnJoBlKzfSb2wpI5FOhCcdK1R071I0YS80Ip8OUGykaYtLDHVo3VGAzUCOebDuEE6O0oB1I84SGiTrfEWNfqb7vmUof665a9Mbif1490u2bRsxEGGkqyPSjdsRBBzCODlpMUqJ53xBMJDOzAuliiYk2AadMCM7iysukcp5zrnKXDxeZfGEWRxIdoWOURQ66Rnl0j0qojAh6Rq9ohD6sF+vd+rS+pqUJa9ZziP7A+v4BZJalJQ==</latexit>

| iA ⌦ (|00iBC + |11iBC)
<latexit sha1_base64="qTwZet1mIfT8H9SLqpZusEy6+2E=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiS+N0JREJdV7APaECbTSTt0MhNmJkoI9VfcuFDErR/izr9x2mahrQcuHM65l3vvCWJGlXacb6uwsLi0vFJcLa2tb2xu2ds7TSUSiUkDCyZkO0CKMMpJQ1PNSDuWBEUBI61geDX2Ww9EKir4vU5j4kWoz2lIMdJG8u1y9472BxpJKR7htX8EL6Dj2xWn6kwA54mbkwrIUfftr25P4CQiXGOGlOq4Tqy9DElNMSOjUjdRJEZ4iPqkYyhHEVFeNjl+BPeN0oOhkKa4hhP190SGIqXSKDCdEdIDNeuNxf+8TqLDcy+jPE404Xi6KEwY1AKOk4A9KgnWLDUEYUnNrRAPkERYm7xKJgR39uV50jysuqfVk9vjSu0yj6MIdsEeOAAuOAM1cAPqoAEwSMEzeAVv1pP1Yr1bH9PWgpXPlMEfWJ8/3SGTnQ==</latexit>) F3 = 0

GME should satisfy the following properties:

[Dur, Vidal, Cirac ’00, Ma, Chen, Chen, 
Spengler, Gabriel, Huber ’11, Xie, Eberly ’21]



CA(BC) + CB(AC) ≥ CC(AB)

CA(BC)
B C

A

CC(AB) CB(AC)⇒

“concurrence triangle”

A

B C

F3

Genuine Multi-particle Entanglement (GME) measure:

(1) vanish for all product and biseparable states   unseparable even partially  

(2) positive for all non-biseparable states

(3) not increase under LOCC

⇒

GME should satisfy the following properties:

F3

The area of the “concurrence triangle” satisfies (1), (2), (3) !

F3 ≡
<latexit sha1_base64="Z4rOUNsLJ29hM2EDRXStspoumDk="></latexit>

Q ⌘ 1

2

⇥
CA(BC) + CB(AC) + CC(AB)

⇤

<latexit sha1_base64="jDZ4G0OVVYqRqQoZ3w/SV3SuvJU="></latexit>h
16
3 Q

�
Q� CA(BC)

��
Q� CB(AC)

��
Q� CC(AB)

�i 1
2

<latexit sha1_base64="1a6TGrIvoLgiOxXpZQOvKE/de2U=">AAACLXicbVDLSgMxFM3UV62vqks3F4tQEcqM+FrW1oXLCvYBnVIyadqGZjJDkhHKtD/kxl8RwUVF3Pobpg+htp4kcDjnXnLv8ULOlLbtkZVYWV1b30hupra2d3b30vsHFRVEktAyCXggax5WlDNBy5ppTmuhpNj3OK16veLYrz5RqVggHnU/pA0fdwRrM4K1kZrpuwG4oWLgSiw6nDZvwQ0086lKZQdgm/NrxIXiEM5gAA6YO6+eQjOdsXP2BLBMnBnJoBlKzfSb2wpI5FOhCcdK1R071I0YS80Ip8OUGykaYtLDHVo3VGAzUCOebDuEE6O0oB1I84SGiTrfEWNfqb7vmUof665a9Mbif1490u2bRsxEGGkqyPSjdsRBBzCODlpMUqJ53xBMJDOzAuliiYk2AadMCM7iysukcp5zrnKXDxeZfGEWRxIdoWOURQ66Rnl0j0qojAh6Rq9ohD6sF+vd+rS+pqUJa9ZziP7A+v4BZJalJQ==</latexit>

| iA ⌦ (|00iBC + |11iBC)
<latexit sha1_base64="qTwZet1mIfT8H9SLqpZusEy6+2E=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiS+N0JREJdV7APaECbTSTt0MhNmJkoI9VfcuFDErR/izr9x2mahrQcuHM65l3vvCWJGlXacb6uwsLi0vFJcLa2tb2xu2ds7TSUSiUkDCyZkO0CKMMpJQ1PNSDuWBEUBI61geDX2Ww9EKir4vU5j4kWoz2lIMdJG8u1y9472BxpJKR7htX8EL6Dj2xWn6kwA54mbkwrIUfftr25P4CQiXGOGlOq4Tqy9DElNMSOjUjdRJEZ4iPqkYyhHEVFeNjl+BPeN0oOhkKa4hhP190SGIqXSKDCdEdIDNeuNxf+8TqLDcy+jPE404Xi6KEwY1AKOk4A9KgnWLDUEYUnNrRAPkERYm7xKJgR39uV50jysuqfVk9vjSu0yj6MIdsEeOAAuOAM1cAPqoAEwSMEzeAVv1pP1Yr1bH9PWgpXPlMEfWJ8/3SGTnQ==</latexit>) F3 = 0

[Jin, Tao, Gui, Fei, 
Li-Jost, Qiao (2023)]

[Dur, Vidal, Cirac ’00, Ma, Chen, Chen, 
Spengler, Gabriel, Huber ’11, Xie, Eberly ’21]

<latexit sha1_base64="UkL67f8ARr6fei8Vlwq3XrmtujA=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8SNgVX8egF48RzAOTJcxOepMhs7PLzKwQlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXkAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh7cRvPqHSPJYPZpSgH9G+5CFn1FjpscMlabunxPO7pbJbcacgi8TLSRly1Lqlr04vZmmE0jBBtW57bmL8jCrDmcBxsZNqTCgb0j62LZU0Qu1n04vH5NgqPRLGypY0ZKr+nshopPUoCmxnRM1Az3sT8T+vnZrw2s+4TFKDks0WhakgJiaT90mPK2RGjCyhTHF7K2EDqigzNqSiDcGbf3mRNM4q3mXl4v68XL3J4yjAIRzBCXhwBVW4gxrUgYGEZ3iFN0c7L8678zFrXXLymQP4A+fzB6zSj6A=</latexit>

2 [0, 1]



<latexit sha1_base64="Pc8UEa6S1d9p3YyyclCZj1pSbSs=">AAAB/nicdVBNS8NAEN3Ur1q/quLJy2IRKkhJU23rTfTiUcF+QFPKZrtpl242YXcilFDwr3jxoIhXf4c3/42btoKKPhh4vDfDzDwvElyDbX9YmYXFpeWV7GpubX1jcyu/vdPUYawoa9BQhKrtEc0El6wBHARrR4qRwBOs5Y0uU791x5TmobyFccS6ARlI7nNKwEi9/F7iej6Wk6ILQwbkGLvRkB/18gW7dFavOqcOtku2XXMq1ZQ4tROngstGSVFAc1z38u9uP6RxwCRQQbTulO0IuglRwKlgk5wbaxYROiID1jFUkoDpbjI9f4IPjdLHfqhMScBT9ftEQgKtx4FnOgMCQ/3bS8W/vE4Mfr2bcBnFwCSdLfJjgSHEaRa4zxWjIMaGEKq4uRXTIVGEgkksZ0L4+hT/T5pOqVwtnd6cFM4v5nFk0T46QEVURjV0jq7QNWogihL0gJ7Qs3VvPVov1uusNWPNZ3bRD1hvn12xlSE=</latexit>

n(✓,�)

• all particles have spin 1/2

• all final particles 1,2,3 are massless

Assumptions:

• rest frame of the initial particle 0


•  is in the -axis


• decay is in the -  plane 

p1 z
x z

Kinematics:

<latexit sha1_base64="8VntZeHyfYlRHB203PHM8276VYM=">AAACG3icbZDLSgMxFIYzXmu9VV26CRahQikzg7eNUHTjsoK9QGccMmnahmYyQ3JGKKXv4cZXceNCEVeCC9/G9IJo6w+Bn++cw8n5w0RwDbb9ZS0sLi2vrGbWsusbm1vbuZ3dmo5TRVmVxiJWjZBoJrhkVeAgWCNRjEShYPWwdzWq1++Z0jyWt9BPmB+RjuRtTgkYFOTcJHDvvCjFF9i4glPEnuYSe9BlQAIXF7FtEI31DzoKcnm7ZI+F540zNXk0VSXIfXitmKYRk0AF0brp2An4A6KAU8GGWS/VLCG0RzqsaawkEdP+YHzbEB8a0sLtWJknAY/p74kBibTuR6HpjAh09WxtBP+rNVNon/sDLpMUmKSTRe1UYIjxKCjc4opREH1jCFXc/BXTLlGEgokza0JwZk+eNzW35JyWTm6O8+XLaRwZtI8OUAE56AyV0TWqoCqi6AE9oRf0aj1az9ab9T5pXbCmM3voj6zPb4uFngc=</latexit>

pµ2 = p2(1, sin ✓2, 0, cos ✓2)
<latexit sha1_base64="EqiieAehLOVk2VbjpeGXFlr57ws=">AAACHHicbZDLSgMxFIYzXmu9jbp0EyxChVpmrLeNUHTjsoK9QKcOmTRtQzOZITkjlNIHceOruHGhiBsXgm9jekG09YfAx3/O4eT8QSy4Bsf5submFxaXllMr6dW19Y1Ne2u7oqNEUVamkYhULSCaCS5ZGTgIVosVI2EgWDXoXg3r1XumNI/kLfRi1ghJW/IWpwSM5duF2C/ceWGCL7ChrJvDh57mEnvQYUD8As5hJ4c9Gukf68C3M07eGQnPgjuBDJqo5NsfXjOiScgkUEG0rrtODI0+UcCpYIO0l2gWE9olbVY3KEnIdKM/Om6A943TxK1ImScBj9zfE30Sat0LA9MZEujo6drQ/K9WT6B13uhzGSfAJB0vaiUCQ4SHSeEmV4yC6BkgVHHzV0w7RBEKJs+0CcGdPnkWKkd59zR/cnOcKV5O4kihXbSHsshFZ6iIrlEJlRFFD+gJvaBX69F6tt6s93HrnDWZ2UF/ZH1+AwY1nkI=</latexit>

pµ3 = p3(1,� sin ✓3, 0, cos ✓3)

| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and

<latexit sha1_base64="iJGb+vz25DO3nUJ04ncih8QKTI4=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU0jEtPZW9OKxBfsBbSib7aRdu9mE3Y1QS3+BFw+KePUnefPfuG0jqOiDgcd7M8zMCxLOlHacDyu3srq2vpHfLGxt7+zuFfcPWipOJYUmjXksOwFRwJmApmaaQyeRQKKAQzsYX8399h1IxWJxoycJ+BEZChYySrSRGvf9YsmxPcetelW8JJXzjJQ97NrOAiWUod4vvvcGMU0jEJpyolTXdRLtT4nUjHKYFXqpgoTQMRlC11BBIlD+dHHoDJ8YZYDDWJoSGi/U7xNTEik1iQLTGRE9Ur+9ufiX1011eOFPmUhSDYIuF4UpxzrG86/xgEmgmk8MIVQycyumIyIJ1Sabggnh61P8P2md2W7Z9hrnpdplFkceHaFjdIpcVEE1dI3qqIkoAvSAntCzdWs9Wi/W67I1Z2Uzh+gHrLdPYbeNWQ==</latexit>z

<latexit sha1_base64="LYvhi36knHjL/niVKnOk5JAioUI=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU0jEtPZW9OKxBfsBbSib7aRdu9mE3Y1YSn+BFw+KePUnefPfuG0jqOiDgcd7M8zMCxLOlHacDyu3srq2vpHfLGxt7+zuFfcPWipOJYUmjXksOwFRwJmApmaaQyeRQKKAQzsYX8399h1IxWJxoycJ+BEZChYySrSRGvf9YsmxPcetelW8JJXzjJQ97NrOAiWUod4vvvcGMU0jEJpyolTXdRLtT4nUjHKYFXqpgoTQMRlC11BBIlD+dHHoDJ8YZYDDWJoSGi/U7xNTEik1iQLTGRE9Ur+9ufiX1011eOFPmUhSDYIuF4UpxzrG86/xgEmgmk8MIVQycyumIyIJ1Sabggnh61P8P2md2W7Z9hrnpdplFkceHaFjdIpcVEE1dI3qqIkoAvSAntCzdWs9Wi/W67I1Z2Uzh+gHrLdPXq+NVw==</latexit>x

<latexit sha1_base64="wfUzHSsXyUCCV6so0j1lLayMk+g=">AAAB6HicdVDLSsNAFL2pr1pfVZduBovgKiTStHZXdOOyBfuANpTJdNKOnTyYmQgh9AvcuFDErZ/kzr9x2kZQ0QMXDufcy733eDFnUlnWh1FYW9/Y3Cpul3Z29/YPyodHXRklgtAOiXgk+h6WlLOQdhRTnPZjQXHgcdrzZtcLv3dPhWRReKvSmLoBnoTMZwQrLbXTUblimY5lN5wGWpF6NSc1B9mmtUQFcrRG5ffhOCJJQENFOJZyYFuxcjMsFCOczkvDRNIYkxme0IGmIQ6odLPloXN0ppUx8iOhK1RoqX6fyHAgZRp4ujPAaip/ewvxL2+QKP/SzVgYJ4qGZLXITzhSEVp8jcZMUKJ4qgkmgulbEZligYnS2ZR0CF+fov9J98K0a6bTrlaaV3kcRTiBUzgHG+rQhBtoQQcIUHiAJ3g27oxH48V4XbUWjHzmGH7AePsEYDONWA==</latexit>y

<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

<latexit sha1_base64="htDuQjORXNou1hfoTFX09yID8ig=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/SKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/AmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+SZqXsXZUv6xel6m0WRx5O4BTOwYNrqMI91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AH9hjMA=</latexit>

2

<latexit sha1_base64="weoL8WmA1iDu0bFMSrtSLdtU9Sg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9H4lePEIijwQ2ZHZoYGR2djMza0I2fIEXDxrj1U/y5t84wB4UrKSTSlV3uruCWHBtXPfbya2srq1v5DcLW9s7u3vF/YOGjhLFsM4iEalWQDUKLrFuuBHYihXSMBDYDEZ3U7/5hErzSD6YcYx+SAeS9zmjxkq1826x5JbdGcgy8TJSggzVbvGr04tYEqI0TFCt254bGz+lynAmcFLoJBpjykZ0gG1LJQ1R++ns0Ak5sUqP9CNlSxoyU39PpDTUehwGtjOkZqgXvan4n9dOTP/GT7mME4OSzRf1E0FMRKZfkx5XyIwYW0KZ4vZWwoZUUWZsNgUbgrf48jJpnJW9q/Jl7aJUuc3iyMMRHMMpeHANFbiHKtSBAcIzvMKb8+i8OO/Ox7w152Qzh/AHzucPgOWMwQ==</latexit>

3

<latexit sha1_base64="wRfLP6hExabdJ1/4gfGhpJDZYXY=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGCeUCyhNnJbDJkdnad6RXCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecJxwP6IDJULBKFqp3cUhR9qr9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5vdOyGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6fOkLzRnKMeWUKaFvZWwIdWUoY2oaEPwFl9eJs1qxbusXNyfl2s3eRwFOIYTOAMPrqAGd1CHBjCQ8Ayv8OY8Oi/Ou/Mxb11x8pkj+APn8wfSK4/X</latexit>

✓2

<latexit sha1_base64="ZR0wIEJritTYgHi4ZDwUNaQRXZU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3fx6AXjxHMA5IlzE5mkyGzs+tMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQSGHQdb+dpeWV1bX1wkZxc2t7Z7e0t98wcaoZr7NYxroVUMOlULyOAiVvJZrTKJC8GQxvJ37ziWsjYvWAo4T7Ee0rEQpG0UqtDg440u5Zt1R2K+4UZJF4OSlDjlq39NXpxSyNuEImqTFtz03Qz6hGwSQfFzup4QllQ9rnbUsVjbjxs+m9Y3JslR4JY21LIZmqvycyGhkzigLbGVEcmHlvIv7ntVMMr/1MqCRFrthsUZhKgjGZPE96QnOGcmQJZVrYWwkbUE0Z2oiKNgRv/uVF0jiteJeVi/vzcvUmj6MAh3AEJ+DBFVThDmpQBwYSnuEV3pxH58V5dz5mrUtOPnMAf+B8/gDTr4/Y</latexit>

✓3

<latexit sha1_base64="Pc8UEa6S1d9p3YyyclCZj1pSbSs=">AAAB/nicdVBNS8NAEN3Ur1q/quLJy2IRKkhJU23rTfTiUcF+QFPKZrtpl242YXcilFDwr3jxoIhXf4c3/42btoKKPhh4vDfDzDwvElyDbX9YmYXFpeWV7GpubX1jcyu/vdPUYawoa9BQhKrtEc0El6wBHARrR4qRwBOs5Y0uU791x5TmobyFccS6ARlI7nNKwEi9/F7iej6Wk6ILQwbkGLvRkB/18gW7dFavOqcOtku2XXMq1ZQ4tROngstGSVFAc1z38u9uP6RxwCRQQbTulO0IuglRwKlgk5wbaxYROiID1jFUkoDpbjI9f4IPjdLHfqhMScBT9ftEQgKtx4FnOgMCQ/3bS8W/vE4Mfr2bcBnFwCSdLfJjgSHEaRa4zxWjIMaGEKq4uRXTIVGEgkksZ0L4+hT/T5pOqVwtnd6cFM4v5nFk0T46QEVURjV0jq7QNWogihL0gJ7Qs3VvPVov1uusNWPNZ3bRD1hvn12xlSE=</latexit>

n(✓,�)

<latexit sha1_base64="RIYmO+ELdl7IduoDTJXNRkVfGAc=">AAAB8HicdVDLSgMxFL1TX7W+qi7dBIvgqmSK1nZXdOOygn1IO5RMJtOGJjNDkhFK6Ve4caGIWz/HnX9jpq2gogcCh3POJfcePxFcG4w/nNzK6tr6Rn6zsLW9s7tX3D9o6zhVlLVoLGLV9YlmgkesZbgRrJsoRqQvWMcfX2V+554pzePo1kwS5kkyjHjIKTFWuusLGw3IwB0US7iMLapVlBG3hl1L6vVapVJH7tzCuARLNAfF934Q01SyyFBBtO65ODHelCjDqWCzQj/VLCF0TIasZ2lEJNPedL7wDJ1YJUBhrOyLDJqr3yemRGo9kb5NSmJG+reXiX95vdSENW/KoyQ1LKKLj8JUIBOj7HoUcMWoERNLCFXc7oroiChCje2oYEv4uhT9T9qVslstn9+clRqXyzrycATHcAouXEADrqEJLaAg4QGe4NlRzqPz4rwuojlnOXMIP+C8fQLBVJBo</latexit>

�1
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Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)
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: polarisation of initial spin 

: helicities of 1,2,3

[KS, M.Spannowsky 2310.01477]

3-body decay: ψ0 → ψ1ψ̄2ψ3
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n(✓,�)

• all particles have spin 1/2

• all final particles 1,2,3 are massless

Assumptions:

• rest frame of the initial particle 0


•  is in the -axis


• decay is in the -  plane 

p1 z
x z

Kinematics:
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| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and
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Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)
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3-body decay: ψ0 → ψ1ψ̄2ψ3



| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and
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Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)
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• all particles have spin 1/2

• all final particles 1,2,3 are massless

Assumptions:

• rest frame of the initial particle 0


•  is in the -axis


• decay is in the -  plane 

p1 z
x z

Kinematics:
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3-body decay: ψ0 → ψ1ψ̄2ψ3



| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and
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<latexit sha1_base64="wfUzHSsXyUCCV6so0j1lLayMk+g=">AAAB6HicdVDLSsNAFL2pr1pfVZduBovgKiTStHZXdOOyBfuANpTJdNKOnTyYmQgh9AvcuFDErZ/kzr9x2kZQ0QMXDufcy733eDFnUlnWh1FYW9/Y3Cpul3Z29/YPyodHXRklgtAOiXgk+h6WlLOQdhRTnPZjQXHgcdrzZtcLv3dPhWRReKvSmLoBnoTMZwQrLbXTUblimY5lN5wGWpF6NSc1B9mmtUQFcrRG5ffhOCJJQENFOJZyYFuxcjMsFCOczkvDRNIYkxme0IGmIQ6odLPloXN0ppUx8iOhK1RoqX6fyHAgZRp4ujPAaip/ewvxL2+QKP/SzVgYJ4qGZLXITzhSEVp8jcZMUKJ4qgkmgulbEZligYnS2ZR0CF+fov9J98K0a6bTrlaaV3kcRTiBUzgHG+rQhBtoQQcIUHiAJ3g27oxH48V4XbUWjHzmGH7AePsEYDONWA==</latexit>y

<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

<latexit sha1_base64="htDuQjORXNou1hfoTFX09yID8ig=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/SKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/AmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+SZqXsXZUv6xel6m0WRx5O4BTOwYNrqMI91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AH9hjMA=</latexit>

2

<latexit sha1_base64="weoL8WmA1iDu0bFMSrtSLdtU9Sg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9H4lePEIijwQ2ZHZoYGR2djMza0I2fIEXDxrj1U/y5t84wB4UrKSTSlV3uruCWHBtXPfbya2srq1v5DcLW9s7u3vF/YOGjhLFsM4iEalWQDUKLrFuuBHYihXSMBDYDEZ3U7/5hErzSD6YcYx+SAeS9zmjxkq1826x5JbdGcgy8TJSggzVbvGr04tYEqI0TFCt254bGz+lynAmcFLoJBpjykZ0gG1LJQ1R++ns0Ak5sUqP9CNlSxoyU39PpDTUehwGtjOkZqgXvan4n9dOTP/GT7mME4OSzRf1E0FMRKZfkx5XyIwYW0KZ4vZWwoZUUWZsNgUbgrf48jJpnJW9q/Jl7aJUuc3iyMMRHMMpeHANFbiHKtSBAcIzvMKb8+i8OO/Ox7w152Qzh/AHzucPgOWMwQ==</latexit>

3

<latexit sha1_base64="wRfLP6hExabdJ1/4gfGhpJDZYXY=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGCeUCyhNnJbDJkdnad6RXCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecJxwP6IDJULBKFqp3cUhR9qr9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5vdOyGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6fOkLzRnKMeWUKaFvZWwIdWUoY2oaEPwFl9eJs1qxbusXNyfl2s3eRwFOIYTOAMPrqAGd1CHBjCQ8Ayv8OY8Oi/Ou/Mxb11x8pkj+APn8wfSK4/X</latexit>

✓2

<latexit sha1_base64="ZR0wIEJritTYgHi4ZDwUNaQRXZU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3fx6AXjxHMA5IlzE5mkyGzs+tMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQSGHQdb+dpeWV1bX1wkZxc2t7Z7e0t98wcaoZr7NYxroVUMOlULyOAiVvJZrTKJC8GQxvJ37ziWsjYvWAo4T7Ee0rEQpG0UqtDg440u5Zt1R2K+4UZJF4OSlDjlq39NXpxSyNuEImqTFtz03Qz6hGwSQfFzup4QllQ9rnbUsVjbjxs+m9Y3JslR4JY21LIZmqvycyGhkzigLbGVEcmHlvIv7ntVMMr/1MqCRFrthsUZhKgjGZPE96QnOGcmQJZVrYWwkbUE0Z2oiKNgRv/uVF0jiteJeVi/vzcvUmj6MAh3AEJ+DBFVThDmpQBwYSnuEV3pxH58V5dz5mrUtOPnMAf+B8/gDTr4/Y</latexit>

✓3

<latexit sha1_base64="Pc8UEa6S1d9p3YyyclCZj1pSbSs=">AAAB/nicdVBNS8NAEN3Ur1q/quLJy2IRKkhJU23rTfTiUcF+QFPKZrtpl242YXcilFDwr3jxoIhXf4c3/42btoKKPhh4vDfDzDwvElyDbX9YmYXFpeWV7GpubX1jcyu/vdPUYawoa9BQhKrtEc0El6wBHARrR4qRwBOs5Y0uU791x5TmobyFccS6ARlI7nNKwEi9/F7iej6Wk6ILQwbkGLvRkB/18gW7dFavOqcOtku2XXMq1ZQ4tROngstGSVFAc1z38u9uP6RxwCRQQbTulO0IuglRwKlgk5wbaxYROiID1jFUkoDpbjI9f4IPjdLHfqhMScBT9ftEQgKtx4FnOgMCQ/3bS8W/vE4Mfr2bcBnFwCSdLfJjgSHEaRa4zxWjIMaGEKq4uRXTIVGEgkksZ0L4+hT/T5pOqVwtnd6cFM4v5nFk0T46QEVURjV0jq7QNWogihL0gJ7Qs3VvPVov1uusNWPNZ3bRD1hvn12xlSE=</latexit>

n(✓,�)

<latexit sha1_base64="RIYmO+ELdl7IduoDTJXNRkVfGAc=">AAAB8HicdVDLSgMxFL1TX7W+qi7dBIvgqmSK1nZXdOOygn1IO5RMJtOGJjNDkhFK6Ve4caGIWz/HnX9jpq2gogcCh3POJfcePxFcG4w/nNzK6tr6Rn6zsLW9s7tX3D9o6zhVlLVoLGLV9YlmgkesZbgRrJsoRqQvWMcfX2V+554pzePo1kwS5kkyjHjIKTFWuusLGw3IwB0US7iMLapVlBG3hl1L6vVapVJH7tzCuARLNAfF934Q01SyyFBBtO65ODHelCjDqWCzQj/VLCF0TIasZ2lEJNPedL7wDJ1YJUBhrOyLDJqr3yemRGo9kb5NSmJG+reXiX95vdSENW/KoyQ1LKKLj8JUIBOj7HoUcMWoERNLCFXc7oroiChCje2oYEv4uhT9T9qVslstn9+clRqXyzrycATHcAouXEADrqEJLaAg4QGe4NlRzqPz4rwuojlnOXMIP+C8fQLBVJBo</latexit>

�1

<latexit sha1_base64="RVv1ASpg0sgfg2HPUQrE2p+RzCY=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4KplBa7srunFZwT6kHUomk2lDk8yQZIQy9CvcuFDErZ/jzr8x01ZQ0QOBwznnkntPkHCmDUIfTmFldW19o7hZ2tre2d0r7x90dJwqQtsk5rHqBVhTziRtG2Y47SWKYhFw2g0mV7nfvadKs1jemmlCfYFHkkWMYGOluwG30RAPvWG5gqrIolaDOXHryLWk0ah7XgO6cwuhCliiNSy/D8KYpIJKQzjWuu+ixPgZVoYRTmelQappgskEj2jfUokF1X42X3gGT6wSwihW9kkD5+r3iQwLracisEmBzVj/9nLxL6+fmqjuZ0wmqaGSLD6KUg5NDPPrYcgUJYZPLcFEMbsrJGOsMDG2o5It4etS+D/peFW3Vj2/Oas0L5d1FMEROAanwAUXoAmuQQu0AQECPIAn8Owo59F5cV4X0YKznDkEP+C8fQLC2JBp</latexit>

�2
<latexit sha1_base64="alZZkdo41BRB6rXQE6a9oM+x//I=">AAAB8HicdVDLSgMxFL3js9ZX1aWbYBFclUzV2u6KblxWsA9ph5LJZNrQZGZIMkIp/Qo3LhRx6+e482/MtBVU9EDgcM655N7jJ4Jrg/GHs7S8srq2ntvIb25t7+wW9vZbOk4VZU0ai1h1fKKZ4BFrGm4E6ySKEekL1vZHV5nfvmdK8zi6NeOEeZIMIh5ySoyV7nrCRgPSP+0XiriELSoVlBG3il1LarVquVxD7szCuAgLNPqF914Q01SyyFBBtO66ODHehCjDqWDTfC/VLCF0RAasa2lEJNPeZLbwFB1bJUBhrOyLDJqp3ycmRGo9lr5NSmKG+reXiX953dSEVW/CoyQ1LKLzj8JUIBOj7HoUcMWoEWNLCFXc7orokChCje0ob0v4uhT9T1rlklspnd+cFeuXizpycAhHcAIuXEAdrqEBTaAg4QGe4NlRzqPz4rzOo0vOYuYAfsB5+wTEXJBq</latexit>

�3

Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)

2

3-body decay: ψ0 → ψ1ψ̄2ψ3

<latexit sha1_base64="Pc8UEa6S1d9p3YyyclCZj1pSbSs=">AAAB/nicdVBNS8NAEN3Ur1q/quLJy2IRKkhJU23rTfTiUcF+QFPKZrtpl242YXcilFDwr3jxoIhXf4c3/42btoKKPhh4vDfDzDwvElyDbX9YmYXFpeWV7GpubX1jcyu/vdPUYawoa9BQhKrtEc0El6wBHARrR4qRwBOs5Y0uU791x5TmobyFccS6ARlI7nNKwEi9/F7iej6Wk6ILQwbkGLvRkB/18gW7dFavOqcOtku2XXMq1ZQ4tROngstGSVFAc1z38u9uP6RxwCRQQbTulO0IuglRwKlgk5wbaxYROiID1jFUkoDpbjI9f4IPjdLHfqhMScBT9ftEQgKtx4FnOgMCQ/3bS8W/vE4Mfr2bcBnFwCSdLfJjgSHEaRa4zxWjIMaGEKq4uRXTIVGEgkksZ0L4+hT/T5pOqVwtnd6cFM4v5nFk0T46QEVURjV0jq7QNWogihL0gJ7Qs3VvPVov1uusNWPNZ3bRD1hvn12xlSE=</latexit>

n(✓,�)

• all particles have spin 1/2

• all final particles 1,2,3 are massless

Assumptions:

• rest frame of the initial particle 0


•  is in the -axis


• decay is in the -  plane 

p1 z
x z

Kinematics:

<latexit sha1_base64="8VntZeHyfYlRHB203PHM8276VYM=">AAACG3icbZDLSgMxFIYzXmu9VV26CRahQikzg7eNUHTjsoK9QGccMmnahmYyQ3JGKKXv4cZXceNCEVeCC9/G9IJo6w+Bn++cw8n5w0RwDbb9ZS0sLi2vrGbWsusbm1vbuZ3dmo5TRVmVxiJWjZBoJrhkVeAgWCNRjEShYPWwdzWq1++Z0jyWt9BPmB+RjuRtTgkYFOTcJHDvvCjFF9i4glPEnuYSe9BlQAIXF7FtEI31DzoKcnm7ZI+F540zNXk0VSXIfXitmKYRk0AF0brp2An4A6KAU8GGWS/VLCG0RzqsaawkEdP+YHzbEB8a0sLtWJknAY/p74kBibTuR6HpjAh09WxtBP+rNVNon/sDLpMUmKSTRe1UYIjxKCjc4opREH1jCFXc/BXTLlGEgokza0JwZk+eNzW35JyWTm6O8+XLaRwZtI8OUAE56AyV0TWqoCqi6AE9oRf0aj1az9ab9T5pXbCmM3voj6zPb4uFngc=</latexit>

pµ2 = p2(1, sin ✓2, 0, cos ✓2)
<latexit sha1_base64="EqiieAehLOVk2VbjpeGXFlr57ws=">AAACHHicbZDLSgMxFIYzXmu9jbp0EyxChVpmrLeNUHTjsoK9QKcOmTRtQzOZITkjlNIHceOruHGhiBsXgm9jekG09YfAx3/O4eT8QSy4Bsf5submFxaXllMr6dW19Y1Ne2u7oqNEUVamkYhULSCaCS5ZGTgIVosVI2EgWDXoXg3r1XumNI/kLfRi1ghJW/IWpwSM5duF2C/ceWGCL7ChrJvDh57mEnvQYUD8As5hJ4c9Gukf68C3M07eGQnPgjuBDJqo5NsfXjOiScgkUEG0rrtODI0+UcCpYIO0l2gWE9olbVY3KEnIdKM/Om6A943TxK1ImScBj9zfE30Sat0LA9MZEujo6drQ/K9WT6B13uhzGSfAJB0vaiUCQ4SHSeEmV4yC6BkgVHHzV0w7RBEKJs+0CcGdPnkWKkd59zR/cnOcKV5O4kihXbSHsshFZ6iIrlEJlRFFD+gJvaBX69F6tt6s93HrnDWZ2UF/ZH1+AwY1nkI=</latexit>

pµ3 = p3(1,� sin ✓3, 0, cos ✓3)

<latexit sha1_base64="ZR0wIEJritTYgHi4ZDwUNaQRXZU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3fx6AXjxHMA5IlzE5mkyGzs+tMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQSGHQdb+dpeWV1bX1wkZxc2t7Z7e0t98wcaoZr7NYxroVUMOlULyOAiVvJZrTKJC8GQxvJ37ziWsjYvWAo4T7Ee0rEQpG0UqtDg440u5Zt1R2K+4UZJF4OSlDjlq39NXpxSyNuEImqTFtz03Qz6hGwSQfFzup4QllQ9rnbUsVjbjxs+m9Y3JslR4JY21LIZmqvycyGhkzigLbGVEcmHlvIv7ntVMMr/1MqCRFrthsUZhKgjGZPE96QnOGcmQJZVrYWwkbUE0Z2oiKNgRv/uVF0jiteJeVi/vzcvUmj6MAh3AEJ+DBFVThDmpQBwYSnuEV3pxH58V5dz5mrUtOPnMAf+B8/gDTr4/Y</latexit>

✓3
<latexit sha1_base64="wRfLP6hExabdJ1/4gfGhpJDZYXY=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGCeUCyhNnJbDJkdnad6RXCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecJxwP6IDJULBKFqp3cUhR9qr9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5vdOyGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6fOkLzRnKMeWUKaFvZWwIdWUoY2oaEPwFl9eJs1qxbusXNyfl2s3eRwFOIYTOAMPrqAGd1CHBjCQ8Ayv8OY8Oi/Ou/Mxb11x8pkj+APn8wfSK4/X</latexit>

✓2 <latexit sha1_base64="1guk8qnu784T6Oj7NQ7Tv02kYts=">AAAB/3icbZDLSgMxFIYz9VbrbVRw4yZYhApSJuJtIxTduKxgL9COQyZN29AkMyQZoYxd+CpuXCji1tdw59uYtrPQ6gmBj/8/h5z8YcyZNp735eTm5hcWl/LLhZXVtfUNd3OrrqNEEVojEY9UM8SaciZpzTDDaTNWFIuQ00Y4uBr7jXuqNIvkrRnG1Be4J1mXEWysFLg7cYDu2iKBF9BSCR169qCDwC16ZW9S8C+gDIogq2rgfrY7EUkElYZwrHULebHxU6wMI5yOCu1E0xiTAe7RlkWJBdV+Otl/BPet0oHdSNkrDZyoPydSLLQeitB2Cmz6etYbi/95rcR0z/2UyTgxVJLpQ92EQxPBcRiwwxQlhg8tYKKY3RWSPlaYGBtZwYaAZr/8F+pHZXRaPrk5LlYuszjyYBfsgRJA4AxUwDWoghog4AE8gRfw6jw6z86b8z5tzTnZzDb4Vc7HN5mFk0E=</latexit>

pµ1 = p1(1, 0, 0, 1)

<latexit sha1_base64="HFuvtOgIm/DtCeIoJ19mqb9SpL4=">AAACBnicdZDLSgMxFIYz9VbrbdSlCMEiuJCSGbW2u6IblxXsBdphyGTSNjRzIckIZejKja/ixoUibn0Gd76NmV5ERQ8EPv7/HE7O78WcSYXQh5FbWFxaXsmvFtbWNza3zO2dpowSQWiDRDwSbQ9LyllIG4opTtuxoDjwOG15w8vMb91SIVkU3qhRTJ0A90PWYwQrLbnmfpfrZh+71vGc7C86cc0iKiFd5TLMwKogS0O1WrHtKrQmFkJFMKu6a753/YgkAQ0V4VjKjoVi5aRYKEY4HRe6iaQxJkPcpx2NIQ6odNLJGWN4qBUf9iKhX6jgRP0+keJAylHg6c4Aq4H87WXiX14nUb2Kk7IwThQNyXRRL+FQRTDLBPpMUKL4SAMmgum/QjLAAhOlkyvoEOaXwv+haZescuns+rRYu5jFkQd74AAcAQucgxq4AnXQAATcgQfwBJ6Ne+PReDFep605YzazC36U8fYJL3yYVg==</latexit>

�1,�2,�3
<latexit sha1_base64="EfuGcfx6yCFfZX5xE6AIqMqgeME=">AAAB8XicdVDLSgNBEOz1GeMr6tHLYBAiatiNUZNb0IvHCOaByRJmJ7PJkNnZZWZWCEv+wosHRbz6N978GycvUNGChqKqm+4uL+JMadv+tBYWl5ZXVlNr6fWNza3tzM5uXYWxJLRGQh7KpocV5UzQmmaa02YkKQ48Thve4HrsNx6oVCwUd3oYUTfAPcF8RrA20n2bCZQ7PkGnR51M1s7b5ZJ9VkZTUizMiY2cvD1BFmaodjIf7W5I4oAKTThWquXYkXYTLDUjnI7S7VjRCJMB7tGWoQIHVLnJ5OIROjRKF/mhNCU0mqjfJxIcKDUMPNMZYN1Xv72x+JfXirVfchMmolhTQaaL/JgjHaLx+6jLJCWaDw3BRDJzKyJ9LDHRJqS0CWH+Kfqf1At55yJ/flvMVq5mcaRgHw4gBw5cQgVuoAo1ICDgEZ7hxVLWk/VqvU1bF6zZzB78gPX+BWvyj3k=</latexit>

2 (+,�)

: polarisation of initial spin 

: helicities of 1,2,3
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Interaction
• Consider most general Lorentz invariant 4-fermion interactions
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�A/B 2 {1, �5, �µ, �µ�5,�µ⌫}

❖ Scalar-type

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

❖ Vector-type

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

❖ Tensor-type

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

<latexit sha1_base64="4RjexJzqrRr8ghbwdGZj0xETxsU=">AAACD3icdVDJSgNBEO1xN25Rj14KgyIIYUbjdhCiXjxGNImQxKGnUxOb9Cx29whhyB948Ve8eFDEq1dv/o2dRVDRB0U93quiu54XC660bX9YI6Nj4xOTU9OZmdm5+YXs4lJFRYlkWGaRiOSlRxUKHmJZcy3wMpZIA09g1Wuf9PzqLUrFo/BCd2JsBLQVcp8zqo3kZtcZ1PEm4bfA3HPYBG76ERwCXqUc6k0UmrpOF9xszs7bB/v29gEMSGHri9jg5O0+cmSIkpt9rzcjlgQYaiaoUjXHjnUjpVJzJrCbqScKY8ratIU1Q0MaoGqk/Xu6sGaUJviRNBVq6KvfN1IaKNUJPDMZUH2tfns98S+vlmh/v5HyME40hmzwkJ8I0BH0woEml8i06BhCmeTmr8CuqaRMmwgzJoSvS+F/UtnKO7v5nbNCrng8jGOKrJBVskEcskeK5JSUSJkwckceyBN5tu6tR+vFeh2MjljDnWXyA9bbJ5NkmoY=</latexit>

c ⌘ cS + icA = ei�1
<latexit sha1_base64="aN8EP47cnWZ7hx80QOLoiDHHURU="></latexit>

d ⌘ dS + idA = ei�2

<latexit sha1_base64="GeInsq0P32D52stqeB2XrsUYuQY="></latexit>

d ⌘ dM + idE = ei!2

<latexit sha1_base64="0VkrBRkBpRETp8djTEwXRjl3R5o="></latexit>

c ⌘ cM + icE = ei!1

<latexit sha1_base64="S8EytJJ+NM3MLthdVVwFjz7EWIo=">AAACC3icdZDLSsNAFIYn9VbrLerSzdAiuCglrVXbXdGNCxe12FpoQphMpu3QySTMTIQSunfjq7hxoYhbX8Cdb+OkF1DRHwY+/nMOc87vRYxKZVmfRmZpeWV1Lbue29jc2t4xd/c6MowFJm0cslB0PSQJo5y0FVWMdCNBUOAxcuuNLtL67R0Rkob8Ro0j4gRowGmfYqS05Zp57F4VIXZbRein5LstaFMOEztAauh5sDVxzYJVsuo167gOZ1CtLMCC5ZI1VQHM1XTND9sPcRwQrjBDUvbKVqScBAlFMSOTnB1LEiE8QgPS08hRQKSTTG+ZwEPt+LAfCv24glP3+0SCAinHgac70w3l71pq/lXrxapfcxLKo1gRjmcf9WMGVQjTYKBPBcGKjTUgLKjeFeIhEggrHV9Oh7C4FP4PnUqpfFo6ua4WGufzOLLgAOTBESiDM9AAl6AJ2gCDe/AInsGL8WA8Ga/G26w1Y8xn9sEPGe9f6sOZIw==</latexit>

cL, cR, dL, dR 2 R

<latexit sha1_base64="RH8qLlUIuWrrAuZNhfQczSWns9g=">AAACC3icbVC7TsMwFHV4lvIKMLJYrZCYSlJRYEGqYGFgKIg+pCZEjuu0Vu0ksh2kKsrOwq+wMIAQKz/Axt/gthmg5UhXOjrnXt17jx8zKpVlfRsLi0vLK6uFteL6xubWtrmz25JRIjBp4ohFouMjSRgNSVNRxUgnFgRxn5G2P7wc++0HIiSNwjs1ionLUT+kAcVIackzSw0vvT26zuA5dAKBcGpDJ+bQ6SPO0X0tS6uZZ5atijUBnCd2TsogR8Mzv5xehBNOQoUZkrJrW7FyUyQUxYxkRSeRJEZ4iPqkq2mIOJFuOvklgwda6cEgErpCBSfq74kUcSlH3NedHKmBnPXG4n9eN1HBmZvSME4UCfF0UZAwqCI4Dgb2qCBYsZEmCAuqb4V4gHQkSsdX1CHYsy/Pk1a1Yp9UajfH5fpFHkcB7IMSOAQ2OAV1cAUaoAkweATP4BW8GU/Gi/FufExbF4x8Zg/8gfH5A9ZkmbA=</latexit>

PR/L =
1± �5

2

ψ0 → ψ1ψ̄2ψ3



Scalar
<latexit sha1_base64="4RjexJzqrRr8ghbwdGZj0xETxsU=">AAACD3icdVDJSgNBEO1xN25Rj14KgyIIYUbjdhCiXjxGNImQxKGnUxOb9Cx29whhyB948Ve8eFDEq1dv/o2dRVDRB0U93quiu54XC660bX9YI6Nj4xOTU9OZmdm5+YXs4lJFRYlkWGaRiOSlRxUKHmJZcy3wMpZIA09g1Wuf9PzqLUrFo/BCd2JsBLQVcp8zqo3kZtcZ1PEm4bfA3HPYBG76ERwCXqUc6k0UmrpOF9xszs7bB/v29gEMSGHri9jg5O0+cmSIkpt9rzcjlgQYaiaoUjXHjnUjpVJzJrCbqScKY8ratIU1Q0MaoGqk/Xu6sGaUJviRNBVq6KvfN1IaKNUJPDMZUH2tfns98S+vlmh/v5HyME40hmzwkJ8I0BH0woEml8i06BhCmeTmr8CuqaRMmwgzJoSvS+F/UtnKO7v5nbNCrng8jGOKrJBVskEcskeK5JSUSJkwckceyBN5tu6tR+vFeh2MjljDnWXyA9bbJ5NkmoY=</latexit>

c ⌘ cS + icA = ei�1
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d ⌘ dS + idA = ei�2

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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Lint =
1 Three-body decay kinematics

| i =
cd
p

2
· ei�s ✓

2
|���i �

cd⇤
p

2
· ei�s ✓

2
|� ++i +

c⇤d
p

2
· c ✓

2
| + ��i �

c⇤d⇤
p

2
· c ✓

2
| + ++i (1)

with MLL = cdp
2
· ei�s ✓

2
, MLR = �

cd⇤p
2
· ei�s ✓

2
, MRL = c⇤dp

2
· c ✓

2
and MRR = �

c⇤d⇤p
2
· c ✓

2
.

We consider a three-body decay, 0 ! 123, at the rest frame of 0. We assume particle 0 has
the mass m, while the other particles are massless. We specify the momenta of the final state
momenta (p1, p2, p3) as follows. First, we take the z-axis in the direction of p1: pµ

1
= p1(1, 0, 0, 1).

The x and y axes are chosen such that the y axis is perpendicular to the decay plane and the p2
has a positive x-component. The opening angles between 1 � 2 and 1 � 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. With these angles we can write pµ

2
= p2(1, sin ✓2, 0, cos ✓2) and

pµ
3

= p3(1,� sin ✓3, 0, cos ✓3) with 0  ✓2, ✓3  ⇡. In other words, �2 = 0 and �3 = ⇡.
The energy-momentum conservation gives

p1 + p2 + p3 = m ,

p1 + p2 cos ✓2 + p3 cos ✓3 = 0 ,

p2 sin ✓2 � p3 sin ✓3 = 0 . (2)

The solution is

p1 = �mD sin(✓2 + ✓3) ,

p2 = mD sin ✓3 ,

p3 = mD sin ✓2 , (3)

with D = [sin ✓2 + sin ✓3 � sin(✓2 + ✓3)]�1. p1 � 0 ) ⇡  ✓2 + ✓3  2⇡.
Finally, we represent the spin polarisation n of the initial particle 0 by the polar and azimuthal

angles, ✓ and �, respectively (see Fig. 1).

<latexit sha1_base64="iJGb+vz25DO3nUJ04ncih8QKTI4=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU0jEtPZW9OKxBfsBbSib7aRdu9mE3Y1QS3+BFw+KePUnefPfuG0jqOiDgcd7M8zMCxLOlHacDyu3srq2vpHfLGxt7+zuFfcPWipOJYUmjXksOwFRwJmApmaaQyeRQKKAQzsYX8399h1IxWJxoycJ+BEZChYySrSRGvf9YsmxPcetelW8JJXzjJQ97NrOAiWUod4vvvcGMU0jEJpyolTXdRLtT4nUjHKYFXqpgoTQMRlC11BBIlD+dHHoDJ8YZYDDWJoSGi/U7xNTEik1iQLTGRE9Ur+9ufiX1011eOFPmUhSDYIuF4UpxzrG86/xgEmgmk8MIVQycyumIyIJ1Sabggnh61P8P2md2W7Z9hrnpdplFkceHaFjdIpcVEE1dI3qqIkoAvSAntCzdWs9Wi/W67I1Z2Uzh+gHrLdPYbeNWQ==</latexit>z

<latexit sha1_base64="LYvhi36knHjL/niVKnOk5JAioUI=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU0jEtPZW9OKxBfsBbSib7aRdu9mE3Y1YSn+BFw+KePUnefPfuG0jqOiDgcd7M8zMCxLOlHacDyu3srq2vpHfLGxt7+zuFfcPWipOJYUmjXksOwFRwJmApmaaQyeRQKKAQzsYX8399h1IxWJxoycJ+BEZChYySrSRGvf9YsmxPcetelW8JJXzjJQ97NrOAiWUod4vvvcGMU0jEJpyolTXdRLtT4nUjHKYFXqpgoTQMRlC11BBIlD+dHHoDJ8YZYDDWJoSGi/U7xNTEik1iQLTGRE9Ur+9ufiX1011eOFPmUhSDYIuF4UpxzrG86/xgEmgmk8MIVQycyumIyIJ1Sabggnh61P8P2md2W7Z9hrnpdplFkceHaFjdIpcVEE1dI3qqIkoAvSAntCzdWs9Wi/W67I1Z2Uzh+gHrLdPXq+NVw==</latexit>x

<latexit sha1_base64="wfUzHSsXyUCCV6so0j1lLayMk+g=">AAAB6HicdVDLSsNAFL2pr1pfVZduBovgKiTStHZXdOOyBfuANpTJdNKOnTyYmQgh9AvcuFDErZ/kzr9x2kZQ0QMXDufcy733eDFnUlnWh1FYW9/Y3Cpul3Z29/YPyodHXRklgtAOiXgk+h6WlLOQdhRTnPZjQXHgcdrzZtcLv3dPhWRReKvSmLoBnoTMZwQrLbXTUblimY5lN5wGWpF6NSc1B9mmtUQFcrRG5ffhOCJJQENFOJZyYFuxcjMsFCOczkvDRNIYkxme0IGmIQ6odLPloXN0ppUx8iOhK1RoqX6fyHAgZRp4ujPAaip/ewvxL2+QKP/SzVgYJ4qGZLXITzhSEVp8jcZMUKJ4qgkmgulbEZligYnS2ZR0CF+fov9J98K0a6bTrlaaV3kcRTiBUzgHG+rQhBtoQQcIUHiAJ3g27oxH48V4XbUWjHzmGH7AePsEYDONWA==</latexit>y

<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

<latexit sha1_base64="htDuQjORXNou1hfoTFX09yID8ig=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/SKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/AmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+SZqXsXZUv6xel6m0WRx5O4BTOwYNrqMI91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AH9hjMA=</latexit>

2

<latexit sha1_base64="weoL8WmA1iDu0bFMSrtSLdtU9Sg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9H4lePEIijwQ2ZHZoYGR2djMza0I2fIEXDxrj1U/y5t84wB4UrKSTSlV3uruCWHBtXPfbya2srq1v5DcLW9s7u3vF/YOGjhLFsM4iEalWQDUKLrFuuBHYihXSMBDYDEZ3U7/5hErzSD6YcYx+SAeS9zmjxkq1826x5JbdGcgy8TJSggzVbvGr04tYEqI0TFCt254bGz+lynAmcFLoJBpjykZ0gG1LJQ1R++ns0Ak5sUqP9CNlSxoyU39PpDTUehwGtjOkZqgXvan4n9dOTP/GT7mME4OSzRf1E0FMRKZfkx5XyIwYW0KZ4vZWwoZUUWZsNgUbgrf48jJpnJW9q/Jl7aJUuc3iyMMRHMMpeHANFbiHKtSBAcIzvMKb8+i8OO/Ox7w152Qzh/AHzucPgOWMwQ==</latexit>

3

<latexit sha1_base64="wRfLP6hExabdJ1/4gfGhpJDZYXY=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGCeUCyhNnJbDJkdnad6RXCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecJxwP6IDJULBKFqp3cUhR9qr9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5vdOyGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6fOkLzRnKMeWUKaFvZWwIdWUoY2oaEPwFl9eJs1qxbusXNyfl2s3eRwFOIYTOAMPrqAGd1CHBjCQ8Ayv8OY8Oi/Ou/Mxb11x8pkj+APn8wfSK4/X</latexit>

✓2

<latexit sha1_base64="ZR0wIEJritTYgHi4ZDwUNaQRXZU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3fx6AXjxHMA5IlzE5mkyGzs+tMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQSGHQdb+dpeWV1bX1wkZxc2t7Z7e0t98wcaoZr7NYxroVUMOlULyOAiVvJZrTKJC8GQxvJ37ziWsjYvWAo4T7Ee0rEQpG0UqtDg440u5Zt1R2K+4UZJF4OSlDjlq39NXpxSyNuEImqTFtz03Qz6hGwSQfFzup4QllQ9rnbUsVjbjxs+m9Y3JslR4JY21LIZmqvycyGhkzigLbGVEcmHlvIv7ntVMMr/1MqCRFrthsUZhKgjGZPE96QnOGcmQJZVrYWwkbUE0Z2oiKNgRv/uVF0jiteJeVi/vzcvUmj6MAh3AEJ+DBFVThDmpQBwYSnuEV3pxH58V5dz5mrUtOPnMAf+B8/gDTr4/Y</latexit>

✓3

<latexit sha1_base64="1UuTzaz5XS3MJPJLPpyHKuI7is8=">AAACAXicdVBNS8NAEN3Ur1q/ql4EL4tFqCAljdpWvIhePCrYD2hK2Ww37eJmE3YnQgn14l/x4kERr/4Lb/4bN20FFX0w8Hhvhpl5XiS4Btv+sDIzs3PzC9nF3NLyyupafn2jocNYUVanoQhVyyOaCS5ZHTgI1ooUI4EnWNO7OU/95i1TmofyGoYR6wSkL7nPKQEjdfNbiev5WI5OcNGFAQOyj91owPdy3XzBLh3XKs6Rg+2SbVedg0pKnOqhc4DLRklRQFNcdvPvbi+kccAkUEG0bpftCDoJUcCpYKOcG2sWEXpD+qxtqCQB051k/MEI7xqlh/1QmZKAx+r3iYQEWg8Dz3QGBAb6t5eKf3ntGPxaJ+EyioFJOlnkxwJDiNM4cI8rRkEMDSFUcXMrpgOiCAUTWhrC16f4f9JwSuVK6ejqsHB6No0ji7bRDiqiMqqiU3SBLlEdUXSHHtATerburUfrxXqdtGas6cwm+gHr7RN4lZWk</latexit>

n; (✓,�)

Figure 1: The momentum and spin configuration. The momentum of 1 is fixed to the z-direction.
At the rest frame of 0, the decay plane is aligned with the x-z plane and the two opening angles,
1-2 and 1-3, are given by ✓2 and ✓3, respectively, with 0  ✓2, ✓3  ⇡ and ⇡  ✓2 + ✓3  2⇡. The
spin direction of 0 is given by n = (s✓c�, s✓s�, c✓).
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c ⌘ cS + icA = ei�1
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d ⌘ dS + idA = ei�2

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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Lint =
1 Three-body decay kinematics

| i =
cd
p

2
· ei�s ✓

2
|���i �

cd⇤
p

2
· ei�s ✓

2
|� ++i +

c⇤d
p

2
· c ✓

2
| + ��i �

c⇤d⇤
p

2
· c ✓

2
| + ++i (1)

with MLL = cdp
2
· ei�s ✓

2
, MLR = �

cd⇤p
2
· ei�s ✓

2
, MRL = c⇤dp

2
· c ✓

2
and MRR = �

c⇤d⇤p
2
· c ✓

2
.

We consider a three-body decay, 0 ! 123, at the rest frame of 0. We assume particle 0 has
the mass m, while the other particles are massless. We specify the momenta of the final state
momenta (p1, p2, p3) as follows. First, we take the z-axis in the direction of p1: pµ

1
= p1(1, 0, 0, 1).

The x and y axes are chosen such that the y axis is perpendicular to the decay plane and the p2
has a positive x-component. The opening angles between 1 � 2 and 1 � 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. With these angles we can write pµ

2
= p2(1, sin ✓2, 0, cos ✓2) and

pµ
3

= p3(1,� sin ✓3, 0, cos ✓3) with 0  ✓2, ✓3  ⇡. In other words, �2 = 0 and �3 = ⇡.
The energy-momentum conservation gives

p1 + p2 + p3 = m ,

p1 + p2 cos ✓2 + p3 cos ✓3 = 0 ,

p2 sin ✓2 � p3 sin ✓3 = 0 . (2)

The solution is

p1 = �mD sin(✓2 + ✓3) ,

p2 = mD sin ✓3 ,

p3 = mD sin ✓2 , (3)

with D = [sin ✓2 + sin ✓3 � sin(✓2 + ✓3)]�1. p1 � 0 ) ⇡  ✓2 + ✓3  2⇡.
Finally, we represent the spin polarisation n of the initial particle 0 by the polar and azimuthal

angles, ✓ and �, respectively (see Fig. 1).
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n; (✓,�)

Figure 1: The momentum and spin configuration. The momentum of 1 is fixed to the z-direction.
At the rest frame of 0, the decay plane is aligned with the x-z plane and the two opening angles,
1-2 and 1-3, are given by ✓2 and ✓3, respectively, with 0  ✓2, ✓3  ⇡ and ⇡  ✓2 + ✓3  2⇡. The
spin direction of 0 is given by n = (s✓c�, s✓s�, c✓).

1

independent of final state momenta θ2, θ3
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| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and
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Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)
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d ⌘ dS + idA = ei�2

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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Lint =
1 Three-body decay kinematics

| i =
cd
p

2
· ei�s ✓

2
|���i �

cd⇤
p

2
· ei�s ✓

2
|� ++i +

c⇤d
p

2
· c ✓

2
| + ��i �

c⇤d⇤
p

2
· c ✓

2
| + ++i (1)

with MLL = cdp
2
· ei�s ✓

2
, MLR = �

cd⇤p
2
· ei�s ✓

2
, MRL = c⇤dp

2
· c ✓

2
and MRR = �

c⇤d⇤p
2
· c ✓

2
.

We consider a three-body decay, 0 ! 123, at the rest frame of 0. We assume particle 0 has
the mass m, while the other particles are massless. We specify the momenta of the final state
momenta (p1, p2, p3) as follows. First, we take the z-axis in the direction of p1: pµ

1
= p1(1, 0, 0, 1).

The x and y axes are chosen such that the y axis is perpendicular to the decay plane and the p2
has a positive x-component. The opening angles between 1 � 2 and 1 � 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. With these angles we can write pµ

2
= p2(1, sin ✓2, 0, cos ✓2) and

pµ
3

= p3(1,� sin ✓3, 0, cos ✓3) with 0  ✓2, ✓3  ⇡. In other words, �2 = 0 and �3 = ⇡.
The energy-momentum conservation gives

p1 + p2 + p3 = m ,

p1 + p2 cos ✓2 + p3 cos ✓3 = 0 ,

p2 sin ✓2 � p3 sin ✓3 = 0 . (2)

The solution is

p1 = �mD sin(✓2 + ✓3) ,

p2 = mD sin ✓3 ,

p3 = mD sin ✓2 , (3)

with D = [sin ✓2 + sin ✓3 � sin(✓2 + ✓3)]�1. p1 � 0 ) ⇡  ✓2 + ✓3  2⇡.
Finally, we represent the spin polarisation n of the initial particle 0 by the polar and azimuthal

angles, ✓ and �, respectively (see Fig. 1).
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Figure 1: The momentum and spin configuration. The momentum of 1 is fixed to the z-direction.
At the rest frame of 0, the decay plane is aligned with the x-z plane and the two opening angles,
1-2 and 1-3, are given by ✓2 and ✓3, respectively, with 0  ✓2, ✓3  ⇡ and ⇡  ✓2 + ✓3  2⇡. The
spin direction of 0 is given by n = (s✓c�, s✓s�, c✓).

1

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)
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GME measure F3 is also non-vanishing in that case.
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C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
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bi-separable

independent of final state momenta θ2, θ3
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| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and
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Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)

2
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d ⌘ dS + idA = ei�2

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

<latexit sha1_base64="ZNOCgKHtcjxqs5FGLvNs77kItOE=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSyCq5DWqu1CKLpx4aKCfUATwmQ6aYdOJmFmItQQ/BU3LhRx63+482+cvkBFD1w4nHMv997jx4xKZdufRm5hcWl5Jb9aWFvf2Nwyt3daMkoEJk0csUh0fCQJo5w0FVWMdGJBUOgz0vaHl2O/fUeEpBG/VaOYuCHqcxpQjJSWPHMvdTBi8DrzUkeEkHKVwXPPLNqWXavaxzU4JZXynNiwZNkTFMEMDc/8cHoRTkLCFWZIym7JjpWbIqEoZiQrOIkkMcJD1CddTTkKiXTTyfUZPNRKDwaR0MUVnKjfJ1IUSjkKfd0ZIjWQv72x+JfXTVRQdVPK40QRjqeLgoRBFcFxFLBHBcGKjTRBWFB9K8QDJBBWOrCCDmH+KfyftMpW6dQ6uakU6xezOPJgHxyAI1ACZ6AOrkADNAEG9+ARPIMX48F4Ml6Nt2lrzpjN7IIfMN6/ACjYlRA=</latexit>

Lint =
1 Three-body decay kinematics

| i =
cd
p

2
· ei�s ✓

2
|���i �

cd⇤
p

2
· ei�s ✓

2
|� ++i +

c⇤d
p

2
· c ✓

2
| + ��i �

c⇤d⇤
p

2
· c ✓

2
| + ++i (1)

with MLL = cdp
2
· ei�s ✓

2
, MLR = �

cd⇤p
2
· ei�s ✓

2
, MRL = c⇤dp

2
· c ✓

2
and MRR = �

c⇤d⇤p
2
· c ✓

2
.

We consider a three-body decay, 0 ! 123, at the rest frame of 0. We assume particle 0 has
the mass m, while the other particles are massless. We specify the momenta of the final state
momenta (p1, p2, p3) as follows. First, we take the z-axis in the direction of p1: pµ

1
= p1(1, 0, 0, 1).

The x and y axes are chosen such that the y axis is perpendicular to the decay plane and the p2
has a positive x-component. The opening angles between 1 � 2 and 1 � 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. With these angles we can write pµ

2
= p2(1, sin ✓2, 0, cos ✓2) and

pµ
3

= p3(1,� sin ✓3, 0, cos ✓3) with 0  ✓2, ✓3  ⇡. In other words, �2 = 0 and �3 = ⇡.
The energy-momentum conservation gives

p1 + p2 + p3 = m ,

p1 + p2 cos ✓2 + p3 cos ✓3 = 0 ,

p2 sin ✓2 � p3 sin ✓3 = 0 . (2)

The solution is

p1 = �mD sin(✓2 + ✓3) ,

p2 = mD sin ✓3 ,

p3 = mD sin ✓2 , (3)

with D = [sin ✓2 + sin ✓3 � sin(✓2 + ✓3)]�1. p1 � 0 ) ⇡  ✓2 + ✓3  2⇡.
Finally, we represent the spin polarisation n of the initial particle 0 by the polar and azimuthal

angles, ✓ and �, respectively (see Fig. 1).
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n; (✓,�)

Figure 1: The momentum and spin configuration. The momentum of 1 is fixed to the z-direction.
At the rest frame of 0, the decay plane is aligned with the x-z plane and the two opening angles,
1-2 and 1-3, are given by ✓2 and ✓3, respectively, with 0  ✓2, ✓3  ⇡ and ⇡  ✓2 + ✓3  2⇡. The
spin direction of 0 is given by n = (s✓c�, s✓s�, c✓).
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

bi-separable
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| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and
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Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)

2
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d ⌘ dS + idA = ei�2

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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Lint =
1 Three-body decay kinematics

| i =
cd
p

2
· ei�s ✓

2
|���i �

cd⇤
p

2
· ei�s ✓

2
|� ++i +

c⇤d
p

2
· c ✓

2
| + ��i �

c⇤d⇤
p

2
· c ✓

2
| + ++i (1)

with MLL = cdp
2
· ei�s ✓

2
, MLR = �

cd⇤p
2
· ei�s ✓

2
, MRL = c⇤dp

2
· c ✓

2
and MRR = �

c⇤d⇤p
2
· c ✓

2
.

We consider a three-body decay, 0 ! 123, at the rest frame of 0. We assume particle 0 has
the mass m, while the other particles are massless. We specify the momenta of the final state
momenta (p1, p2, p3) as follows. First, we take the z-axis in the direction of p1: pµ

1
= p1(1, 0, 0, 1).

The x and y axes are chosen such that the y axis is perpendicular to the decay plane and the p2
has a positive x-component. The opening angles between 1 � 2 and 1 � 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. With these angles we can write pµ

2
= p2(1, sin ✓2, 0, cos ✓2) and

pµ
3

= p3(1,� sin ✓3, 0, cos ✓3) with 0  ✓2, ✓3  ⇡. In other words, �2 = 0 and �3 = ⇡.
The energy-momentum conservation gives

p1 + p2 + p3 = m ,

p1 + p2 cos ✓2 + p3 cos ✓3 = 0 ,

p2 sin ✓2 � p3 sin ✓3 = 0 . (2)

The solution is

p1 = �mD sin(✓2 + ✓3) ,

p2 = mD sin ✓3 ,

p3 = mD sin ✓2 , (3)

with D = [sin ✓2 + sin ✓3 � sin(✓2 + ✓3)]�1. p1 � 0 ) ⇡  ✓2 + ✓3  2⇡.
Finally, we represent the spin polarisation n of the initial particle 0 by the polar and azimuthal

angles, ✓ and �, respectively (see Fig. 1).
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Figure 1: The momentum and spin configuration. The momentum of 1 is fixed to the z-direction.
At the rest frame of 0, the decay plane is aligned with the x-z plane and the two opening angles,
1-2 and 1-3, are given by ✓2 and ✓3, respectively, with 0  ✓2, ✓3  ⇡ and ⇡  ✓2 + ✓3  2⇡. The
spin direction of 0 is given by n = (s✓c�, s✓s�, c✓).

1

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

bi-separable
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F3
✤ 1 is not entangled with 2 and 3 in any way:

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

independent of final state momenta θ2, θ3
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✓2

| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and
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Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)

2
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d ⌘ dS + idA = ei�2

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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Lint =
1 Three-body decay kinematics

| i =
cd
p

2
· ei�s ✓

2
|���i �

cd⇤
p

2
· ei�s ✓

2
|� ++i +

c⇤d
p

2
· c ✓

2
| + ��i �

c⇤d⇤
p

2
· c ✓

2
| + ++i (1)

with MLL = cdp
2
· ei�s ✓

2
, MLR = �

cd⇤p
2
· ei�s ✓

2
, MRL = c⇤dp

2
· c ✓

2
and MRR = �

c⇤d⇤p
2
· c ✓

2
.

We consider a three-body decay, 0 ! 123, at the rest frame of 0. We assume particle 0 has
the mass m, while the other particles are massless. We specify the momenta of the final state
momenta (p1, p2, p3) as follows. First, we take the z-axis in the direction of p1: pµ

1
= p1(1, 0, 0, 1).

The x and y axes are chosen such that the y axis is perpendicular to the decay plane and the p2
has a positive x-component. The opening angles between 1 � 2 and 1 � 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. With these angles we can write pµ

2
= p2(1, sin ✓2, 0, cos ✓2) and

pµ
3

= p3(1,� sin ✓3, 0, cos ✓3) with 0  ✓2, ✓3  ⇡. In other words, �2 = 0 and �3 = ⇡.
The energy-momentum conservation gives

p1 + p2 + p3 = m ,

p1 + p2 cos ✓2 + p3 cos ✓3 = 0 ,

p2 sin ✓2 � p3 sin ✓3 = 0 . (2)

The solution is

p1 = �mD sin(✓2 + ✓3) ,

p2 = mD sin ✓3 ,

p3 = mD sin ✓2 , (3)

with D = [sin ✓2 + sin ✓3 � sin(✓2 + ✓3)]�1. p1 � 0 ) ⇡  ✓2 + ✓3  2⇡.
Finally, we represent the spin polarisation n of the initial particle 0 by the polar and azimuthal

angles, ✓ and �, respectively (see Fig. 1).
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n; (✓,�)

Figure 1: The momentum and spin configuration. The momentum of 1 is fixed to the z-direction.
At the rest frame of 0, the decay plane is aligned with the x-z plane and the two opening angles,
1-2 and 1-3, are given by ✓2 and ✓3, respectively, with 0  ✓2, ✓3  ⇡ and ⇡  ✓2 + ✓3  2⇡. The
spin direction of 0 is given by n = (s✓c�, s✓s�, c✓).

1

| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and

<latexit sha1_base64="iJGb+vz25DO3nUJ04ncih8QKTI4=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU0jEtPZW9OKxBfsBbSib7aRdu9mE3Y1QS3+BFw+KePUnefPfuG0jqOiDgcd7M8zMCxLOlHacDyu3srq2vpHfLGxt7+zuFfcPWipOJYUmjXksOwFRwJmApmaaQyeRQKKAQzsYX8399h1IxWJxoycJ+BEZChYySrSRGvf9YsmxPcetelW8JJXzjJQ97NrOAiWUod4vvvcGMU0jEJpyolTXdRLtT4nUjHKYFXqpgoTQMRlC11BBIlD+dHHoDJ8YZYDDWJoSGi/U7xNTEik1iQLTGRE9Ur+9ufiX1011eOFPmUhSDYIuF4UpxzrG86/xgEmgmk8MIVQycyumIyIJ1Sabggnh61P8P2md2W7Z9hrnpdplFkceHaFjdIpcVEE1dI3qqIkoAvSAntCzdWs9Wi/W67I1Z2Uzh+gHrLdPYbeNWQ==</latexit>z

<latexit sha1_base64="LYvhi36knHjL/niVKnOk5JAioUI=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU0jEtPZW9OKxBfsBbSib7aRdu9mE3Y1YSn+BFw+KePUnefPfuG0jqOiDgcd7M8zMCxLOlHacDyu3srq2vpHfLGxt7+zuFfcPWipOJYUmjXksOwFRwJmApmaaQyeRQKKAQzsYX8399h1IxWJxoycJ+BEZChYySrSRGvf9YsmxPcetelW8JJXzjJQ97NrOAiWUod4vvvcGMU0jEJpyolTXdRLtT4nUjHKYFXqpgoTQMRlC11BBIlD+dHHoDJ8YZYDDWJoSGi/U7xNTEik1iQLTGRE9Ur+9ufiX1011eOFPmUhSDYIuF4UpxzrG86/xgEmgmk8MIVQycyumIyIJ1Sabggnh61P8P2md2W7Z9hrnpdplFkceHaFjdIpcVEE1dI3qqIkoAvSAntCzdWs9Wi/W67I1Z2Uzh+gHrLdPXq+NVw==</latexit>x

<latexit sha1_base64="wfUzHSsXyUCCV6so0j1lLayMk+g=">AAAB6HicdVDLSsNAFL2pr1pfVZduBovgKiTStHZXdOOyBfuANpTJdNKOnTyYmQgh9AvcuFDErZ/kzr9x2kZQ0QMXDufcy733eDFnUlnWh1FYW9/Y3Cpul3Z29/YPyodHXRklgtAOiXgk+h6WlLOQdhRTnPZjQXHgcdrzZtcLv3dPhWRReKvSmLoBnoTMZwQrLbXTUblimY5lN5wGWpF6NSc1B9mmtUQFcrRG5ffhOCJJQENFOJZyYFuxcjMsFCOczkvDRNIYkxme0IGmIQ6odLPloXN0ppUx8iOhK1RoqX6fyHAgZRp4ujPAaip/ewvxL2+QKP/SzVgYJ4qGZLXITzhSEVp8jcZMUKJ4qgkmgulbEZligYnS2ZR0CF+fov9J98K0a6bTrlaaV3kcRTiBUzgHG+rQhBtoQQcIUHiAJ3g27oxH48V4XbUWjHzmGH7AePsEYDONWA==</latexit>y

<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

<latexit sha1_base64="htDuQjORXNou1hfoTFX09yID8ig=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/SKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/AmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+SZqXsXZUv6xel6m0WRx5O4BTOwYNrqMI91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AH9hjMA=</latexit>

2

<latexit sha1_base64="weoL8WmA1iDu0bFMSrtSLdtU9Sg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9H4lePEIijwQ2ZHZoYGR2djMza0I2fIEXDxrj1U/y5t84wB4UrKSTSlV3uruCWHBtXPfbya2srq1v5DcLW9s7u3vF/YOGjhLFsM4iEalWQDUKLrFuuBHYihXSMBDYDEZ3U7/5hErzSD6YcYx+SAeS9zmjxkq1826x5JbdGcgy8TJSggzVbvGr04tYEqI0TFCt254bGz+lynAmcFLoJBpjykZ0gG1LJQ1R++ns0Ak5sUqP9CNlSxoyU39PpDTUehwGtjOkZqgXvan4n9dOTP/GT7mME4OSzRf1E0FMRKZfkx5XyIwYW0KZ4vZWwoZUUWZsNgUbgrf48jJpnJW9q/Jl7aJUuc3iyMMRHMMpeHANFbiHKtSBAcIzvMKb8+i8OO/Ox7w152Qzh/AHzucPgOWMwQ==</latexit>

3

<latexit sha1_base64="wRfLP6hExabdJ1/4gfGhpJDZYXY=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGCeUCyhNnJbDJkdnad6RXCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecJxwP6IDJULBKFqp3cUhR9qr9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5vdOyGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6fOkLzRnKMeWUKaFvZWwIdWUoY2oaEPwFl9eJs1qxbusXNyfl2s3eRwFOIYTOAMPrqAGd1CHBjCQ8Ayv8OY8Oi/Ou/Mxb11x8pkj+APn8wfSK4/X</latexit>

✓2

<latexit sha1_base64="ZR0wIEJritTYgHi4ZDwUNaQRXZU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3fx6AXjxHMA5IlzE5mkyGzs+tMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQSGHQdb+dpeWV1bX1wkZxc2t7Z7e0t98wcaoZr7NYxroVUMOlULyOAiVvJZrTKJC8GQxvJ37ziWsjYvWAo4T7Ee0rEQpG0UqtDg440u5Zt1R2K+4UZJF4OSlDjlq39NXpxSyNuEImqTFtz03Qz6hGwSQfFzup4QllQ9rnbUsVjbjxs+m9Y3JslR4JY21LIZmqvycyGhkzigLbGVEcmHlvIv7ntVMMr/1MqCRFrthsUZhKgjGZPE96QnOGcmQJZVrYWwkbUE0Z2oiKNgRv/uVF0jiteJeVi/vzcvUmj6MAh3AEJ+DBFVThDmpQBwYSnuEV3pxH58V5dz5mrUtOPnMAf+B8/gDTr4/Y</latexit>

✓3

<latexit sha1_base64="Pc8UEa6S1d9p3YyyclCZj1pSbSs=">AAAB/nicdVBNS8NAEN3Ur1q/quLJy2IRKkhJU23rTfTiUcF+QFPKZrtpl242YXcilFDwr3jxoIhXf4c3/42btoKKPhh4vDfDzDwvElyDbX9YmYXFpeWV7GpubX1jcyu/vdPUYawoa9BQhKrtEc0El6wBHARrR4qRwBOs5Y0uU791x5TmobyFccS6ARlI7nNKwEi9/F7iej6Wk6ILQwbkGLvRkB/18gW7dFavOqcOtku2XXMq1ZQ4tROngstGSVFAc1z38u9uP6RxwCRQQbTulO0IuglRwKlgk5wbaxYROiID1jFUkoDpbjI9f4IPjdLHfqhMScBT9ftEQgKtx4FnOgMCQ/3bS8W/vE4Mfr2bcBnFwCSdLfJjgSHEaRa4zxWjIMaGEKq4uRXTIVGEgkksZ0L4+hT/T5pOqVwtnd6cFM4v5nFk0T46QEVURjV0jq7QNWogihL0gJ7Qs3VvPVov1uusNWPNZ3bRD1hvn12xlSE=</latexit>

n(✓,�)

<latexit sha1_base64="RIYmO+ELdl7IduoDTJXNRkVfGAc=">AAAB8HicdVDLSgMxFL1TX7W+qi7dBIvgqmSK1nZXdOOygn1IO5RMJtOGJjNDkhFK6Ve4caGIWz/HnX9jpq2gogcCh3POJfcePxFcG4w/nNzK6tr6Rn6zsLW9s7tX3D9o6zhVlLVoLGLV9YlmgkesZbgRrJsoRqQvWMcfX2V+554pzePo1kwS5kkyjHjIKTFWuusLGw3IwB0US7iMLapVlBG3hl1L6vVapVJH7tzCuARLNAfF934Q01SyyFBBtO65ODHelCjDqWCzQj/VLCF0TIasZ2lEJNPedL7wDJ1YJUBhrOyLDJqr3yemRGo9kb5NSmJG+reXiX95vdSENW/KoyQ1LKKLj8JUIBOj7HoUcMWoERNLCFXc7oroiChCje2oYEv4uhT9T9qVslstn9+clRqXyzrycATHcAouXEADrqEJLaAg4QGe4NlRzqPz4rwuojlnOXMIP+C8fQLBVJBo</latexit>

�1

<latexit sha1_base64="RVv1ASpg0sgfg2HPUQrE2p+RzCY=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4KplBa7srunFZwT6kHUomk2lDk8yQZIQy9CvcuFDErZ/jzr8x01ZQ0QOBwznnkntPkHCmDUIfTmFldW19o7hZ2tre2d0r7x90dJwqQtsk5rHqBVhTziRtG2Y47SWKYhFw2g0mV7nfvadKs1jemmlCfYFHkkWMYGOluwG30RAPvWG5gqrIolaDOXHryLWk0ah7XgO6cwuhCliiNSy/D8KYpIJKQzjWuu+ixPgZVoYRTmelQappgskEj2jfUokF1X42X3gGT6wSwihW9kkD5+r3iQwLracisEmBzVj/9nLxL6+fmqjuZ0wmqaGSLD6KUg5NDPPrYcgUJYZPLcFEMbsrJGOsMDG2o5It4etS+D/peFW3Vj2/Oas0L5d1FMEROAanwAUXoAmuQQu0AQECPIAn8Owo59F5cV4X0YKznDkEP+C8fQLC2JBp</latexit>

�2
<latexit sha1_base64="alZZkdo41BRB6rXQE6a9oM+x//I=">AAAB8HicdVDLSgMxFL3js9ZX1aWbYBFclUzV2u6KblxWsA9ph5LJZNrQZGZIMkIp/Qo3LhRx6+e482/MtBVU9EDgcM655N7jJ4Jrg/GHs7S8srq2ntvIb25t7+wW9vZbOk4VZU0ai1h1fKKZ4BFrGm4E6ySKEekL1vZHV5nfvmdK8zi6NeOEeZIMIh5ySoyV7nrCRgPSP+0XiriELSoVlBG3il1LarVquVxD7szCuAgLNPqF914Q01SyyFBBtO66ODHehCjDqWDTfC/VLCF0RAasa2lEJNPeZLbwFB1bJUBhrOyLDJqp3ycmRGo9lr5NSmKG+reXiX953dSEVW/CoyQ1LKLzj8JUIBOj7HoUcMWoEWNLCFXc7orokChCje0ob0v4uhT9T1rlklspnd+cFeuXizpycAhHcAIuXEAdrqEBTaAg4QGe4NlRzqPz4rzOo0vOYuYAfsB5+wTEXJBq</latexit>

�3

Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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F3
✤ 1 is not entangled with 2 and 3 in any way:

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

✤ 2 and 3 are maximally entangled

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

independent of final state momenta θ2, θ3
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c ⌘ cS + icA = ei�1
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d ⌘ dS + idA = ei�2

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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Lint =
1 Three-body decay kinematics

| i =
cd
p

2
· ei�s ✓

2
|���i �

cd⇤
p

2
· ei�s ✓

2
|� ++i +

c⇤d
p

2
· c ✓

2
| + ��i �

c⇤d⇤
p

2
· c ✓

2
| + ++i (1)

with MLL = cdp
2
· ei�s ✓

2
, MLR = �

cd⇤p
2
· ei�s ✓

2
, MRL = c⇤dp

2
· c ✓

2
and MRR = �

c⇤d⇤p
2
· c ✓

2
.

We consider a three-body decay, 0 ! 123, at the rest frame of 0. We assume particle 0 has
the mass m, while the other particles are massless. We specify the momenta of the final state
momenta (p1, p2, p3) as follows. First, we take the z-axis in the direction of p1: pµ

1
= p1(1, 0, 0, 1).

The x and y axes are chosen such that the y axis is perpendicular to the decay plane and the p2
has a positive x-component. The opening angles between 1 � 2 and 1 � 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. With these angles we can write pµ

2
= p2(1, sin ✓2, 0, cos ✓2) and

pµ
3

= p3(1,� sin ✓3, 0, cos ✓3) with 0  ✓2, ✓3  ⇡. In other words, �2 = 0 and �3 = ⇡.
The energy-momentum conservation gives

p1 + p2 + p3 = m ,

p1 + p2 cos ✓2 + p3 cos ✓3 = 0 ,

p2 sin ✓2 � p3 sin ✓3 = 0 . (2)

The solution is

p1 = �mD sin(✓2 + ✓3) ,

p2 = mD sin ✓3 ,

p3 = mD sin ✓2 , (3)

with D = [sin ✓2 + sin ✓3 � sin(✓2 + ✓3)]�1. p1 � 0 ) ⇡  ✓2 + ✓3  2⇡.
Finally, we represent the spin polarisation n of the initial particle 0 by the polar and azimuthal

angles, ✓ and �, respectively (see Fig. 1).
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n; (✓,�)

Figure 1: The momentum and spin configuration. The momentum of 1 is fixed to the z-direction.
At the rest frame of 0, the decay plane is aligned with the x-z plane and the two opening angles,
1-2 and 1-3, are given by ✓2 and ✓3, respectively, with 0  ✓2, ✓3  ⇡ and ⇡  ✓2 + ✓3  2⇡. The
spin direction of 0 is given by n = (s✓c�, s✓s�, c✓).

1

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)
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Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
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✤ 1 is not entangled with 2 and 3 in any way:

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

✤ 2 and 3 are maximally entangled

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

✤ Due to monogamy, 2 and 3 are maximally entangled with the rest

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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Monogamy

independent of final state momenta θ2, θ3
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PR/L =
1± �5

2

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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PR/L =
1± �5

2

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)
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PR/L =
1± �5

2

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
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p
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corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)
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Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as
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2
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2
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2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C
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2
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2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)
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Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)
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Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

<latexit sha1_base64="ZNOCgKHtcjxqs5FGLvNs77kItOE=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSyCq5DWqu1CKLpx4aKCfUATwmQ6aYdOJmFmItQQ/BU3LhRx63+482+cvkBFD1w4nHMv997jx4xKZdufRm5hcWl5Jb9aWFvf2Nwyt3daMkoEJk0csUh0fCQJo5w0FVWMdGJBUOgz0vaHl2O/fUeEpBG/VaOYuCHqcxpQjJSWPHMvdTBi8DrzUkeEkHKVwXPPLNqWXavaxzU4JZXynNiwZNkTFMEMDc/8cHoRTkLCFWZIym7JjpWbIqEoZiQrOIkkMcJD1CddTTkKiXTTyfUZPNRKDwaR0MUVnKjfJ1IUSjkKfd0ZIjWQv72x+JfXTVRQdVPK40QRjqeLgoRBFcFxFLBHBcGKjTRBWFB9K8QDJBBWOrCCDmH+KfyftMpW6dQ6uakU6xezOPJgHxyAI1ACZ6AOrkADNAEG9+ARPIMX48F4Ml6Nt2lrzpjN7IIfMN6/ACjYlRA=</latexit>

Lint =

| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and
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Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)

2
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Vector

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

✤ Individual 2-party entanglement:
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as
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n
�1,�2,�3
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2mp1p2p3 · s

✓2�✓3
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cd · ���1
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���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
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2
· c ✓

2 . We see that this is a
biseparable state
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⇥
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2 |�i1 + c⇤c ✓
2 |+i1

⇤
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⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as
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2

⇥
c ✓

2c ✓2
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corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =
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+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2
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2 + |MRL|
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2 + |MRR|
2),

C1(23) = 2
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Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as
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where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state
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Therefore, 1 is entangled neither with 2, 3 nor (23):
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while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)
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Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =
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where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
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Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction
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Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the
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for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
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1(23). In the vector

interaction, we therefore have
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[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as
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where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state
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with MLL =
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Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as
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Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the
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for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector
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M1 = M2 = M3 = C
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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Lint =

| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and
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�3

Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)
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Vector

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)
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where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
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The monogamy inequality (5) implies 2 and 3 must also
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which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as
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p
8mp1p2p3h
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· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
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2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as
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p
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i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
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c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
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Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)
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corresponding to the state
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(21)

with MLL = M
n
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lations, we find
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Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
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ij + C
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ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as
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n
�1,�2,�3

/

p
2mp1p2p3 · s
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cd · ���1
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+c⇤d · �+�1
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���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2
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· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
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2
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2 . We see that this is a
biseparable state

| i =
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2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦
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⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as
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p
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���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2
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· cLdRs ✓2

2
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2c ✓3
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2
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corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as
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p
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���3
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· ei�s ✓
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+c⇤d · �+�1
���2

���3
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2 � c⇤d⇤ · �+�1
�+�2

�+�3
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2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
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2
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2
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⇤
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Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as
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corresponding to the state
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(21)

with MLL = M
n
�+�/N , MLR = M
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+�+/N . From explicit calcu-

lations, we find
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For one-to-other entanglements, we obtain
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C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the
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expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
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1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
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C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as
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2

i
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where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
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Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h
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���3
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2

⇥
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2
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���2
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⇥
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⇤
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⇥
c ✓

2s ✓3
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⇥
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2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as
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i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state
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⇤
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Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as
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corresponding to the state
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(21)

with MLL = M
n
�+�/N , MLR = M
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+�+/N . From explicit calcu-

lations, we find
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For one-to-other entanglements, we obtain
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Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as
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�1,�2,�3

/
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2mp1p2p3 · s

✓2�✓3
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cd · ���1
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· ei�s ✓
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· ei�s ✓

2
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���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
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2 and MRR = �
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2
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2 . We see that this is a
biseparable state
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2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦
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⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as
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2 + ei�s ✓
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corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2
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(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as
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�1,�2,�3
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· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2
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i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
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2
· ei�s ✓

2 , MRL =

c⇤dp
2
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2 . We see that this is a
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2 |+i1

⇤
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. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as
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���1
�+�2

���3
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2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state
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(21)

with MLL = M
n
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+�+/N . From explicit calcu-

lations, we find
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For one-to-other entanglements, we obtain
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= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|
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2),

C1(23) = 2
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Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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Lint =

| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and
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Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)

2
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1± �5
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
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, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain
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2 + |MRL|
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2),
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Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as
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p
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, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state
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⇤
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The monogamy inequality (5) implies 2 and 3 must also
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which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes
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Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =
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where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
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where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state
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with MLL =
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Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)
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| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
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+�+/N . From explicit calcu-
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Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as
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for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C
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2
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1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as
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, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓
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Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
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Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
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tures form a complete basis. Instead, we will focus
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define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
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initial spin (✓,�), the matrix element of 0 ! 123 can be
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The monogamy inequality (5) implies 2 and 3 must also
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C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
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GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain
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C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s
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where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i
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⇤
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Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction
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Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =
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interaction, we therefore have
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as
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where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
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2
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Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction
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corresponding to the state
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(21)

with MLL = M
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lations, we find
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For one-to-other entanglements, we obtain
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Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
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for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as
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n
�1,�2,�3
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✓2�✓3
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· ei�s ✓
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· ei�s ✓
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���3
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2 � c⇤d⇤ · �+�1
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, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓
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p

2
· ei�s ✓

2 , MRL =
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2
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2 and MRR = �
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Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as
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corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
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lations, we find
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For one-to-other entanglements, we obtain
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C1(23) = 2
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Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
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for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as
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where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state
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with MLL =
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Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)
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We next consider the vector interaction
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| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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Lint =

| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and
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�3

Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)
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Vector

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3
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p
2mp1p2p3 · s
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i
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where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓
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Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction
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(dLPL + dRPR) 2] , (19)
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Since all three Ci(jk) are non-vanishing in general, the
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expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C
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where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
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Therefore, 1 is entangled neither with 2, 3 nor (23):
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while 2 and 3 are maximally entangled:
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The monogamy inequality (5) implies 2 and 3 must also
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C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes
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Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the
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interaction, we therefore have
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[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as
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where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓
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2
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Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
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M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state
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Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the
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for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
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1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
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C. Tensor and Pseudotensor Interaction
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tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state
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with MLL =
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Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction
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Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =
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interaction, we therefore have
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C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)
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1± �5

2

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)
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where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state
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Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as
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corresponding to the state
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Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =
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To discuss the momogamy relation, we define the
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Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
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interaction, we therefore have
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C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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n = 1p
3
(ex + ey + ez)

F3 for Vector

| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and
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Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)
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ωx

⊙

ωy

ωy

ωx

ωx

with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by

M
n
�1,�2,�3

/ �4

p
8mp1p2p3h

c⇤d⇤ · �+
�1

�+
�2

�+
�3

· [2ei�s ✓
2s ✓2

2 s ✓3
2 + c ✓

2s ✓3�✓2
2 ]

+ cd · ���1
���2

���3
· [�ei�s ✓

2s ✓3�✓2
2 + 2c ✓

2s ✓2
2 s ✓3

2 ]

i
,(27)

implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.

Figure 2: F3 on the (✓2, ✓3) planes.

Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-

4

⊗
y

⊗
y
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c ⌘ cM + icE = ei!1

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

<latexit sha1_base64="ZNOCgKHtcjxqs5FGLvNs77kItOE=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSyCq5DWqu1CKLpx4aKCfUATwmQ6aYdOJmFmItQQ/BU3LhRx63+482+cvkBFD1w4nHMv997jx4xKZdufRm5hcWl5Jb9aWFvf2Nwyt3daMkoEJk0csUh0fCQJo5w0FVWMdGJBUOgz0vaHl2O/fUeEpBG/VaOYuCHqcxpQjJSWPHMvdTBi8DrzUkeEkHKVwXPPLNqWXavaxzU4JZXynNiwZNkTFMEMDc/8cHoRTkLCFWZIym7JjpWbIqEoZiQrOIkkMcJD1CddTTkKiXTTyfUZPNRKDwaR0MUVnKjfJ1IUSjkKfd0ZIjWQv72x+JfXTVRQdVPK40QRjqeLgoRBFcFxFLBHBcGKjTRBWFB9K8QDJBBWOrCCDmH+KfyftMpW6dQ6uakU6xezOPJgHxyAI1ACZ6AOrkADNAEG9+ARPIMX48F4Ml6Nt2lrzpjN7IIfMN6/ACjYlRA=</latexit>

Lint =

[KS, M.Spannowsky 
2310.01477]



Tensor
<latexit sha1_base64="GeInsq0P32D52stqeB2XrsUYuQY="></latexit>
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c ⌘ cM + icE = ei!1

with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by

M
n
�1,�2,�3

/ �4

p
8mp1p2p3h

c⇤d⇤ · �+
�1

�+
�2

�+
�3

· [2ei�s ✓
2s ✓2

2 s ✓3
2 + c ✓

2s ✓3�✓2
2 ]

+ cd · ���1
���2

���3
· [�ei�s ✓

2s ✓3�✓2
2 + 2c ✓

2s ✓2
2 s ✓3

2 ]

i
,(27)

implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.

Figure 2: F3 on the (✓2, ✓3) planes.

Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-

4

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by

M
n
�1,�2,�3

/ �4

p
8mp1p2p3h

c⇤d⇤ · �+
�1

�+
�2

�+
�3

· [2ei�s ✓
2s ✓2

2 s ✓3
2 + c ✓

2s ✓3�✓2
2 ]

+ cd · ���1
���2

���3
· [�ei�s ✓

2s ✓3�✓2
2 + 2c ✓

2s ✓2
2 s ✓3

2 ]

i
,(27)

implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.

Figure 2: F3 on the (✓2, ✓3) planes.

Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
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p
2 [35].
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The GME measure in this case is
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The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/
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2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =
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4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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interpolates between the separable states, | + ++i and
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For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is
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The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/
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2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =
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(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/
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2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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ual pairs (c.f. Eq. (29)).
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In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/
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2. In the left
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to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =
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(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/
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in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
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1(23) (orange-dotted), while only F3 is shown for
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interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
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2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
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1(23) (orange-dotted), while only F3 is shown for
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2. In
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between two individual particles
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The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).
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D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.

Figure 2: F3 on the (✓2, ✓3) planes.

Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-

4
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+

| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and
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Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)
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c ⌘ cM + icE = ei!1

with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by

M
n
�1,�2,�3

/ �4

p
8mp1p2p3h

c⇤d⇤ · �+
�1

�+
�2

�+
�3

· [2ei�s ✓
2s ✓2

2 s ✓3
2 + c ✓

2s ✓3�✓2
2 ]

+ cd · ���1
���2

���3
· [�ei�s ✓

2s ✓3�✓2
2 + 2c ✓

2s ✓2
2 s ✓3

2 ]

i
,(27)

implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.

Figure 2: F3 on the (✓2, ✓3) planes.

Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by

M
n
�1,�2,�3

/ �4

p
8mp1p2p3h

c⇤d⇤ · �+
�1

�+
�2

�+
�3

· [2ei�s ✓
2s ✓2

2 s ✓3
2 + c ✓

2s ✓3�✓2
2 ]

+ cd · ���1
���2

���3
· [�ei�s ✓

2s ✓3�✓2
2 + 2c ✓

2s ✓2
2 s ✓3

2 ]

i
,(27)

implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.

Figure 2: F3 on the (✓2, ✓3) planes.

Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-
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with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by
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implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-
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with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by
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implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
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+++/N and ML = M
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���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/
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For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is
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The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/
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2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C
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1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
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2. In
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with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by
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i
,(27)

implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-
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with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by
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implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
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2. In
the right and left panels, the decay angles are fixed to
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6 ) and (
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zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-
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no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
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In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
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dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/
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in this case. When the initial spin is tilted, F3 behaves
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Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
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2. In
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+

| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and
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Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)
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d ⌘ dM + idE = ei!2
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c ⌘ cM + icE = ei!1

with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by

M
n
�1,�2,�3

/ �4

p
8mp1p2p3h

c⇤d⇤ · �+
�1

�+
�2

�+
�3

· [2ei�s ✓
2s ✓2

2 s ✓3
2 + c ✓

2s ✓3�✓2
2 ]

+ cd · ���1
���2

���3
· [�ei�s ✓

2s ✓3�✓2
2 + 2c ✓

2s ✓2
2 s ✓3

2 ]

i
,(27)

implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.

Figure 2: F3 on the (✓2, ✓3) planes.

Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-

4

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓
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⇥
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2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)
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with cM , cE , dM , dE 2 R. As in the scalar case, we define
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i
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implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.

Figure 2: F3 on the (✓2, ✓3) planes.

Figure 3: Various entanglement measures as functions of the
initial spin direction n.
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2. In
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6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
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For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2
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Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
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C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
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1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
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2. In
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(✓2, ✓3) = (
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Zeilinger state, |GHZi = (| + ++i + | � ��i)/
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For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/
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2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
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C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
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1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
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2. In
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4⇡
6 , 5⇡

6 ) and (
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with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by
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i
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implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.

Figure 2: F3 on the (✓2, ✓3) planes.

Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-
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no entanglement of one-to-other is shared by the individ-
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As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/
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2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
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(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/
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2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
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6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-
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with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by
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implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.

Figure 2: F3 on the (✓2, ✓3) planes.

Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-

4

| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and
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Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)
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<latexit sha1_base64="0VkrBRkBpRETp8djTEwXRjl3R5o="></latexit>

c ⌘ cM + icE = ei!1

with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by

M
n
�1,�2,�3

/ �4

p
8mp1p2p3h

c⇤d⇤ · �+
�1

�+
�2

�+
�3

· [2ei�s ✓
2s ✓2

2 s ✓3
2 + c ✓

2s ✓3�✓2
2 ]

+ cd · ���1
���2

���3
· [�ei�s ✓

2s ✓3�✓2
2 + 2c ✓

2s ✓2
2 s ✓3

2 ]

i
,(27)

implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.

Figure 2: F3 on the (✓2, ✓3) planes.

Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-

4

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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Fig. 3 shows various entanglement measures as a func-
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while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/
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2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
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1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
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2. In
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with cM , cE , dM , dE 2 R. As in the scalar case, we define
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implying the spin quantum state
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with MR = M
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interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/
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2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
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2. In
the right and left panels, the decay angles are fixed to
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6 ) and (
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For the tensor interaction, there are no entanglements
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no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
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In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/
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2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
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(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
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2
1(23) (orange-dotted), while only F3 is shown for
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2. In
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For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is
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The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/
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2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
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interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/
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while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/
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2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =
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(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/
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in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
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2. In
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✤ No individual 2-party entanglements:

with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by

M
n
�1,�2,�3

/ �4

p
8mp1p2p3h

c⇤d⇤ · �+
�1

�+
�2

�+
�3

· [2ei�s ✓
2s ✓2

2 s ✓3
2 + c ✓

2s ✓3�✓2
2 ]

+ cd · ���1
���2

���3
· [�ei�s ✓

2s ✓3�✓2
2 + 2c ✓

2s ✓2
2 s ✓3

2 ]

i
,(27)

implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.

Figure 2: F3 on the (✓2, ✓3) planes.

Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-

4

<latexit sha1_base64="Ge/fB1kta8iXv5QBsohtIQFVPe4="></latexit>

C2
i(jk) � C2

ij + C2
ik = 0

Monogamy is trivial

[KS, M.Spannowsky 
2310.01477]



Tensor
<latexit sha1_base64="GeInsq0P32D52stqeB2XrsUYuQY="></latexit>

d ⌘ dM + idE = ei!2

<latexit sha1_base64="0VkrBRkBpRETp8djTEwXRjl3R5o="></latexit>

c ⌘ cM + icE = ei!1

with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by
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n
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p
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�+
�3

· [2ei�s ✓
2s ✓2
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2 + c ✓
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���2

���3
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2 s ✓3

2 ]

i
,(27)

implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)
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For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/
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2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =
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4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/
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2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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tion of the initial spin direction n. For vector in-
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C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
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interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
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For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/
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2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
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C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
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1(23) (orange-dotted), while only F3 is shown for
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2. In
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In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
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this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/
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2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =
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(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/
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2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
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1(23) (orange-dotted), while only F3 is shown for
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with cM , cE , dM , dE 2 R. As in the scalar case, we define
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implying the spin quantum state
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interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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✤ No individual 2-party entanglements:

with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
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implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.

Figure 2: F3 on the (✓2, ✓3) planes.

Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-
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2. In the left
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(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)
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with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by
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n
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�+
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i
,(27)

implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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Fig. 3 shows various entanglement measures as a func-
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C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
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2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
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2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (
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6 , 5⇡

6 ) and (
2⇡
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6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-
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with MR = M
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interpolates between the separable states, | + ++i and
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between two individual particles
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while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is
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The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/
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(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
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1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
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with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
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between two individual particles
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while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/
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2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by
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implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
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C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
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2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-
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Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C
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1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
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2. In
the right and left panels, the decay angles are fixed to
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6 ) and (
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zontal axes of the plots represent the angle between the
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✤ No individual 2-party entanglements:

with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by
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i
,(27)

implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.

Figure 2: F3 on the (✓2, ✓3) planes.

Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-
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cX , dX (X = L, R, M, E), are fixed to 1/

p
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(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.

Figure 2: F3 on the (✓2, ✓3) planes.

Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-

4

with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by

M
n
�1,�2,�3

/ �4

p
8mp1p2p3h

c⇤d⇤ · �+
�1

�+
�2

�+
�3

· [2ei�s ✓
2s ✓2

2 s ✓3
2 + c ✓

2s ✓3�✓2
2 ]

+ cd · ���1
���2

���3
· [�ei�s ✓

2s ✓3�✓2
2 + 2c ✓

2s ✓2
2 s ✓3

2 ]

i
,(27)

implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).
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| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and
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Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)

2
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✓2

with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by

M
n
�1,�2,�3

/ �4

p
8mp1p2p3h

c⇤d⇤ · �+
�1

�+
�2

�+
�3

· [2ei�s ✓
2s ✓2

2 s ✓3
2 + c ✓

2s ✓3�✓2
2 ]

+ cd · ���1
���2

���3
· [�ei�s ✓

2s ✓3�✓2
2 + 2c ✓

2s ✓2
2 s ✓3

2 ]

i
,(27)

implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.

Figure 2: F3 on the (✓2, ✓3) planes.

Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-

4
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Discussion

✤ look for theories to maximise/minimise the entanglement

✤ measure/study 3-body entanglements experimentally e.g. in hadron decays

What to do with it?

<latexit sha1_base64="PZD6p9xNBV4W86i3VlzNUm/lymM=">AAACAHicbVDLSgMxFM3UV62vURcuFAkWwY1lRvCxLLpx2YJ9QGcsmTRTQ5PMkGSEMnQj+CVuXCjirvgZ7vwGf8JM24W2Hkg4nHMvyTlBzKjSjvNl5ebmFxaX8suFldW19Q17c6uuokRiUsMRi2QzQIowKkhNU81IM5YE8YCRRtC7yvzGPZGKRuJG92Pic9QVNKQYaSO17R2vSW+PoacjGEOPJxnP7rZddErOCHCWuBNSLO8Nq9+P+8NK2/70OhFOOBEaM6RUy3Vi7adIaooZGRS8RJEY4R7qkpahAnGi/HQUYAAPjdKBYSTNERqO1N8bKeJK9XlgJjnSd2ray8T/vFaiwws/pSJONBF4/FCYMGjiZm3ADpUEa9Y3BGFJzV8hvkMSYW06K5gS3OnIs6R+UnLPSqdVt1i+BGPkwS44AEfABeegDK5BBdQABgPwBF7Aq/VgPVtv1vt4NGdNdrbBH1gfP1TKmKw=</latexit>

⌅� ! pµ�µ�<latexit sha1_base64="+LhDyexKa8gPQJfsTuPtknTx8as=">AAAB8HicbZDLSsNAFIYn9VbrrerSzdAiKEJIBC/LoBuXFexFmlAm05N26EwSZiZCKH0KXbhQxK2P465v4/Sy0NYfBj7+/xzmnBOmnCntOGOrsLK6tr5R3Cxtbe/s7pX3DxoqySSFOk14IlshUcBZDHXNNIdWKoGIkEMzHNxO8uYTSMWS+EHnKQSC9GIWMUq0sR59KTDYPfu0U646tjMVXgZ3DlWv4p+9jL281il/+92EZgJiTTlRqu06qQ6GRGpGOYxKfqYgJXRAetA2GBMBKhhOBx7hY+N0cZRI82KNp+7vjiERSuUiNJWC6L5azCbmf1k709F1MGRxmmmI6eyjKONYJ3iyPe4yCVTz3AChkplZMe0TSag2NyqZI7iLKy9D49x2L+2Le7fq3aCZiugIVdAJctEV8tAdqqE6okigZ/SG3i1pvVof1uestGDNew7RH1lfP48rkpY=</latexit>

e.g.)
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<latexit sha1_base64="PZD6p9xNBV4W86i3VlzNUm/lymM=">AAACAHicbVDLSgMxFM3UV62vURcuFAkWwY1lRvCxLLpx2YJ9QGcsmTRTQ5PMkGSEMnQj+CVuXCjirvgZ7vwGf8JM24W2Hkg4nHMvyTlBzKjSjvNl5ebmFxaX8suFldW19Q17c6uuokRiUsMRi2QzQIowKkhNU81IM5YE8YCRRtC7yvzGPZGKRuJG92Pic9QVNKQYaSO17R2vSW+PoacjGEOPJxnP7rZddErOCHCWuBNSLO8Nq9+P+8NK2/70OhFOOBEaM6RUy3Vi7adIaooZGRS8RJEY4R7qkpahAnGi/HQUYAAPjdKBYSTNERqO1N8bKeJK9XlgJjnSd2ray8T/vFaiwws/pSJONBF4/FCYMGjiZm3ADpUEa9Y3BGFJzV8hvkMSYW06K5gS3OnIs6R+UnLPSqdVt1i+BGPkwS44AEfABeegDK5BBdQABgPwBF7Aq/VgPVtv1vt4NGdNdrbBH1gfP1TKmKw=</latexit>

⌅� ! pµ�µ�<latexit sha1_base64="+LhDyexKa8gPQJfsTuPtknTx8as=">AAAB8HicbZDLSsNAFIYn9VbrrerSzdAiKEJIBC/LoBuXFexFmlAm05N26EwSZiZCKH0KXbhQxK2P465v4/Sy0NYfBj7+/xzmnBOmnCntOGOrsLK6tr5R3Cxtbe/s7pX3DxoqySSFOk14IlshUcBZDHXNNIdWKoGIkEMzHNxO8uYTSMWS+EHnKQSC9GIWMUq0sR59KTDYPfu0U646tjMVXgZ3DlWv4p+9jL281il/+92EZgJiTTlRqu06qQ6GRGpGOYxKfqYgJXRAetA2GBMBKhhOBx7hY+N0cZRI82KNp+7vjiERSuUiNJWC6L5azCbmf1k709F1MGRxmmmI6eyjKONYJ3iyPe4yCVTz3AChkplZMe0TSag2NyqZI7iLKy9D49x2L+2Le7fq3aCZiugIVdAJctEV8tAdqqE6okigZ/SG3i1pvVof1uestGDNew7RH1lfP48rkpY=</latexit>

e.g.)

✤ More spin structures:
<latexit sha1_base64="QidRNEUMXNs1ThO8Hl9FSN8st7M=">AAACEnicbVDLSgMxFM3UV62vUZdugkVQKHWmPpdFYXBZaTsttKVkMpk2NPMgyQhl6De48VfcuFDErSt3/o2ZaRfaeiDk5Jx7ubnHiRgV0jC+tdzS8srqWn69sLG5tb2j7+7ZIow5Jk0cspC3HSQIowFpSioZaUecIN9hpOWMblO/9UC4oGHQkOOI9Hw0CKhHMZJK6usndcuyS90StG3LSu+6ZVv95Oy0Mslett2AXeyGUvT1olE2MsBFYs5IEcxQ6+tfXTfEsU8CiRkSomMakewliEuKGZkUurEgEcIjNCAdRQPkE9FLspUm8EgpLvRCrk4gYab+7kiQL8TYd1Slj+RQzHup+J/XiaV33UtoEMWSBHg6yIsZlCFM84Eu5QRLNlYEYU7VXyEeIo6wVCkWVAjm/MqLxK6Uzcvyxf15sXoziyMPDsAhOAYmuAJVcAdqoAkweATP4BW8aU/ai/aufUxLc9qsZx/8gfb5A3jSmkQ=</latexit>

SFFV, V V FF, SFV F3/2, SV V T · · ·
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<latexit sha1_base64="PZD6p9xNBV4W86i3VlzNUm/lymM=">AAACAHicbVDLSgMxFM3UV62vURcuFAkWwY1lRvCxLLpx2YJ9QGcsmTRTQ5PMkGSEMnQj+CVuXCjirvgZ7vwGf8JM24W2Hkg4nHMvyTlBzKjSjvNl5ebmFxaX8suFldW19Q17c6uuokRiUsMRi2QzQIowKkhNU81IM5YE8YCRRtC7yvzGPZGKRuJG92Pic9QVNKQYaSO17R2vSW+PoacjGEOPJxnP7rZddErOCHCWuBNSLO8Nq9+P+8NK2/70OhFOOBEaM6RUy3Vi7adIaooZGRS8RJEY4R7qkpahAnGi/HQUYAAPjdKBYSTNERqO1N8bKeJK9XlgJjnSd2ray8T/vFaiwws/pSJONBF4/FCYMGjiZm3ADpUEa9Y3BGFJzV8hvkMSYW06K5gS3OnIs6R+UnLPSqdVt1i+BGPkwS44AEfABeegDK5BBdQABgPwBF7Aq/VgPVtv1vt4NGdNdrbBH1gfP1TKmKw=</latexit>

⌅� ! pµ�µ�<latexit sha1_base64="+LhDyexKa8gPQJfsTuPtknTx8as=">AAAB8HicbZDLSsNAFIYn9VbrrerSzdAiKEJIBC/LoBuXFexFmlAm05N26EwSZiZCKH0KXbhQxK2P465v4/Sy0NYfBj7+/xzmnBOmnCntOGOrsLK6tr5R3Cxtbe/s7pX3DxoqySSFOk14IlshUcBZDHXNNIdWKoGIkEMzHNxO8uYTSMWS+EHnKQSC9GIWMUq0sR59KTDYPfu0U646tjMVXgZ3DlWv4p+9jL281il/+92EZgJiTTlRqu06qQ6GRGpGOYxKfqYgJXRAetA2GBMBKhhOBx7hY+N0cZRI82KNp+7vjiERSuUiNJWC6L5azCbmf1k709F1MGRxmmmI6eyjKONYJ3iyPe4yCVTz3AChkplZMe0TSag2NyqZI7iLKy9D49x2L+2Le7fq3aCZiugIVdAJctEV8tAdqqE6okigZ/SG3i1pvVof1uestGDNew7RH1lfP48rkpY=</latexit>

e.g.)

✤ More spin structures:
<latexit sha1_base64="QidRNEUMXNs1ThO8Hl9FSN8st7M=">AAACEnicbVDLSgMxFM3UV62vUZdugkVQKHWmPpdFYXBZaTsttKVkMpk2NPMgyQhl6De48VfcuFDErSt3/o2ZaRfaeiDk5Jx7ubnHiRgV0jC+tdzS8srqWn69sLG5tb2j7+7ZIow5Jk0cspC3HSQIowFpSioZaUecIN9hpOWMblO/9UC4oGHQkOOI9Hw0CKhHMZJK6usndcuyS90StG3LSu+6ZVv95Oy0Mslett2AXeyGUvT1olE2MsBFYs5IEcxQ6+tfXTfEsU8CiRkSomMakewliEuKGZkUurEgEcIjNCAdRQPkE9FLspUm8EgpLvRCrk4gYab+7kiQL8TYd1Slj+RQzHup+J/XiaV33UtoEMWSBHg6yIsZlCFM84Eu5QRLNlYEYU7VXyEeIo6wVCkWVAjm/MqLxK6Uzcvyxf15sXoziyMPDsAhOAYmuAJVcAdqoAkweATP4BW8aU/ai/aufUxLc9qsZx/8gfb5A3jSmkQ=</latexit>

SFFV, V V FF, SFV F3/2, SV V T · · ·

✤ 3-body non-locality

Mermin ineq:

[Mermin ’90, Svetlichny ’87]
<latexit sha1_base64="EIrb7GNY7JwiZTwAEJMzrnxGKac=">AAACF3icbVDLSgMxFM3UV62vUZdugkVGEMuM+NoIpW7cCBXsAzqlZG7TNjTzIMkIZZi/cOOvuHGhiFvd+Tdm2i609UI4h3Pu5eYeL+JMKtv+NnILi0vLK/nVwtr6xuaWub1Tl2EsgNYg5KFoekRSzgJaU0xx2owEJb7HacMbXmd+44EKycLgXo0i2vZJP2A9BkRpqWOWEhcIx5W0k7jCx7cpvsLEAwsfabAgA8sDfJyBBVbHLNole1x4njhTUkTTqnbML7cbQuzTQAEnUrYcO1LthAjFgNO04MaSRgSGpE9bmgbEp7KdjO9K8YFWurgXCv0Chcfq74mE+FKOfE93+kQN5KyXif95rVj1LtsJC6JY0QAmi3oxxyrEWUi4ywQFxUeaEBBM/xXDgAgCSkdZ0CE4syfPk/pJyTkvnd2dFsuVaRx5tIf20SFy0AUqoxtURTUE6BE9o1f0ZjwZL8a78TFpzRnTmV30p4zPH2mBm6g=</latexit>

BM = abc0 + ab0c+ a0bc� a0b0c0

<latexit sha1_base64="ZyYacd/Gx9RCMMqQ6y/jhRRbbrw=">AAACFnicbVDLSgMxFM3UVx1foy7dBItUEMuM+NoIpW5cVrQP6AxDJs20oZkHSUYow3yFG3/FjQtF3Io7/8Z0OgttPZDk5Jx7Se7xYkaFNM1vrbSwuLS8Ul7V19Y3NreM7Z22iBKOSQtHLOJdDwnCaEhakkpGujEnKPAY6Xij64nfeSBc0Ci8l+OYOAEahNSnGEklucZxamPEYCNzU5sH8C6DV1BHHoZHUO3V/Kjmt6oSXaNi1swccJ5YBamAAk3X+LL7EU4CEkrMkBA9y4ylkyIuKWYk0+1EkBjhERqQnqIhCohw0nysDB4opQ/9iKsVSpirvztSFAgxDjxVGSA5FLPeRPzP6yXSv3RSGsaJJCGePuQnDMoITjKCfcoJlmysCMKcqr9CPEQcYamS1FUI1uzI86R9UrPOa2e3p5V6o4ijDPbAPjgEFrgAdXADmqAFMHgEz+AVvGlP2ov2rn1MS0ta0bML/kD7/AHJUJtX</latexit>

BS = abc+ abc0 + ab0c+ a0bc
<latexit sha1_base64="TwUxtpwshGe7qEbXWK7ikPM3k1A=">AAACCnicbVC7TsMwFL0pr1JeAUYWQ4XKQpUgXmMFC2OR6ENqo8pxndaq40S2g1RFnVn4FRYGEGLlC9j4G5w2AxSOZPn4nHt1fY8fc6a043xZhYXFpeWV4mppbX1jc8ve3mmqKJGENkjEI9n2saKcCdrQTHPajiXFoc9pyx9dZ37rnkrFInGnxzH1QjwQLGAEayP17P1jhCt+hVRQTmb37I0yo2eXnaozBfpL3JyUIUe9Z392+xFJQio04VipjuvE2kux1IxwOil1E0VjTEZ4QDuGChxS5aXTVSbo0Ch9FETSHKHRVP3ZkeJQqXHom8oQ66Ga9zLxP6+T6ODSS5mIE00FmQ0KEo50hLJcUJ9JSjQfG4KJZOaviAyxxESb9EomBHd+5b+keVJ1z6tnt6fl2lUeRxH24ACOwIULqMEN1KEBBB7gCV7g1Xq0nq03631WWrDynl34BevjG2czlao=</latexit>

�a0b0c0 � a0b0c� a0bc0 � ab0c0

<latexit sha1_base64="WV8ON02IT3nvdqNFsfyMHwR4GLU=">AAACGXicbVDLSgMxFM3UV62vUZdugkVwVWakPpalbtwILdgHdErJpLdtaCYzJhmhDP0NN/6KGxeKuNSVf2OmnYW2Hrhwcs695N7jR5wp7TjfVm5ldW19I79Z2Nre2d2z9w+aKowlhQYNeSjbPlHAmYCGZppDO5JAAp9Dyx9fp37rAaRiobjTkwi6ARkKNmCUaCP1bMfjRAw54MSjhOPqtJd4MsC3U+zJmTF/11OBwz0u9+yiU3JmwMvEzUgRZaj17E+vH9I4AKEpJ0p1XCfS3YRIzSiHacGLFUSEjskQOoYKEoDqJrPLpvjEKH08CKUpofFM/T2RkECpSeCbzoDokVr0UvE/rxPrwVU3YSKKNQg6/2gQc6xDnMaE+0wC1XxiCKGSmV0xHRFJqDZhFkwI7uLJy6R5VnIvSuf1crFSzeLIoyN0jE6Riy5RBd2gGmogih7RM3pFb9aT9WK9Wx/z1pyVzRyiP7C+fgAjgZ/A</latexit>

hBMiQM  4
<latexit sha1_base64="eMunZUbyJiH1f8cMmraG4XY4fdI=">AAACGXicbVDLSgMxFM34rPU16tJNsAiuykzxtSx140Khin1AZyiZ9LYNzWTGJCOUob/hxl9x40IRl7ryb0ynXWjrgQsn59xL7j1BzJnSjvNtLSwuLa+s5tby6xubW9v2zm5dRYmkUKMRj2QzIAo4E1DTTHNoxhJIGHBoBIOLsd94AKlYJO70MAY/JD3BuowSbaS27XiciB4HnHqUcFwZtVNPhvh6hD2ZGZP31a0RONzjUtsuOEUnA54n7pQU0BTVtv3pdSKahCA05USpluvE2k+J1IxyGOW9REFM6ID0oGWoICEoP80uG+FDo3RwN5KmhMaZ+nsiJaFSwzAwnSHRfTXrjcX/vFaiu+d+ykScaBB08lE34VhHeBwT7jAJVPOhIYRKZnbFtE8kodqEmTchuLMnz5N6qeieFk9ujgvlyjSOHNpHB+gIuegMldElqqIaougRPaNX9GY9WS/Wu/UxaV2wpjN76A+srx8gdJ++</latexit>

hBMiLR  2

<latexit sha1_base64="XpZS6SlMB7iENZF/bylSJUmqWi4=">AAACGnicbVC7TgJBFJ3FF+ILtbSZSEysyK7BR0mwobDAB4+EJWR2uMCE2dl1ZtaEbPY7bPwVGwuNsTM2/o3DQqHgSW5y5px7M/ceL+RMadv+tjJLyyura9n13Mbm1vZOfnevoYJIUqjTgAey5REFnAmoa6Y5tEIJxPc4NL3R5cRvPoBULBB3ehxCxycDwfqMEm2kbt5xOREDDjh2KeG4knRjV/r4NsGuTI3pu3p1YxQO97jUzRfsop0CLxJnRgpohlo3/+n2Ahr5IDTlRKm2Y4e6ExOpGeWQ5NxIQUjoiAygbaggPqhOnJ6W4COj9HA/kKaExqn6eyImvlJj3zOdPtFDNe9NxP+8dqT7F52YiTDSIOj0o37EsQ7wJCfcYxKo5mNDCJXM7IrpkEhCtUkzZ0Jw5k9eJI2TonNWPL0uFcqVWRxZdIAO0TFy0DkqoyqqoTqi6BE9o1f0Zj1ZL9a79TFtzVizmX30B9bXD9B/oBg=</latexit>

hBSiHLR  4
<latexit sha1_base64="hsC/rx81qZ4pPtZaTHdljsgZP1w=">AAACIXicbVDLTgIxFO3gC/GFunTTSExckRmCypLgxo0JRHkkDCGdcoGGTmdoOyZkMr/ixl9x40Jj2Bl/xvJYKHiSm5yec2967/FCzpS27S8rtbG5tb2T3s3s7R8cHmWPTxoqiCSFOg14IFseUcCZgLpmmkMrlEB8j0PTG93O/OYTSMUC8agnIXR8MhCszyjRRupmSy4nYsABxy4lHFeSbuxKHz8k2JVzY/Gu3RuBwxgXXTWWOi4k3WzOzttz4HXiLEkOLVHtZqduL6CRD0JTTpRqO3aoOzGRmlEOScaNFISEjsgA2oYK4oPqxPMLE3xhlB7uB9KU0Hiu/p6Iia/UxPdMp0/0UK16M/E/rx3pfqkTMxFGGgRdfNSPONYBnsWFe0wC1XxiCKGSmV0xHRJJqDahZkwIzurJ66RRyDvX+ataMVeuLONIozN0ji6Rg25QGd2hKqojip7RK3pHH9aL9WZ9WtNFa8pazpyiP7C+fwDzSKNm</latexit>

hBSiQM  4
p
2Svetlichny ineq:

Horodecki, KS, Spannowsky, in progress



Thank you for listening!



Grieg

Universe & Collider

Understanding the Early Universe: 
interplay of theory and collider experiments 

Joint research project between the University of Warsaw & University of Bergen

Supersymmetric	Twin	Higgs	
models	and	Dark	Ma9er	

Marcin	Badziak	
	

University	of	Warsaw	

	Based	on:	
MB,	Keisuke	Harigaya:	JHEP	1706	(2017)	065	[1703.02122]	
JHEP	1710	(2017)	109	[1707.09071],	PRL	120	(2018)	211803	[1711.11040]	
MB,	Keisuke	Harigaya,	Giovanni	Grilli	di	Cortona,	1911.03481 		

The research leading to the results presented in this talk has received 
funding from the Norwegian Financial Mechanism for years 2014-2021, 
grant nr 2019/34/H/ST2/00707

74



Particles with weak decays are their own polarimeters
⇒

⇒ ντ

π−
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s
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meas. axis

τ− outcome is +1

100%
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direction 100%
π−
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2

dΓ
dΩ

=
1 + ( ⃗π ⋅ s)
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⇒

s
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ντ

π−

e.g.) For  (  rest frame), the spin of  is measured in the direction of   
and the outcome is +1.  

τ− → π− + ντ τ− τ− π− ( ⃗π)



Local Real Hidden Variable theories:

<latexit sha1_base64="WV8ON02IT3nvdqNFsfyMHwR4GLU=">AAACGXicbVDLSgMxFM3UV62vUZdugkVwVWakPpalbtwILdgHdErJpLdtaCYzJhmhDP0NN/6KGxeKuNSVf2OmnYW2Hrhwcs695N7jR5wp7TjfVm5ldW19I79Z2Nre2d2z9w+aKowlhQYNeSjbPlHAmYCGZppDO5JAAp9Dyx9fp37rAaRiobjTkwi6ARkKNmCUaCP1bMfjRAw54MSjhOPqtJd4MsC3U+zJmTF/11OBwz0u9+yiU3JmwMvEzUgRZaj17E+vH9I4AKEpJ0p1XCfS3YRIzSiHacGLFUSEjskQOoYKEoDqJrPLpvjEKH08CKUpofFM/T2RkECpSeCbzoDokVr0UvE/rxPrwVU3YSKKNQg6/2gQc6xDnMaE+0wC1XxiCKGSmV0xHRFJqDZhFkwI7uLJy6R5VnIvSuf1crFSzeLIoyN0jE6Riy5RBd2gGmogih7RM3pFb9aT9WK9Wx/z1pyVzRyiP7C+fgAjgZ/A</latexit>

hBMiQM  4
<latexit sha1_base64="eMunZUbyJiH1f8cMmraG4XY4fdI=">AAACGXicbVDLSgMxFM34rPU16tJNsAiuykzxtSx140Khin1AZyiZ9LYNzWTGJCOUob/hxl9x40IRl7ryb0ynXWjrgQsn59xL7j1BzJnSjvNtLSwuLa+s5tby6xubW9v2zm5dRYmkUKMRj2QzIAo4E1DTTHNoxhJIGHBoBIOLsd94AKlYJO70MAY/JD3BuowSbaS27XiciB4HnHqUcFwZtVNPhvh6hD2ZGZP31a0RONzjUtsuOEUnA54n7pQU0BTVtv3pdSKahCA05USpluvE2k+J1IxyGOW9REFM6ID0oGWoICEoP80uG+FDo3RwN5KmhMaZ+nsiJaFSwzAwnSHRfTXrjcX/vFaiu+d+ykScaBB08lE34VhHeBwT7jAJVPOhIYRKZnbFtE8kodqEmTchuLMnz5N6qeieFk9ujgvlyjSOHNpHB+gIuegMldElqqIaougRPaNX9GY9WS/Wu/UxaV2wpjN76A+srx8gdJ++</latexit>

hBMiLR  2

<latexit sha1_base64="XpZS6SlMB7iENZF/bylSJUmqWi4=">AAACGnicbVC7TgJBFJ3FF+ILtbSZSEysyK7BR0mwobDAB4+EJWR2uMCE2dl1ZtaEbPY7bPwVGwuNsTM2/o3DQqHgSW5y5px7M/ceL+RMadv+tjJLyyura9n13Mbm1vZOfnevoYJIUqjTgAey5REFnAmoa6Y5tEIJxPc4NL3R5cRvPoBULBB3ehxCxycDwfqMEm2kbt5xOREDDjh2KeG4knRjV/r4NsGuTI3pu3p1YxQO97jUzRfsop0CLxJnRgpohlo3/+n2Ahr5IDTlRKm2Y4e6ExOpGeWQ5NxIQUjoiAygbaggPqhOnJ6W4COj9HA/kKaExqn6eyImvlJj3zOdPtFDNe9NxP+8dqT7F52YiTDSIOj0o37EsQ7wJCfcYxKo5mNDCJXM7IrpkEhCtUkzZ0Jw5k9eJI2TonNWPL0uFcqVWRxZdIAO0TFy0DkqoyqqoTqi6BE9o1f0Zj1ZL9a79TFtzVizmX30B9bXD9B/oBg=</latexit>

hBSiHLR  4
<latexit sha1_base64="hsC/rx81qZ4pPtZaTHdljsgZP1w=">AAACIXicbVDLTgIxFO3gC/GFunTTSExckRmCypLgxo0JRHkkDCGdcoGGTmdoOyZkMr/ixl9x40Jj2Bl/xvJYKHiSm5yec2967/FCzpS27S8rtbG5tb2T3s3s7R8cHmWPTxoqiCSFOg14IFseUcCZgLpmmkMrlEB8j0PTG93O/OYTSMUC8agnIXR8MhCszyjRRupmSy4nYsABxy4lHFeSbuxKHz8k2JVzY/Gu3RuBwxgXXTWWOi4k3WzOzttz4HXiLEkOLVHtZqduL6CRD0JTTpRqO3aoOzGRmlEOScaNFISEjsgA2oYK4oPqxPMLE3xhlB7uB9KU0Hiu/p6Iia/UxPdMp0/0UK16M/E/rx3pfqkTMxFGGgRdfNSPONYBnsWFe0wC1XxiCKGSmV0xHRJJqDahZkwIzurJ66RRyDvX+ataMVeuLONIozN0ji6Rg25QGd2hKqojip7RK3pHH9aL9WZ9WtNFa8pazpyiP7C+fwDzSKNm</latexit>

hBSiQM  4
p
2

Hybrid (Local-Nonlocal) Real theories:
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Svetlichny ineq



Nonlocality for Vector

Figure 5: The optimised Mermin (red-solid) and Svetlichny (blue-solid) observables with respect to their
LHV bounds 2 (Mermin) and 4 (Svetlichny) are shown for the vector interaction case. The GME measure F3

(black-dashed) as well as the one-to-other entanglement C1(23) (green-dashed) and C2(13) = C3(12) (purple-
dashed) are also shown for comparison. The convention of the plots are the same as Fig. 5.

7 Scalar interaction

We consider the e↵ective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (45)

where cS , cA, dS , dA 2 R are coupling constants. We also define c = cS + icA and d = dS + idA and
take |c| = |d| = 1 as we are not interested in the overall scale of the amplitude. For given phase-
space point (✓2, ✓3) and the initial spin (✓,�), the matrix element of 0 ! 123 can be calculated
as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2

(46)
h
cd · ���1

���2
���3

· ei�s ✓
2
� cd⇤ · ���1

�+�2
�+�3

· ei�s ✓
2

+ c⇤d · �+�1
���2

���3
· c ✓

2
� c⇤d⇤ · �+�1

�+�2
�+�3

· c ✓
2

i
,

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i + MRL| + ��i + MRR| + ++i, (47)

with MLL = cdp
2
· ei�s ✓

2
, MLR = �

cd⇤p
2
· ei�s ✓

2
, MRL = c⇤dp

2
· c ✓

2
and MRR = �

c⇤d⇤p
2
· c ✓

2
. We see that

this is a biseparable state

| i =
⇥
cei�s ✓

2
|�i1 + c⇤c ✓

2
|+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (48)
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Figure 3: The optimised Mermin (red) and Svetlichny (blue) observables with respect to their LHV bounds
2 (Mermin) and 4 (Svetlichny). The GME measure F3 is also plotted with the black dashed curve. In the
left and right plots, the decay angles are fixed to (✓2, ✓3) = ( 4⇡

6 , 5⇡
6 ) and ( 2⇡

6 , 5⇡
6 ), receptively. The horizontal

axes of the plots represent the angle between the z-axis and the initial spin polarisation n. In the upper
and lower panels, n rotates about the y and x axes in the right-handed way, respectively. The two grey
horizontal lines represent the LHV bound 1 for both BM/2 and BS/4 and the quantum bound

p
2 for BS/4.

The quantum bound 2 for BM/2 corresponds to the ceiling of the plots.

correlated. For the tensor interaction case, two individual spins are not entangled, Cij = 0, while
the three one-to-other entanglements, Ci(jk), are all equal to each other and F3 = C

2

i(jk). Therefore

when F3 vanishes, the sate is completely separable, | i = |+ ++i or |���i and both BM and BS

cannot exceed their LHV bounds.

6 Vector interaction

We consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ(dLPL + dRPR) 2] , (37)

7
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